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Abstract: M-quantiles extend M-estimators of location in the same way the usual quantiles
extend the median. Since this extension is motivated by the desire to achieve a trade-off
between robustness and efficiency, it is surprising that a robustness analysis of M-quantiles
remains unavailable to date. Such an analysis is missing even for univariate M-quantiles,
hence also for their most common multivariate extension, namely spatial or geometric
M-quantiles. In this paper, we therefore study the global robustness of M-quantiles in terms
of breakdown point. We do so in a general framework where M-quantiles, to the best of
our knowledge, have not been considered earlier, namely in possibly infinite-dimensional
Hilbert spaces (which covers the case of functional M-quantiles). Existence of M-quantiles
in such a general framework remains an open question, though, and we thus first establish
existence through weak topology arguments. Then, we study the breakdown point of M-
quantiles. We provide an account of this question that requires only very mild assumptions
on the convex loss function at hand. As a result, our analysis is considerably more general
than the one, almost exclusively conducted for quantiles, in [20]. Such generality requires
original results on regular variation of convex loss functions. In order to handle the possible
non-uniqueness of M-quantiles, we also need to consider lower and upper breakdown point
concepts.
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1. Introduction

For any 7 € (0, 1), the usual T-quantiles of real-valued observations xi, .. ., x; are defined as
the minimizers of the asymmetric objective function

u(e R)HMT,p(:u;xlv'-"xn) (1.1)

= %Z (Tp(|xi —uDIx; —p > 0]+ (1 = 1)p(|x; = uDI[x; —pu < 0])
i=1

|xi —

with p(t) = ¢t; throughout, I[ A] will denote the indicator function associated with condition A.
Choosing p(t) = t> and p(t) = t? for p > 1 rather provides expectiles ([25]) and L p-quantiles
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([81), respectively, whereas, more generally, a generic convex function p : R* — R* such
that p(0) = 0 leads to M-quantiles ([3]). By considering an arbitrary value of 7 € (0, 1)
rather than T = 1/2, expectiles (resp., M-quantiles) extend the mean (resp., M-estimators of
location) in the same way the usual quantiles extend the median. Expectiles and M-quantiles
have recently found important applications, in particular in risk analysis, tail inference, extreme
value theory [10]-[11]. In small area estimation (SAE), M-quantiles provide outlier-robust
predictors of domain means, quantiles and poverty indicators, together with nonparametric
bootstrap MSE estimators [5, 22, 30]. Also, for clustered and survey data, M-quantile random-
effects regression extends inference to multilevel designs and allows incorporation of sampling
weights [27, 28, 29].

If x1,...,x, are observations in a (possibly infinite-dimensional) Hilbert space H, with
inner product (-, -) and corresponding norm || - ||, M-quantiles of order @ € [0, 1) in direc-
tionu € Sy = {x € H : ||x|| = 1} are defined as the minimizers of the objective function

a (U, x; — i)

Ix; # u]]. (1.3)
llx; — pll

n
(e H) o> M2 (s, o) = — 3 p(li - ull)(l +

i
For H = R, the minimizers of (1.3) provide the M-quantiles defined above in a center-outward
parametrization where the M-quantile of order 7 is described as the M-quantile of order «
in direction u € {—1,1}, with au = 27 — 1. In this alternative parametrization, which is
standard when considering multivariate quantiles (see, e.g., [9], [15], [18]), @ = O provides
the innermost quantile (irrespective of the direction u) and increasing values of o provide
more and more extreme quantiles in direction u. In R?, taking p(¢) = ¢ provides the celebrated
spatial or geometric quantiles from [6] and [14], whereas p(7) = * yields the geometric
expectiles from [17]. For a generic loss function p, the corresponding M-quantiles were
recently studied in [18]; see also [3]. All these contributions focus on R?, and, to the best of
our knowledge, the present paper is the first one to consider M-quantiles in general Hilbert
spaces (only standard spatial quantiles have been considered earlier in infinite-dimensional

spaces; see [4]).

Quite naturally, M-quantiles were originally introduced to achieve a trade-off between ro-
bustness and efficiency, just like their innermost version, namely M-estimators of location,
aimed at inheriting some of the efficiency of the sample mean and robustness of the sample
median. In this light, it is quite surprising that most formal results on the qualitative robust-
ness of M-quantiles—measured through the classical breakdown point concept from [13]
and [16]—concern the usual quantiles associated with p(¢) = t; see [20]'. In particular, no
results are available for the breakdown point of M-quantiles based on the Huber loss func-
tion defined by p. (1) = (£*/2)I[0 < t < c] + c(t = (¢/2))I[t > c], with ¢ > 0, which are
the M-quantiles one would classically consider to achieve a trade-off between efficiency and
robustness.

The goal of the present work is then twofold:

(a) we aim to fill the gap above by providing an almost complete account of the breakdown
point properties of M-quantiles, be they in R, R or in infinite-dimensional Hilbert
spaces. Our main emphasis is to show how these properties depend on the corresponding

IWe also refer to [1] and [26] for recent papers that derive the breakdown point of competing concepts of
multivariate quantiles, that are based on optimal transport.
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loss function p. In particular, we show that if the loss function is sub-linear, in the sense
that there exists C > 0 such that p(r) < Ct for all # > 0, then the breakdown point of the
resulting M-quantiles is that of the geometric quantiles; otherwise, M-quantiles display
no robustness at all and their breakdown point is 1 /7.

(b) Theorem 2.1 from [18] establishes existence of M—quantiles2 when H = R%. When H
is an infinite-dimensional space, however, existence is a much more delicate—in fact,
open—question. We therefore aim to establish existence of M-quantiles in general
Hilbert spaces, which will require weak topology arguments.

The outline of the paper is as follows: in Section 2, we establish existence of M-quantiles
in general, hence possibly infinite-dimensional, Hilbert spaces. In Section 3, we define the
concepts of lower and upper breakdown points (BDPs) we adopt in this work (both versions
of BDPs are needed to cope with the possible non-uniqueness of M-quantiles). In Section 4,
we obtain original results on the regular variation of convex loss functions that will play a
key role in our BDP analysis. In Section 5, we derive an upper bound on the upper BDP of
M-quantiles. This upper bound crucially depends on the loss function p and may be so low for
some loss functions that it allows us to deduce the BDPs of the corresponding M-quantiles.
In Section 6, we obtain a lower bound on the lower BDP, which, in most cases, provides the
BDPs of M-quantiles for a generic loss function p. In Section 7, we conclude by providing
some final comments. Two appendices prove auxiliary results and provide additional details.

2. Existence of M-quantiles in general Hilbert spaces

Throughout, we consider loss functions p that belong to the class C collecting the functions
p : [0,00) — [0, c0) that are convex, satisfy p(z) = 0 forz = 0 only, and are twice continuously
differentiable on (0, o0) \ N, where N C (0, o0) is at most countable and has no accumulation
point in [0, c0). We then denote as 731’; the class of probability measures P on H such that for
any u € H there exists 6, > 0 for which

/H U (2 — pll +6,) dP(2) < oo, 2.4)

where _ stands for the left-derivative of p (existence of i follows from the convexity of p).
Observe that for the power loss functions defined by p(¢) = ¥ with p > 1, the condition
Pe P;’I is equivalent to /H llzII?~1 dP(z) < oo, i.e., P has finite moments of order p — 1.

We start by defining the M-quantiles in more generality, for an arbitrary probability measure
P e 7’1’;, similarly to Definition 1 in [18] (recall that H may here be an infinite-dimensional
Hilbert space).

