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We derive the breakdown point for solutions of semi-discrete optimal
transport problems, which characterizes the robustness of the multivariate
quantiles based on optimal transport proposed in Ghosal and Sen (2022a).
We do so under very mild assumptions: the absolutely continuous reference
measure is only assumed to have a support that is convex, whereas the target
measure is a general discrete measure on a finite number, n say, of atoms.
The breakdown point depends on the target measure only through its proba-
bility weights (hence not on the location of the atoms) and involves the ge-
ometry of the reference measure through the Tukey (1975) concept of half-
space depth. Remarkably, depending on this geometry, the breakdown point
of the optimal transport median can be strictly smaller than the breakdown
point of the univariate median or the breakdown point of the spatial median,
namely [n/2] /2. In the context of robust location estimation, our results pro-
vide a subtle insight on how to perform multivariate trimming when con-
structing trimmed means based on optimal transport.

1. Introduction. Dating back to Monge (1781) and Kantorovich (1942), the concept of
optimal transport (OT) has found applications in very diverse fields, including economics
(Galichon, 2016), machine learning (Peyré and Cuturi, 2019), signal processing (Kolouri
et al., 2017), and computational biology (Orlova et al., 2016), to mention only a few. Well-
known monographs on the topic are, e.g., Villani (2008), Santambrogio (2015), Panaretos
and Zemel (2020), and Ambrosio, Semola and Brué (2021).

The literature dedicated to OT in probability and statistics has been exploding in the last
decade. In particular, much effort has been dedicated to understanding the asymptotics of
empirical OT costs; see, among many others, Boissard and Le Gouic (2014), del Barrio and
Loubes (2019), Weed and Bach (2019), and Hundrieser, Staudt and Munk (2024). Recently,
Staudt and Hundrieser (2025) and Manole and Niles-Weed (2024) tackled the unbounded
setting, whereas del Barrio, Gonzdlez Sanz and Loubes (2024) and Hundrieser et al. (2024)
studied in particular the semi-discrete case. Of course, asymptotics for empirical OT maps
themselves are also of primary interest; we refer, e.g., to Hiitter and Rigollet (2021) and
Sadhu, Goldfeld and Kato (2024) for convergence rates, and to Manole et al. (2024a) for
minimax rate optimality results; see also Bercu and Bigot (2021), Goldfeld et al. (2024), or
Hundrieser, Klatt and Munk (2024) for results involving entropic OT.

In another direction, OT has been the cornerstone to define modern concepts of multivari-
ate quantiles and ranks; see Chernozhukov et al. (2017), Hallin et al. (2021), Ghosal and Sen
(2022a), or, in the context of directional data, Hallin, Liu and Verdebout (2024) and Bercu,
Bigot and Thurin (2024). These new functionals opened the way to fully distribution-free
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rank tests in a very broad class of inference problems; see, among others, Deb, Bhattacharya
and Sen (2021), Ghosal and Sen (2022a), Shi, Drton and Han (2022), Shi et al. (2022), Hallin,
D. and Liu (2022); Hallin, La Vecchia and Liu (2023), Deb and Sen (2023), Hallin, Hlubinka
and Hudecova (2023), and Shi et al. (2025).

It has been recognized, however, that OT is sensitive to outliers. As a consequence, sev-
eral robustifications of OT have been proposed in the literature; see, e.g., Alvarez Esteban
et al. (2008), Balaji, Chellappa and Feizi (2020), Le et al. (2021), and Nietert, Cummings
and Goldfeld (2022). In line with this, the minimum Kantorovich estimation procedure from
Bassetti, Bodini and Regazzini (2006), which is a parametric estimation method based on
OT, was robustified in Balaji, Chellappa and Feizi (2020); see also Mukherjee et al. (2021).
Recently, Ronchetti (2023) commented on the (lack of) robustness of OT but also made the
point that this had not yet been properly investigated/quantified in the literature. In particular,
the author points out that “concepts of local stability such as the influence function and of
global reliability such as the breakdown point still have to be developed”.

In the direction of influence functions, Gateaux derivatives of the OT map (involving a
smooth perturbation measure rather than a Dirac one as in standard influence functions) were
actually obtained in Loeper (2005), Manole et al. (2024b), and Gonzalez-Sanz and Sheng
(2024). We also refer to Sadhu, Goldfeld and Kato (2024) for the semi-discrete setting, and to
Gonzélez Sanz, Loubes and Niles-Weed (2022) and Goldfeld et al. (2024) for regularized OT.
In contrast, no results are available for global robustness of OT in terms of breakdown point;
see Hampel et al. (1986) and Donoho and Huber (1983). This provides a natural motivation
for the present work, that derives the breakdown point of semi-discrete' OT; see Section 1.1
for a precise definition. As a corollary, this will in particular provide the breakdown point
of OT-based multivariate quantiles; we refer to Konen and Paindaveine (2025) for a recent
breakdown point analysis of a competing concept of multivariate quantiles, namely the geo-
metric or spatial quantiles from Dudley and Koltchinski (1992) and Chaudhuri (1996); see
also Koltchinski (1997).

To some extent, the problem we consider in this paper is related to the stability analysis
of solutions of OT problems, where the objective is to study how the solutions are affected
when one slightly changes the target measure. A recent paper in this line of research is Bansil
and Kitagawa (2022), in which the authors fix the location of the atoms and investigate the
behavior of the solution as the weights change, focusing on functional estimates (e.g. Lo or
uniform). However, we cannot use their results as functional estimates do not translate into
breakdown point results.

1.1. Semi-discrete OT. Our starting point is Monge’s problem under the Lo loss: given a
probability measure . on S C R and a probability measure v on X C R¢, one needs to find
the measurable map 7" from S to X solving

(1) ir%f/ |u —T(u)||?dpu(u)  subject to Tyu=rv,

where the pushforward measure T 1 of 1 by T is the one that associates to any borel set B C
X the measure Ty p(B) = u(T~1(B)). As usual, we call y the reference measure and v the

'In an interesting independent work, Avella-Medina and Gonzdlez-Sanz (2024) actually tackled the same
problem when the reference and target measures are rather both discrete or both continuous; see Section 5 below.
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target measure. In this framework, a result of paramount importance is the Brenier—-McCann
theorem; see Brenier (1991) and McCann (1995). We state it here in its version given in
Ghosal and Sen (2022a), with the only difference that we will denote (), (rather than @) the
optimal transport map.”

THEOREM 1.1 (Brenier—McCann theorem). Let i and v be Borel probability measures
on R%. Suppose further that 1 is absolutely continuous’. Then there exists a convex function
¥ : R — RU{0o} whose gradient Q,, = V1) : R? — R pushes . forward to v. In fact, there
exists only one such QQ,, that arises as the gradient of a convex function, that is, Q),, is unique
u-almost everywhere. Moreover, if | and v have finite second moments, then Q,, uniquely
minimizes Monge’s problem ().

Throughout, we will assume that p is an absolutely continuous probability mea-
sure with convex support’ S and that v is a finitely discrete probability measure with
atoms x1,...,Ty € R% and weights A\1,..., Ay, that is,

V= 2”: Xilz,;
i=1

as usual, §, here stands for the Dirac probability measure at . We stress that we do not as-
sume that the support of 4 is compact, which allows one to adopt, e.g., the d-variate standard
normal distribution as a reference distribution—as was done in Yang and Wang (2024) when
conducting multiple-output composite quantile regression. Of course, as soon as y has finite
second moments, then both 1 and v have, so that Theorem 1.1 states that the unique gradient
of a convex function that pushes p forward to v uniquely minimizes Monge’s problem (1).
A particular case of interest will be the case of empirical target measures, that is obtained
with \; =...= )\, =1/n.

Since the reference measure is absolutely continuous while the target measure is discrete,
this is usually referred to as the semi-discrete OT framework. To describe the corresponding
solution @), to Monge’s problem in this setup, we need to introduce the following concepts.