Definition 2.1. Let p € C and P € PZ. Fix @ € [0,1) and u € Sy. We say that 1%, ,, is an
M-quantile of order « in direction u for P if and only if it minimizes the objective function

fs M) o= f [HE (2 — 1) — HE\ ()} dP(2) 25)
H

2The terminology p-quantiles is adopted in [18], but here we will rather speak of M-quantiles, which is more
common in the literature.
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over H, where we let

(u, z)
[H

HY, 4 (2) :=p(IIZII)(1+a fz,o),

with 521,22 = H[Z] * Zz].
The next result follows from Theorem 2.1 in [18] and Lemma S.2.1 in [19] by noticing that

the proof transposes mutatis mutandis to the infinite-dimensional case.

Proposition 2.1. Letp € Cand P € PZ. Fixa € [0,1) andu € Sy. Then, (i) forany u € H,
Mﬁ’u (W) is well-defined (i.e., the integral in (2.5) exists and is finite); (ii) M, ,, is continuous
over H; (iii) M‘g,u is coercive in the sense that®

.. Mfr,u (:ut’)
liminf ———
t—oo|pell

for any sequence (uy¢) in H such that ||ue|| — oo.

>0 (2.6)

Existence of M-quantiles in the Euclidean case, established in Theorem 2.1 of [18], easily
follows from Proposition 2.1 by a standard ‘coercivity + continuity’ argument: coercivity
allows us to reduce the minimization problem in Definition 2.1 to a closed ball, and continuity
ensures that a minimum over this (compact) ball exists. When H is infinite-dimensional,
however, this reasoning fails since closed balls are no longer compact. As we will show in
Theorem 2.1 below, M-quantiles still exist in such a general framework.

Establishing existence will require exploiting the weak lower-semicontinuity of M%, ,, and
the weak compactness of closed balls. Let us recall some standard concepts of weak topology
in Hilbert spaces. A sequence (uy) in H is said to converge weakly to u € H, and we write
Hr — p,if {(ug, h) — (u, h) for all h € H. Strong convergence is convergence in the topology
of H: ||ux — u|| — 0. Strong convergence implies weak convergence, but the converse is false
when H is infinite-dimensional. A map T : H — R is called weakly lower-semicontinuous if

T(u) < lilzninf T (pr)

for all u € H and any sequence (uy) converging weakly to u. Weak lower-semicontinuity
is thus a stronger requirement than lower-semicontinuity since the inequality in the previous
display must hold for any weakly converging sequence (and not only for any strongly converging
sequence). Finally, a subset B of H is said to be weakly compact if any sequence (uy) in B
admits a subsequence converging weakly in B. In Hilbert spaces, closed balls are weakly
compact; see, e.g., Theorem 6.7.3 in [2].

When the objective function M%, , is convex, it is weakly lower-semicontinuous. Even in
the Euclidean case H = R?, however, Theorem 3.1 in [18] entails that M, , is convex for
any @ € [0, 1) and u € Sy if and only if # > #*/p(¢) is concave; for the power loss functions
p(t) = tP with p > 1, this condition holds if and only if p € [1, 2], which is quite a stringent
restriction. Worse: for Huber loss functions, this condition does not hold, and o = 0 is actually
the only value of @ € [0,1) for which M%, ,, is convex for all u € S9-1; see the comments
following Theorem 3.2 in [18]. Quite fortunately, convexity of M% ,, is not needed for weak
lower-semicontinuity, as the following result shows.

3The convergence in (2.6) guarantees that M’;’u(w) diverges to infinity at least linearly with ||u¢||. This is a
stronger statement than the usual coercivity that only requires that Mﬁ),, «(1g) diverges to infinity as ||ug|| does.
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Lemma 2.1. Let p € C and P € SDZ. Then, for any a € [0,1) and u € Sy, the map y —
M, () is weakly lower-semicontinuous.

Proof. Let u € H and let (uy) be a sequence in H such that pux — u. In view of Lemma A.3,
Fatou’s lemma entails that

timinf M2, () = timint [ {H,.(z - o) = H4, ()} 4P
—00 - H

> / lim inf {HY .(z— k) — H 4 (2)} dP(2). .7
H —00

Defining (1) := (p(t)/t)I[t # O] + ¢,I[t = 0], where ¢, := lim;_,o(p()/t) exists since the
convexity of p and the fact that p(0) = O entail that t — (p(¢) — p(0))/(t —0) = p(t)/t is
monotone non-decreasing, note that

HG . (2) = e(llzID Izl + @ (u, 2))

for all z € H. Since puy — u, we have

liminf [l | = Tim inf ([lx = pll® +2 (e = oo ) + lll?)

\Y

lim inf (2 (e 1) = lll1?)

2
el

hence also

liminf ||z - pil? lim inf (1217 = 2 (2, pea) + e lI?)

\%

> ||zl* = 2 (z, p) + [|pl|?
= |lz — pl?

for all z € H. Since p is convex and p(0) = 0, it is straightforward to see that ¢ is continuous
and non-decreasing over [0, o). Therefore, t — @(V/f) is continuous and non-decreasing
over [0, o), too, which implies that

liminf ¢(llz = uil)) = liminf o(Vilz = uil?) = (Vllz = pl?) = e(llz = )
for all z € H. Similarly, we also have
liminf ([l = peell + @ (u, 2 = i) ) 2 llz = pll + @ (w2 = )
for all z € H. By nonnegativity, we deduce that

1i]£11)i£fHﬁ,u(Z ~ i) = liminf p(f|z - pel) (lz = el + @ Cu, 2 = pi) )

v

liminf @1z = axl)  lim inf (112 = puell + G0,z = i) )

v

e(llz = ulD(lz = pll + @ u,z = 1))

= I_I‘L(;,u(Z - /1)
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for all z € H. Combining this with (2.7) provides

lilgninfo;,u(,uk) > / lilgn inf {H%, ,(z — pux) — HYy . (2)} dP(2)
—00 H —00
= [ {timint £,z = ) - H.u(2)} dPC2)
H —00

> / [HO (2~ ) — HO,(2)} dP(2) = ME (1),
H

which concludes the proof. O

Combined with the weak compactness of closed balls, the weak lower-semicontinuity result
above allows us to adapt the ‘coercivity + continuity’ argument that is used in Euclidean spaces
to establish existence of M-quantiles in general Hilbert spaces. We have the following result.

Theorem 2.1. Let p € C and P € PZ. Fix @ € [0,1) and u € Syg. Then, (i) P admits an
M-quantile (1%, ,, of order a in direction u. (ii) Further assume that t 12/ p(t) is concave on
(0, 00). If there is no open interval in (0, 00) on which  _ is constant or if P is not supported
on a single line of H, then (£, ,, is unique.

Proof. (i) Denote as Br the closed ball of H centered at the origin with radius R. Proposi-
tion 2.1(iii) implies that there exists R > 0 such that M%, () > M%, ,(0) for all y in the
complement of Bg, so that minimizing M%, ,, over H is equivalent to minimizing it over Bg
only. Let (uy) be a sequence in Bg such that

MG . (ux) — inf{Mg ,,(u) : 1 € Br}.

Since B is weakly compact, we have that, up to extraction of a subsequence, (uy) converges
weakly in Bg. Denote the limit by . Weak lower-semicontinuity of M%, , (Lemma 2.1) then
entails that

M2 (o) < lim M2, (i) = inf (M5 (1) : 1 € Br).

This implies that o is a minimum of M%, ,, over Bg, hence is a minimum of M% ,, over H.
Therefore, pg is an M-quantile of order « in direction u for P.

(ii) Uniqueness of p, , will follow if, under our assumptions, we can prove that M% ,, is
strictly convex on H. Proving this, in turn, follows exactly as in the proof of Theorem 3.3
in [18], and relies on a number of preliminary results in the same reference that all apply
when R is replaced by H and that we enumerate for the sake of completeness: Lemma 3.1,
Lemma S.5.1 that allows one to prove Lemma S.3.1, which, combined with Theorem 3.1 and
Lemma S.3.3%, leads to the proof of Theorem 3.3. |

A striking consequence of Theorem 2.1 is that, similarly to the Euclidean case, M-quantiles
of any P € Pﬁl for any order @ € [0, 1) and direction u € Sy exist and are unique when p is
the power loss function p(f) = t? with p € (1,2], even when P is concentrated on a single
line of H. In particular, any probability measure on H with finite first moments has unique
functional (Hilbertian) expectiles of any order @ € [0, 1) in any direction u € Sg.

4Notice how Lemma S.3.3 crucially relies on the uniform convexity of Hilbert spaces; this provides meaningful
insights as to why the results presented here do not all extend to arbitrary Banach spaces.
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While this section settles the question of existence of M-quantiles, we point out that
practical computation is not a trivial issue. As already mentioned, when H = R¢ the objective
function MY, ,, is convex for any @ € [0,1) and u € Sy only if # 2/ p(t) is concave over
(0, ) (e.g., p(t) = tP with p € [1,2]). In such convex cases, both in R? and in infinite-
dimensional settings, after projection onto a finite-dimensional subspace of H (i.e., restrict
to finite-dimensional subspaces H,,, ¢ H with dense union in a sieve/Galerkin sense; see
[7]), M-quantiles can be obtained via standard convex optimization. Outside this framework,
however, the objective may be non-convex, so global optimization is more delicate; a general-
purpose algorithmic theory with guarantees in infinite-dimensional Hilbert spaces remains
open.

3. Breakdown point of M-quantiles

When the M-quantile 1, , associated with a sample xj,...,x, is not unique, we cannot
define the breakdown point of i, , as the breakdown point of the barycenter of the set of
all M-quantiles of order « in direction u, as was done in [20]. Indeed, the objective function
in (1.3) may be non-convex when ¢ — >/p(t) is not concave over (0, ), so that the set of
M-quantiles y’é,u(xl, ...,X,) may be non-convex, too; in such a case the barycenter may fail
to be an M-quantile itself. As already mentioned, for H = R? and the Huber loss function
pe(t) = (2/2I[0 < t < c] +c(t — ¢/2)I[t > ], with ¢ > 0, the only value of € [0, 1) for
which the objective function in (1.3) is convex in all directions u € S lisa=0.

In this context, two natural concepts of breakdown point arise. For a given order a € [0, 1)
and direction u € Sy, consider first the smallest fraction of the sample one needs to perturb
to be able to send all corresponding M-quantiles outside any bounded subset of H. This leads
to the upper breakdown point

BDP (1 13 X1, - - -5 Xn)

= _min {f psup inf [l (X1, %) = o (vl = 00},
noy o
where the supremum is taken over all samples yi,...,y, in H that differ from xi,...,x,
by at most £ observations, and where the infimum ranges over all M-quantiles of order « in
direction u associated with the sample yi,...,y, (the infimum is thus relevant only when
these quantiles are not unique). Alternatively, consider the smallest fraction of the sample one
needs to perturb to be able to send at least one corresponding M-quantile outside any bounded
subset of H, leading to the lower breakdown point

@(#ﬁ/,u;xl’ ce ’xn)

. 4
= mmn} {_ - sup sup ||,Ll€1,u()€1,. . .,Xn) _/'t'?l,u(yl’ cee ,yn)” = OO}’

e { 1,..., n y /.lp
where the first supremum is taken over all samples y1, ..., y, in H that differ from x1, ..., x,
by at most ¢ observations, and the second supremum ranges over all M-quantiles of order «
in direction u associated with the sample yy, ..., y,. Obviously, we always have

BDP (o %1, - -, Xn) < BDP((o 31, .. Xn).



Existence and breakdown analysis of M-quantiles in Hilbert spaces 5785

If wf, ,(x1,...,x,) is unique, then the equality clearly holds in the previous display. In
Sections 5-6, we will obtain upper and lower bounds for both breakdown point concepts
introduced in the present section. We will do so in a quite satisfactory way since we will
obtain a lower bound for BDP and an upper bound for BDP, and we will see that these
bounds almost always match (moreover, when the bounds do not match, they differ only by
the smallest possible positive quantity, namely 1/n).

4. Regular variation of convex loss functions

Part of our results for the BDP of M-quantiles will require understanding the asymptotic
properties—in a regular variation sense—of the loss functions p € C. Recall that a measurable
function H : R* — R* is regularly varying if there exists 4 : R* — R* such that
H(ct)
im
t—co H(t)
for all ¢ > 0. It is well-known that we must then have h(c) = c¢? for some p € R; see,
e.g., Theorem 1.1.8 in [24]. Regular variation has played a key role in extreme value theory,
where H = 1 — F is then the complement of the cumulative distribution function (i.e., the
survival function) of the random variable of interest; see, e.g., [12].
In the context we are considering in the present paper, H will be the convex loss function p €
C at hand. Since there is no guarantee that the limit defining regular variation exists’, we
actually need to introduce the map 7y : [0, c0) — [0, 00) U {0} defined by

o p(ct)
y(c): llgﬂlp 0
Let D, := {c € [0,00) : y(c) < oco}. As we will show, we have a dichotomy: either (a)
D, = [0,00) or (b) D, = [0,1]. In the sequel, we will refer to case (a) and case (b),
respectively. We have the following result.

= h(c)

(4.8)

Lemma 4.1. (i) For all ¢ € [0,1], y(c) < ¢, so that [0,1] C D,. (ii) v is convex and
monotone non-decreasing over D,,. (iii) For all A,c¢ > 0, y(Ac) < y(A)y(c), so that either
case (a) or case (b) holds. (iv) vy is continuous over [0, ) in case (a) and over [0,1) in
case (b). (v) In case (a), the left-derivative of vy at ¢ = 1 exists and satisfies y’ (1) > 1.

Proof. (i) Convexity of p, together with the fact that p(0) = 0, entail that

pler) _ p()
ct t

for all ¢ € (0,1] and ¢ > 0, so that y(c) < ¢ for all ¢ € (0, 1]. Obviously, y(0) = 0 < 0.
(ii) The result follows easily from the fact that p is convex and monotone non-decreasing
over [0, o) (for convexity, one needs to use subadditivity of the lim sup, i.e., limsup(f +g) <
lim sup f+limsup g). (iii) Fix A, ¢ > 0 and let #z be an arbitrary sequence in (0, co] diverging to
infinity. Since lim sup(xxyx) < (lim supx;)(lim sup y) for any non-negative sequences (xx)
and (yx), we have

(Ac) =limsu
Y k—>c><>p p(tk)

plety) . (p(/lctk) p(ctk))
k—oo \ p(ctx) p(tk)

SFor the sake of completeness, we will provide in Appendix B an example of a loss function p for which this
limit indeed does not exist.
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Pt (- plete)
)(hkmfo‘ip (1) )

< [ lim sup
( k—o0 P(Ctk)

=y()y(o).

If y(c) = oo for all ¢ > 1, then Part (i) of the result implies that D, = [0, 1], so that case (b)
holds. Otherwise, there exists c¢o > 1 such that y(cg) < oo. Recalling that y is monotone
non-decreasing, the fact that y(cg) < (y(co))*¥ < oo for any positive integer k then entails
that D, = [0, o0), so that case (a) holds. (iv) Convexity of y over D, entails that y is continuous
overint(D,), thatis, over (0, o) in case (a) and over (0, 1) in case (b). Now, since 0 < y(c) < ¢
for any ¢ € [0, 1], the map v is also (right-)continuous at zero, which establishes the result.
(v) In case (a), y is convex over [0, o), which implies that the left-derivative y’ (1) exists. It
remains to show that y’ (1) > 1. Ad absurdum, assume that y’ (1) < 1. Then, convexity of y
implies that y” (¢) < 1 forall ¢ € (0, 1]. Since convex and continuous functions are absolutely
continuous with (almost everywhere) derivative given by the left- or right-derivative, we have

1

Y=y =y = [y sds <1, 49)

However, the definition of vy trivially entails that y(1) = 1, which provides a contradiction.

This establishes the result. ]
We let

v’ (1) incase (a)
Py = (4.10)

) in case (b).

Observe that this quantity serves as some analogue of p when p(¢) = t? with p > 1. Indeed,
in this case, we have y(c) = c? for all ¢ > 0, so that p, = y” (1) = p. Note, however,
that p(7) = tP log(1 + 1), still with p > 1, provides y(c) = ¢ for all ¢ > 0, too. Obviously,
these loss functions correspond to case (a). Consider then p(#) = exp(¢) — 1, which yields

0 if0<c<1

v(c)=4 1 ifc=1
+oo ifc > 1.

This corresponds to case (b), for which we let p,, = +o0.
Similarly to the definition of -y, we now consider the map ¥ : [0, 1] — [0, o) defined by

p(ct)
p(1)
The properties of this map we will need are summarized in the following result.

¥(c) = liminf
t—00

Lemma 4.2. (i) The map ¥ is monotone non-decreasing over |0, 1] and continuous over [0, 1).
(ii) In case (a), ¥(c) > 0 for all ¢ € (0, 1), whereas in case (b), y(c¢) =0 forall ¢ € [0, 1).

Proof. (i) Obviously, Lemma 4.1(i) entails that ¥(¢) < y(c¢) < ¢ for all ¢ € [0, 1], so that ¥
is well-defined. Clearly, ¥ inherits the monotonicity of p, too. Let us then show that ¥ is

continuous over [0, 1). Trivially, #(0) = 0, whereas a direct computation yields that, for
allc € (0,1),

y(c) = litm inf

—1 -1 3 00
p(ct)=(lim u P(’/C)) ={ (/e ify(1/e) € (0,c0) @.11)

p(t) p(t) 0 if y(1/c) = 0.
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Consider then separately case (a) and case (b)—in each of these, we will show that we cannot
have y(1/c) = 0 for some ¢ € (0,1) in (4.11).

(a) Lemma 4.1(ii) implies that y(c) > y(1) =1 > 0 for any ¢ > 1, so that y(c) € (0, o0)
for any ¢ > 1 (recall that y(c¢) < oo for any ¢ > 0 in case (a)). Thus, (4.11) yields
that y(c) = 1/y(1/¢) > 0 for any ¢ € (0,1). Lemma 4.1(iv) thus implies that ¥ is
continuous over (0, 1). Now, in case (a), y is convex over [0, o0), with y” (1) > 1, so
that y(c) — oo as ¢ — co. Consequently, (4.11) entails that

lim ¥(c) = gii)r(l)(y(l/c))_1 =0=7(0).

It follows that ¥ is continuous over [0, 1).
(b) Since y(c) = oo for all ¢ > 1, (4.11) entails that y(c) = O for all ¢ € (0, 1). Thus,
y(c) =0 forall ¢ € [0, 1), so that ¥ is continuous over [0, 1).

We have thus proved that, in both cases, ¥ is indeed continuous over [0, 1). Part (ii) of the
result was established in our discussion of cases (a)—(b) above. ]

Note that, unlike for vy, there is no guarantee that ¥ is convex. The following results will
also be useful for our purposes.

Lemma 4.3. For any netsS (s,)r>0 and (t,)r=o such that s, |r — s and t,|r — t asr — oo
with(Q < s <t < oo, we have

liminfp(sr) = ~(5) and lim sup pisr) = (f)
r—e p(ty) t roe P(tr) t

Proof. For any € € (0, 1), we have

p((I=e)sr) _ plsr) _ p((1+e)sr)

p((L+e)r) = p(tr) = p((1-&)tr)
for all r large enough. An obvious change of variables then provides

?((1 - s)S) < liming 267 _ ~((1 + s)S)

(1+e)t roe p(ty) (1-e)

and
((1 - 8)S) < Tim sup p(sy) < ((1 + S)S).

(1 +8)t r—0oo p(tr) (1 - 8)t

Since ¥ and vy are continuous maps over [0, 1), letting £ — 0 establishes the result. m|

5. Upper bound

In this section, we derive upper bounds on BDP(u%, ,,). Recall the definition of p,, in (4.10).
Our first main result, that relies on the regular variation properties obtained in the previous
section, is the following.

ORecall that a net in a topological space X is a function c: (R, <) — X, where < is a pre-order on R; we write
(¢r)rer- It converges to ¢ € X if, for every neighborhood U of ¢, there exists g € R such that r > rq implies
that ¢, € U. Here, R = Rg is equipped with the usual order, and ¢, — oo is associated with neighborhoods of
infinity of the form (a, c0), a > 0.
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Theorem 5.1. Letp € C. Fixa € [0,1), u,v € Sy, and x1, ..., x, € H. If p, = 1, then let

5:{ﬂL;1@12J+L

5 (5.12)

whereas if p, € (1,00], then rather let ¢ = 1. Then, any M-quantile (o, ,(y1,-..,¥yn)
associated with the contaminated sample defined by

rv ifi=1,...,¢
)’iZZ{ A

x; ifi=C+1,...,n (5.13)

is such that ||y, (¥1, . . ., yn)|| = 00 as r — oo.

This result identifies a number £ = £,, of observations it is enough to perturb in direction v
to break the M-quantile ,uf;’ w(X1,...,x,) of order « in direction u. In particular, irrespective
of @, u and v, it is enough to perturb only one observation for loss functions such that p,, > 1.
Of course, there is no guarantee at this stage that the value ¢ in (5.12) is optimal when p,, = 1.

Proof. Fix an arbitrary sequence (rg) such that rp — oo. For any k, pick an arbitrary
M-quantile u’fy,u(y’l‘ ..., yX) associated with the contaminated sample in (5.13) with r = ry.
We will then show that

e V% s sy > 00 ask — oo (5.14)

To this end, it is enough to show that any subsequence of (15, ( y’f, ..., yX)) admits a further
subsequence that diverges to infinity in norm. By abuse of notation, we denote by (r;) an
arbitrary subsequence. At the contaminated sample y’l‘, ..., ¥k, the objective function writes

a (u, ry — W)

I[riv # ,u])
lrev — ull

¢
MG (s yh, R = ;p(llrkv - ull)(l +

n

3 ol =l (1 + T B g ),

P i —

Fix ¢ € (0, 1), to be chosen later. We have

¢
M L (erevsyh, o9k = —p((1=c)re) (1+a (u,v)

n

b 3 plb = ervl (1 = a ) (1+0(1)

i=0+1

as k — oo. Now, for any sequence (u) in R? such that ||ux|| < 7 for all k, Lemma 4.3
yields

i 2= el
e oy = sl

foranyi =1,...,n, which allows us to show that

ME ks s 78 = g = el (1% ) (14 0(1)
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as k — oo. For such a sequence (uy), we then have

MG (ereviyy, o) p((1=c)rg)
Mo (s yEsyn) ey = ped) (1 +0(1))

1 Z p(llx; = crev) (1= e (u,v) ) (1 + 0(1))
£ £ p(llrey — el (1 +a ) (1 +o(D)

n |lx:]|, the monotonicity of p yields

) pla-on)

Mo iy yn) T p(llrey = pel) (14 o(1))

(n=0pM+cri)(1 —au,vy)(1+ 0(1)).
Co(llrev = el (1 + @ {u, v)) (1 +0(1))

Consequently, using the fact that liminf(ax + bg) < limsup(ay) + liminf(by) for any real
sequences (ax) and (bg), then applying Lemma 4.3, we find

(n=0(1-au,v))
(1 +a(u,v))

so that, letting M = max;—¢1

.....

P .ok k
Mo, (criviyys . sV

P ok k
Mo (criviyys. s yn

)Sy(l—c)+

lim inf y(c) =: 6(c).

koo MY (i Y vn)

For now, assume one can choose ¢ € (0, 1) such that 8(c) < 1. Then, there exists € € (0, 1)
such that, for any sequence (ux) with ||ux|| < +/r« for all k, we have

ML, (erivsy¥, o 9% < (1= e)ME,  (uis yh, ., y5)

for infinitely many k’s. Now, choose a sequence (uy) of this type such that

1
inf M"Y vk ).
e it (1Y) Yn)

MG (s Yk, k) <

We then have that, still for infinitely many &’s,

Lk k . Lk k
Mg,u(crkv,yl,...,yn) < ”#ﬁrif\ﬂMﬁ,u(p,yl,...,yn .

In particular, there exists a subsequence (ry,) such that, for all j, ,u‘c’,,u(ylfj R belongs

to the complement of the ball with radius /7, which entails that (,u‘(’,,u(ylfj YY)
diverges to infinity in norm as j — oo. Consequently, we showed that any subsequence of
(,uf,,u(y’f, ...,¥%)) admits a further subsequence that diverges to infinity in norm, which
establishes (5.14).

It remains to prove that there indeed exists ¢ € (0, 1) such that 8(c¢) < 1. Consider first
case (b): p, = co. Then, Lemma 4.2(ii) yields that 6(s) = y(1 —s) for all s € (0, 1), so that
Lemma 4.1(i) entails that 8(c) < 1 for any choice ¢ € (0, 1), irrespective of the value of ¢; in
particular, one may take £ = 1 in this case. Turn then to case (a): p, =y’ (1) < co. Recall that
v(4As) < y()y(s) forall A, s > 0 (Lemma 4.1(iii)). Taking A < 1, subtracting y(s), dividing
by As — s, and taking the limit as 1 7 1 yields

Y.(s) = y_(1)y(s)/s =ppy(s)/s foralls>0. (5.15)
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We now proceed with a version of Gronwall’s inequality for absolutely continuous functions.
Letting B(s) = p, log(s), s > 0, the inequality (5.15) rewrites

Y. (5)e B > B'(s)y(s)e B forall s > 0.
Since e B®) and y are absolutely continuous on every compact subinterval of (0, 1), their
product is as well, which allows us to rewrite the previous inequality as

d !
d—(y(s)e_B(°)) >0 for almost every s > 0.
s

By absolute continuity, s — y(s)e 5®) is thus non-decreasing over [0, o). In particular,
y(s) < y(1)ePEI =B = o

for all s € [0, 1]. Since 7(s) < y(s) by definition, it follows that, for all s € [0, 1],

(=00 -awy) ,
(1 +au,v))

If p, > 1, then 6'(0) < 0 so that, because 6(0) = 1, there exists ¢ € (0,1) such that
6(c) < 6(c) < 1, irrespective of the value of £; in particular, one may take again £ = 1 in this
case. If p, = 1, then §’(0) < 0 as soon as

f . 1 —au, v)'

n 2
This concludes the proof. O

0(s) < (1-s)Pr +

= 0(s).

Theorem 5.1 provides a complete answer to the breakdown analysis of M-quantiles when
Pp € (1, 00]. Indeed, in this case, the result shows that any M-quantile of order « in direction u
can be sent to infinity in norm by perturbing a single observation, which yields

S 1
(M(/’lg,u) = ) BDP(,uﬁ/,u) = ;

When p, = 1, Theorem 5.1 rather provides

BDP(f5, ) < ({QJ + 1)/n. (5.16)

In this case, however, there might still be some margin left for improvement. In the important
case p(t) =t (which provides p, = 1), it was established in Corollary 2.2 of [20] that, when
n(1 — @)/2 is not an integer, (5.16) is an equality. We will show in the next section (see
Theorem 6.1) that this extends to loss functions p that are asymptotically linear in the sense
that the quantity

a, = lim & € (0, 00) U {oo} (5.17)

is actually finite.” As shown by the loss function defined by p(f) = tlog(1 + t), however, it
may be the case that p, = 1 and a,, = co, which leaves a gap in our analysis of the breakdown.
This motivates the following result, that, in the case where p, = 1 and a,, = oo, provides an
upper bound on ﬁ(,ufw) that improves over (5.16).

7Note that convexity of p entails that the function ¢ — p(#)/t is non-decreasing, which guarantees existence
of the limit in (5.17). This limit is obviously positive since p(t)/t > 0 for all r > 0.
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Theorem 5.2. Let p € C be such that the quantity a,, in (5.17) is infinite. Fix a € [0, 1),
u € Sy, and x1,...,x, € H. Then, any M-quantile ,uf,,u(yl, ..., Yn) associated with the
contaminated sample defined by

{ ru ifi=1

Yi = pa

x; ifi=2,...,n
is such that || (o, , (1, - - ., yn)|| = 0 asr — oo.

Proof. Let (¢,),>0 be anet, to be determined later, such that ¢, < r/3 and ¢, — coasr — oo.
We first show that

+a

. 1
inf M5 (591, Yn) = p(r—c;). (5.18)

llull<cr n

Trivially, for any ||u|| < ¢, (< 7),

1 alu,ru— i)
M s s vn) 2 < plllru =l (14 ) (5.19)
n llru — p|
Decomposing u into u = {u, u) u + {u — (u, u) u}, we have
llru — pll = \/(V = s )2+ |l = Qs ) = NP2 = 2 G, ) + [
For any fixed value of {(u, u) in [—c,, ¢;], the function
1 au,ru—p)y 1 a(r = u, ) p(llru — pll)
s = p(llru—pal) (14 S22 = o pl) + (5.20)
n llru — pll n nllru — pll

is minimized when |[ru — u||, or equivalently ||u||, is minimized (since convexity entails
that p(r)/r is monotone non-decreasing), which is the case when y = (u, p) u. The minimum
of the function in (5.20) over ||u|| < ¢, is thus

l+a

1+
min p(r—s)=—"p(r-c)
s€[-cr,cr] N n

Jointly with (5.19), this proves (5.18).
Now, we have

1+a

Mf,,u(Zcru;yl,...,yn) = p(r—2c,) +R,,

n

where we wrote

1 v s Xi = 2¢r
Ru:=— 3" pUlxs = 2coul))(1+ ol = 2oty 2c,ul).
n 2 s — 2c,ul

Note that, for M = max;-,__._, ||x;||, we have

< (I+a)(n-1)
n

.....

R, p(2¢c, + M),

so that

||ﬂilr|1<fc MG (Y1) | — Moy 2erus yi, ..oy yn)
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> L o) = pr ~26) - D e, 4 )
_ (1+2)pQ2cr + M) (p(r —c/) = p(r = 2¢/) ( 1)
a n o(2c, + M) B
Note that if
plr—c)=pr=2¢,) | e (5.21)

p(2c, + M)

then, for r large enough, any M-quantile 1, ,(y1, . . ., y») will be outside the ball ||u|| < c,,
which will establish the result since ¢, — oo as r — oo. Thus, it only remains to prove (5.21).

Since p is absolutely continuous with (almost everywhere) non-decreasing and non-negative
left-derivative _, we have, for r large enough such that ¢, > M,

p(r=cy) = p(r—2c) > p(r—cy) = p(r—2c) > y-(r- 2cr)cr.
p(2cr + M) - pQcr) — pQBey)
The convexity of p implies that, for all > 0,

_p() _ p()-p(0)
o t

(1) : <y-(n).

It follows that

p(r—cr) _p(r_zcr) > Q0(7—2Cr)Cr . (,0(7'—2Cr)Cr _ QD(T—ZCr)
pQe,+M) T pBe) T eBede,  3e(3¢,)

Let f : [0,00) — [0, 0) be a continuous and strictly monotone increasing majorant of p
with f(0) = O (in particular, f is a continuous one-to-one map and f(f) — oo as t — o0),
and assume, for now, that one can choose ¢, — oo in such a way that ¢, < r/3 and
f(3c;) < o(r —2c¢,) forall r > 0. Then,

o(r —2c,) > fQBcr) > p3cy) _

©(Bcy) @Bcr)  @(3¢cy)
Since ¢, — oo, we deduce that
p(r—c;)—p(r—-2c)
p(2c, + M)

as r — oo, It remains to show that there exists such a net (¢, ),~¢. For this purpose, let

¢y :=supA,, with A, := {s € [0,7/3] :3s < f N (e(r —2s))}.

3c,.

For all r > 0, we have 0 € A,, so that A, is non-empty and c, is well-defined. Trivially,
¢, < r/3 forall r > 0. Observe then that ¢, < ¢,» whenever r < r’. Indeed, notice first that
since p is continuous over (0, o), the function ¢ — ¢(t) = p(f)/t is continuous over (0, o),
too. In addition, the convexity of p entails that ¢ is non-decreasing over (0, o). Consequently,
for all r < r’, we have

3¢, < [N @(r =2¢,)) < 7 (@(F = 2¢,)).

It follows that, for all » < r’, we have ¢, € A,/, hence ¢, < c¢,». Assume now, ad absurdum,

that ¢, is bounded; ¢, < B for all » > 0, say. For any r > 3B, we would then have

3s > f N (e(r —25)),
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for all s € (B, r/3]. Since ¢(t) — o0 as t — oo by assumption, taking then r — oo with s
fixed in the last display yields a contradiction. We deduce that ¢, — oo as r — oo, which
concludes the proof. O

Despite its generality in terms of loss functions p, Theorem 5.2 restricts to contamination in
the direction u in which M-quantiles are computed. This is in contrast with Theorem 5.1 that
provides a directional analysis of the breakdown: recall that this result revealed in particular
that, when p,, > 1, quantiles break as soon as a single observation is perturbed in an arbitrary
direction. Also, when p,, = 1, Theorem 5.1 interestingly provides an upper bound on the BDP
that depends on the contamination direction v.

More importantly, Theorems 5.1-5.2 together lead to the following result.

Corollary 5.1. Letp € C. Fixa € [0,1), u € Sy, and x1, . ..,x, € H. Then,

BDP (1, X1, .. xn) < (V(I—Z_O‘)J + 1)% (5.22)

if a, is finite, whereas
N 1
BDP(uy %1, ..., Xn) = BDP(Ulo %1, ..., Xp) = -

if a, is infinite.

Proof. If a,, is finite, then we trivially obtain that y(c) = c for all ¢ > 0. Therefore, p,, = 1, so
that the conclusion follows from Theorem 5.1. If a,, = oo, then the conclusion directly follows
from Theorem 5.2. O

This result completely characterizes the breakdown point of M-quantiles when a,, is infinite
and it shows that the breakdown point is then 1/n. In particular, this is the case for the loss
function that served as the motivation for deriving Theorem 5.2, namely the loss function
defined by p(t) = tlog(1 + ). When a,, is finite, however, a lower bound is needed, which is
the content of the next section.

6. Lower bound

In the important particular case considered in (5.22) for which the loss function p is eventually
linear, the results of the previous section only provide an upper bound on the BDP, rather
than the BDP itself. An important example is the Huber loss function defined by p.(¢) =
(£2/2)I[0 < t < c]+c(t = (c/2))I[t > ¢], with ¢ > 0. In this section, we obtain an essentially
matching lower bound. We have the following result.

Theorem 6.1. Let p € C be such that the quantity a,, in (5.17) is finite. Fix a € [0, 1) and
u € Sy. Then,

1—
M(#ﬁ,u;xl,...,xn) > {n(—za)}/n

for any sample x,, . ..,x, € H.
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Proof. We start with the following preliminary remarks. Since ¢ — p(#)/t is non-decreasing,
(5.17) ensures that p(t) < a,t for all t > 0. The function g defined by g(t) := a,t — p(t) for
all ¢+ > 0 is thus non-negative, concave, satisfies g(0) = 0 and g(¢)/t — 0 ast — oo. Also,
t — g(t)/t is non-increasing over (0, o0). For any 7y > 0, concavity of g entails that

L 80 = g(0)
t—1p

is monotone non-increasing over [0, ) \ {7}, so, denoting as g’ (zy) (resp., g% (tp)) the
left-derivative (resp., right-derivative) of g at g,
g(1) — g(10)

Nl ) =1

for any s € [0, ) and ¢ € (fg, o). This implies that

g(1) < g(to) + g" (to)(t — to) (6.24)

for any ¢ > 0. Dividing by #(> 0) and letting t — oo thus gives g’ (f9) > 0. Since ¢y is
arbitrary, g’ (¢) > 0 for all ¢ > 0, so that Lemma A.2 entails that g is non-decreasing.

Let us then proceed with the proof. Fix arbitrary xi,...,x, € H. Since p;, , is trivially
translation-equivariant, Lemma 2.1 from [21] implies that

BDP(idy 5x1 + 2, .., xn +2) = BDP((doy 3 X1, - - - s Xn)

for any z € H. Therefore, we may assume that u ,(x1,...,x,) = 0. Now, fix a positive
integer

fs{ww—l.

Then, £/n < (1 — @)/2, so that we can pick £ > 0 small enough to have

o2 o0, (6.25)
n 2
Fix an arbitrary sample yy, . .., y, € H differing from x1, . . ., x,, by at most £ observations. To
keep the notation light, we denote the corresponding quantiles by 1o, and 15, Since 1%, ,,
is invariant under permutations of its arguments, we may assume that y; = x; for all i =
C+1,...,n. Letting P, = n! i1 Oy, denote the empirical probability measure associated
with the sample yy, ..., y,, then define the function

M= A‘(()l,u(/l;Pn) = Mg,u(,u;Pn) - Mfy,u(O;Pn)

=) {p<||yl- —un)(l salldiz By, u]) -p<||y,.||)(1 +alodidyy o o])}.
n i — Al il

We prove the result by showing that there exists a positive real number R, that does not depend
on the contaminated sample yy, .. ., yn, such that A%, , (u; P,) > 0 as soon as ||u|| > R.
Since g(1)/t — 0ast — oo,

T, :=inf {t >0:g(s) <apesforall s > t} (6.26)
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is well-defined (recall that £ > 0 was fixed in (6.25)). Note that since ¢ + g(¢)/t is non-
increasing on (0, o), we also have

T, =inf{t > 0:g(t) <apet} =inf {t > 0: p(t)/t > a,(1 - &)}. (6.27)

Now, the identity p(7) = a,t — g(t) provides, for any u € H,

n

1
N Pu) = — > ap(Ilyi = pll = llyill = Cu. 1))
i=1

1 C (”J’i)
+;;{g(nyin)(1+a TR ¢0])

~g(lly —ull)(l sl Xz iy, u])}ﬂ[llyill <T,)
lyi = ull

{g<||yi||>(1 raliagy, - 0])

n

S =

i=1
(u,y; — )
—g(lly: —ull)(l +a———1[y; # pu] | {I[lly:ill > Te]
lyi — wll
= A1+ AJ + A7,

say. Letting M = max;—¢41 n [|1yi|l, the triangle inequality yields

..........

[y = sl = llyill =@ u, ) | < (1 + @)l

fori=1,...,¢ and

Iyi = pll = yill = @, p) 2 Nl = 2M — a||pl,

fori={¢+1,...,n.Since a, > 0, we thus have

Ar> ap{— ~( el + 5 (1 - ) —2M)}

25) ~ 2a,M(n - {) . 6.28)

= loa-=
aplull(1-a - = ;

Let us now turn to A; and fix 4 € H with ||u|| > T,. Since g is concave and g(0) > 0,
it is well-known that g is subadditive, that is g(z; + ;) < g(#1) + g(¢2) for all ¢1,¢, > O (for
the sake of completeness, we prove this in Lemma A.4). In particular, since g(0) = 0 and g is
non-decreasing, we have

A3z =2 ) elllvi - (1 + )llill < )

i=1

1 n
> ~(L+ @)g(Te + Il il < Tel
i=1

> —(1+a)(g(Te) +g(llul)
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2 —(1+a)g(Te) - ape(l+a)|lul, (6.29)

where the last inequality follows from the fact that ||u|| > T. Finally, AT rewrites

ro 1 (w3 < m

(since ||yi|| > T implies that y; # 0). From (6.23) with s = 0, we have

g(lly:l) > g’ (Ilyil)
Iyl

so that (6.24) implies that
g(llyi = ull) < g(lyill) + & Ulyil) (yi = pll = llyill)

gyl
llill

< g(lyil) + - (6.30)

Using (6.30), we then have

s 01X _ i ViTH oo _ gLyl } _
Az ; {g(||yz||)01 <u, il T —,ulll[[yl # ,u]>) il I+ ) llull (Ilyill > T

Ly 2l , gllyill |
2 - Z{ (yDaf o+ = <1+a>||u||}1[[||yl||>n]

> —a,e(1 +3a)|ull, (6.31)

where we used the fact that

% 2|lv —w||
vl lwll vl
for any v € H \ {0} (this directly follows from Lemma A.l). Combining (6.28), (6.29)
and (6.31) shows that, for all u € H such that ||u|| > T,
20\ 2a,M(n-1¢)
Mo Pa) = apllull(1 = @ = =) = =2 = (1 +.0)g(T) = 2a,5(1+ 20)Ju]

= AsH,u” - B¢

JI[ # 0]

with

l-a ¢

A, —2aP(T———s(1+2a))>O and B;
n

=200 L (1w

(positivity of A follows from (6.25)). Thus, A%, , (u; Pn) = MY, (u, Pn) — M5, (0, P,) > 0
as soon as

llu|] > max(Ts, Bg/Ag) =: Rg

It follows that any M-quantile y, associated with the contaminated sample yi,...,y,
satisfies || u (Wll < R_. Since R is independent of the contamination (it depends only on the
uncontaminated sample xp, . .., x,), we have

Sup o = 1ol = sup ol < Re < oo,

This implies that BDP (140, s X1, - - ., Xu) > (€ + 1)/n, which concludes the proof. |
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The proof actually provides a quantitative estimate for any £ € {1,2,..., [%] -1}
Continuity of g implies that g(7) = a,&T, so that we established the bound
3 } (6.32)

. . _l-a
10 <& < &wp = 53ma) ~ (i)

SuP o — | < lnf{

(the upper-bound for € > 0 originates from (6.25)), where
4 (1+a)Te
) + £ 2(1 )

R (T M(l—ﬁ
=max (T,
© © 1_T”‘—g—s(1+2a)

inf{t >0: p(t)/t > a,(1 —&)}; see (6.27). For p(t) = t, we have T, = 0 for

involves T, =

any € > 0, so that the bound in (6.32) is
M(1-£ M(152)
Sup |1 — Haull < =g =M+ (6.33)
2 T n 2 T n

y
Consider then the Huber loss function p.(¢) = (£>/2)I[0 < t < ¢] + ¢(t = (¢/2)I[t > c]
with ¢ > 0. Note that g, < 1/2, so that Tz = ¢/(2¢), which yields
c M(1-%H+ %

R, = max|—, .
© 26" 1oe L g(1420)

An easy calculation then provides
1 c(34+5a)
M(ﬂ) + = .

— W <M+

IS

la _
2

sup e

Note that, as expected, letting ¢ — 0 provides the bound in (6.33), whereas, letting ¢ — oo
makes the bound infinite even for £ = 1, which is in line with the fact for p() = %, the BDP

is 1/n (Corollary 5.1).
More importantly, Corollary 5.1 and Theorem 6.1 readily yield the following result
., Xn € H. Then,

Corollary 6.1. Let p € C. Fixa € [0,1), u € Sy, and x1,
N " N
BDP (4, 13 %15 ..,xn)=BDP(y‘;,M;x1,...,xn){ ( . )}/

if a, is finite and n(1 — ) /2 is not an integer,

V(l w/n < BDP(i, ,ix1, ..., xp) < ﬁ(,uf,,u;x],...,xn) < ({ (12 a/)} 1)/n

ifa, is finite and n(1 — «) /2 is an integer, whereas

Xp) = BDP(ply i3 X1, ..., Xp) = -

BDP (i X1, - . .

if a, is infinite.

A direct consequence of this result is that, for loss functions that are eventually linear (still
in the sense that a, = 1), the asymptotic breakdown point of M-quantiles coincides with the
breakdown point of spatial quantiles, namely (1 — «)/2. This applies, in particular, to the

M-quantiles resulting from the Huber loss functions
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7. Final comments

In this work, we established the existence of M-quantiles in (possibly infinite-dimensional)
Hilbert spaces under extremely mild conditions. We also obtained essentially complete results
on the breakdown point of these M-quantiles. For loss functions that are not eventually
linear, the breakdown point is 1/n, whereas for loss functions that are eventually linear, it
is [n(1 — @)/2]/n provided that n(1 — @) /2 is not an integer. It is thus only for finitely many
values of @, and in the eventually linear case, that the finite-sample breakdown point was
not fully determined. While this in principle leaves room for further improvement, some
comments are in order. First, when the breakdown point was not obtained exactly, the positive
difference between our upper bound for the upper breakdown point and our lower bound for
the lower breakdown point takes the minimal possible value, namely 1/x. In particular, the
asymptotic breakdown point is equal to (1—a)/2 in that case, too. Second, a close inspection of
the results from [20] reveals that, even for the standard spatial quantiles obtained with p(¢) = t,
the breakdown point when n(1 — @)/2 is not an integer actually depends on the particular
representative one needs to choose when uniqueness fails; that is, depending on the choice of
this representative, the breakdown point may be [n(1—a)/2]/n or ([r(1 —a@)/2]+1)/n. This
was fixed in [20] by deriving breakdown point results for a given representative, namely the
barycenter of the collection of spatial quantiles, for which the breakdown point was shown
there to be [n(1 — a)/2]/n. However, it is important to note that this approach cannot be
adopted in the framework of M-quantiles: indeed, as mentioned in Section 2, the collection of
M-quantiles may be non-convex, so that the barycenter of the collection of M-quantiles may
fail to be an M-quantile itself. In this sense, the results obtained in this paper, that are in any
case essentially complete, leave even less space for improvement than it may seem at first.

Appendix A: Auxiliary results

In this first appendix, we state and prove some results that were used in the proofs of Lemma 2.1
and Theorem 6.1. We start by stating the following two preliminary results.

Lemma A.1 (Lemma S.1.2in [19]). Letv,w € R? \ {0}. Then

___H (n v=wl v =wl
il liwli vl liwll
Lemma A.2 ([23]). Let f : [a,b] — R be a continuous function. Assume that f is left-
differentiable on (a, b), with left- derlvatlve f’. Then,
/ (b) - f(a) ’
fl(co) < be < fl(ey)

for some c_,cy € (a,b).

These results allow us to establish the following lemma, that was used in the proof of
Lemma 2.1.

LemmaA.3. Letp € Cand P € PZ. Fixa € [0,1) andu € Sy. Let (ux) be a sequence in H
that converges weakly to some u € H. Then, there exists a P-integrable function g : H — R*
such that

HY, (2 = i) — HY (2) > —g(2)
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forall z € H and all k.
Proof. Write

Hﬁz,u(z - ,le) - Hg,u(z)

= pllz - ukn)(l +a<|bff_—_”">fz,pk) —p<||z||>(1 + a<u’z>§z,o)

el T
= (p(lIz = i) —p(||z||)>(1 + M& ﬂk)
(u, 2 = pe) w2
+"p(”z”)( Izl = IRl )fz")‘

where the last equality results from the fact that p(0) = 0. So,

HY (2= i) — HY 1(2) = Tia (2) + Tia (2) + Trz (2),

with
T (2) = (p(llz - el —p<||z||>>(1 S ,lk),
Tia(@) = ap (10D T (Eem = Déco > ~ap(leelilz =
and
Ten(2) = ap(||z||>(<|”|‘j_‘ﬂ‘2ﬁ> - <|L|‘;ﬁ>)fz,ﬂkfz,o.

Since ur — u, the uniform boundedness principle entails that (||ux]|) is a bounded
sequence. With C = sup ||ux||, the fact that p is monotone non-decreasing then entails that

Ti2(z) 2 —ap(C),

where the lower bound is trivially P-integrable. Now, Lemma A.1 and the fact that y_ is
monotone non-decreasing (as the left-derivative of a convex function), we obtain, with g as
in (2.4),

Ti3(z) = 2allucli{elizID/lzl}¢z.0
2 —2aCy_(|z])
2 —2aCy(lIzl| + 60),

where the lower bound is P-integrable since P € PZ. Finally, we turn to Ty, whose treatment
is more complicated. If ||z — ugl| > |[|z||, then Lemma A.2 ensures that there exists ¢, €
(llzll, Iz = g l) such that

pllz = pxll) = p(lzll) = v () (lz = pcll = llzll) = w-llzID (Ilz = peell = Nlzll),

whereas if ||z — ull < [|z]|, then the same result yields that there exists ¢ € (|lz — ull, ||zll)
for which

p(llzll) = pUlz = el < @ () (llzll = llz = pell) < w-lzID(lzll = llz = pll).-
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Thus, we have
pllz =l = pllzl) = w-(llzID (2 = pell = llzll)
for all z € H, which yields

U,z — fi)

(
Ti1(z) = - (llzID(lz = pall = IIZII)(1 +a
llz = pell
The triangle inequality and the fact that ||ug|| < C thus provide
Tki(2) = =(1+@)Cy—(|zll)
—(1+a)Cy_(llz + olD),

)fz,ﬂk'

\

v

where the lower bound is P-integrable since P € Pfl. The result is proved. O
Finally, the following result was used in the proof of Theorem 6.1.

LemmaA.4. Let g : R* — R be concave and satisfy g(0) > 0. Then, g(t1+1t2) < g(t1)+g(z2)
forallt;,t, > 0.
Proof. For t; =0 or t, = 0, the result is trivial. Fix then t{, ¢, > 0. Concavity of g yields

131 t

2
0) + t1+ 1) < g(h),
O+ s ) <g(n)

which, using g(0) > 0, provides

5]

1 +1) < g(t). A.34
t1+t28(1+2)—g(2) (A.34)
Since exchanging ¢ and 7, yields
51
1 +1) < g(t), A.35
. +t28( 1+12) < g(t) (A.35)
the result follows by adding up (A.34)-(A.35). ]

Appendix B: Need for non-standard regular variation theory

In this second appendix, we provide an example that demonstrates that it was needed to use
the concepts of lim sup and lim inf in the results of Section 4, so that standard regular variation
theory does not apply to the general setting considered in the present work. Let us focus on
maps p defined by

exp(f(logt)) ift>0
p(1) = .
0 ifr =0,
where f : R — R satisfies limy_,_o, f(s) = —oo (this ensures continuity of p over [0, o)).

The power loss function p(f) = tP is obtained for f(s) = ps, and the exponential loss
p(t) = exp(t) — 1 corresponds to f(s) = log(exp(exp(s)) — 1). Let us examine sufficient
conditions to ensure that p is convex. Further assuming that f is twice differentiable, p is
twice differentiable over (0, o), with

o)=L " Gogn) + (1" (log)? - £ (log )
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for all # > 0. Consequently, p is convex if and only if
kp(s) = () + (f(9))* = f(5) 2 0 (B.36)
for all s € R. For the power loss function p(z) = 7, corresponding to f(s) = ps, we have
kp(s)=p*=p=0

for all s € R if and only if p > 1; we further have infer k,,(s) > 0 as soon as p > 1. In
particular, when fy satisfies the positivity condition (B.36) strictly, one expects that small
perturbations of fj yield a convex loss function p. This is the content of the next result.

Proposition B.1. Let fy : R — R be such that limg_,_, fy(s) = —oco. Assume that fj is twice
differentiable and that

= inf k¢ > 0.
0= Inf k5 () > 0

Then, for any twice differentiable map g : R — R with bounded first and second derivatives
such that limsup,_,_ g(s) < oo, there exists 6o = 6o(fo,8) > 0 such that, for all |6| < Jo,
the map defined by

pa(t) = { exp(féo(log 1)) g; :8 With fs = fo+ 8.

is convex over [0, o).

Proof. The fact that lims_, _o fo(s) = —co and limsup,_,_, g(s) < oo entails that
i f5(s) = Tim (fo(s) +68(5)) = —o,

so that ps is continuous over [0, co0). From (B.36), we know that ps is convex if and only if
Kfs(s) =2 0forall s € R. A direct computation provides

€15 () = (£ () + (0 = £(9) +6(2F5(5) = D' (5) +87 () + 6*(8/ ()™,

Consequently, letting ||¢||c := supscp |¢(s)| for any map ¢ : R — R, we have

K12(5) 2 50 = 181(If3 Nl + DIIE' s + 118" ) =+ k0 = C(for £)16] 2 0,
as soon as |6| < kxo/C(fo, g), which concludes the proof. |

Inspection of the proof of Proposition B.1 shows that, when f(s) > 1/2 (which is the case
for fy(s) = psand p > 1 arising from considering p(¢) = t?), the result holds provided g’ and
g’ are only lower-bounded by some real constant; in particular, g’ and g’* can take arbitrarily
large positive values. For f(s) = ps + dg(s), Proposition B.1 entails that one obtains the
family of convex loss functions {p, ¢}, indexed by p > 1 and g : R — R twice differentiable
with g’ > =B and g” > —B for some B > 0, such that limsup,_,_., g(s) < oo, defined by

pp,g(t) := tP exp(dg(logt)),
for all r > 0 and |8| small enough. For such loss functions, we have for all ¢ > 0 and ¢ > 0

p(ct)
p(1)

= cP exp (6g(log(ct)) — 6g(log1)).
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Since we are interested in the behavior of this ratio when ¢+ — oo and ¢ > 0 is fixed, we may
consider the reparametrization #(u) = ¢*, u > 0, which leads to studying the behavior of

p(ct(u))
p(1(u))
Heuristically, this ratio will display a non-monotone behavior when g(s) oscillates (i.e., the
derivative of g changes sign) and keeps doing so as s — oo. Consider then g(s) = sin(23s)/2
with § > 0, and notice that g satisfies the assumptions of Proposition B.1. Using the identity
sin(a) — sin(b) = 2cos((a + b)/2) sin((a — b)/2), we obtain
plet(u) _
p(1(u))
Further reparametrizing by v = 28u + S log c yields
plct(v))
p(t(v))

Thus, for all ¢ > 0, we have

= cPexp (6g(u+logc) — 5g(u)).

c? exp (6 sin(Blog c) cos(2Bu + Blogc)).
= cP exp (6 sin(Blogc) cos(v)).

v(c¢) =limsup p—(ct(v)) =

G0 c? exp (|6 sin(Blogc)])

and

oy e PEt(V))
7O T

This confirms that relying on the classical theory of regular variation would have reduced the

cPexp (- |6 sin(Blogc)l).

generality of our findings, which provides a motivation for the results derived in Section 4.
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