Let X = {x1,...,2,} be a finite set of points in R%, and w = (wy, ..., w,) € R? be a given
vector (usually called weight vector even though wi,...,w, may be negative). Then, for
any 1 = 1,...,n, the power cell of x; with respect to S is defined as

Lag% (i) = {UES: ||u—:171||2 —w; < ||u—xj||2 —wj for j € {1,...,n}};

these cells are often referred to as Laguerre cells, which explains the notation. The collection
of power cells Lag'y (i), ¢ = 1,...,n, provides a decomposition of S that is called the power
diagram or weighted Voronoi diagram of (X, w) with respect to S; we refer to Aurenhammer
(1987) for detailed properties of such power diagrams. The corresponding power map 1'% :
S — X is then such that 7% (u) = z; if u € Lag’(¢). This map is well-defined except on the

2The reason is that our focus in the present work will be on the sensitivity of the optimal transport map with
respect to the target measure v, whereas the reference measure p will be fixed.

3Thr0ughout, absolute continuity is with respect to the Lebesgue measure on R,

*In this work, we define the support of a probability measure p on R? as the smallest closed set with u-measure
one.
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boundary of the power cells, hence it is well-defined p-almost everywhere. Now, a weight
vector w is said to be adapted to the couple of measures (i, ) if

Ai = p(Lagh (i) fori=1,...,n.

As shown in Theorem 2.5 from Lévy (2015), such an adapted weight vector always exists.
Crucially, Theorem 2 in Merigot (2011), which is based on Section 5 of Aurenhammer, Hoff-
mann and Aronov (1998) (see also Ghosal and Sen, 2022a), implies that if w is an adapted
weight vector, then

QV:T;’(U

provides the solution to Monge’s problem (1) in the considered semi-discrete framework.
Note that the adapted weight vector is unique up to an additive constant (see Section 3.4
of Merigot, 2011) and is the optimal transport potential, namely it is the solution of the
Kantorovich dual program, as noted in Section 2.5 of Lévy (2015).

1.2. Breakdown point for semi-discrete OT. We now define the breakdown point of the
solution to Monge’s problem in the semi-discrete case, namely the breakdown point of Q,,.
We will actually consider the breakdown point of @, (u) for any u € S. To do so, denote
as B;s(u) the open ball with center u and radius §(> 0). We then define the breakdown point

of Q,(u) as

BDP(Q, (u)) = min { > Ai:Ic{l,...,n} such that

el

@ sup [ 1Qul) ~ @, (@) du(a) = va>o},

where the supremum is taken over target measures
m
vr = E Aj 550]- ,
Jj=1

where the atoms Z1, . .., Z,, € R? include x;,7 € I¢:= {1,...,n} \ I, and where the weights

A, ..., \m are so that vr({z;}) = \; for any i € I°. The observations x;, ¢ € I¢, are thus
those that are not contaminated and
PIRY

i€l
is the total mass of contamination. Note that our definition of breakdown point is more gen-
eral than the usual one from Hampel (1968, 1971). In particular, we allow the contamination
to affect not only the locations of certain atoms but also their weights. Also, we allow the
contamination to modify the numbers of atoms considered; this may be of interest when
considering, e.g., symmetric minimal contaminations as in Theorem 3.3 of Konen and Pain-
daveine (2025). The reason why we consider

sup / 190 () — @5, ()| dp(z) =00 V6> 0
Bs(u)
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in (2), instead of just sup ||Q,(u) — Qp,(u)|| = oo, is that @, (u) and Qp, (u) are defined
only p-almost everywhere. Finally, note that the breakdown point BDP(Q, (u)) is local in u
since it would be perfectly equivalently to require that the supremum in (2) is infinite only
for any 0 > 0 small enough—in the sense that there exists §p > 0 (that may depend on [ and
on ) such that the supremum in (2) is infinite for any § € (0, dy).

1.3. Outline and notation. The outline of the paper is as follows. In Section 2, we state
our main results, and in particular Theorem 2.2, that provides a sharp expression for the
breakdown point of (), at any point u in S. We discuss the breakdown point of the OT
median and consider the case of OT quantiles for several classical reference measures pu.
We also comment on the relevance of our results in the construction of OT trimmed means.
In Section 3 (resp., Section 4), we establish the upper bound (resp., lower bound) for the
breakdown point, which together prove Theorem 2.2. In Section 5, we provide final com-
ments and briefly discuss perspectives for future research. Finally, the statements and proofs
of some auxiliary results are provided in an appendix. For the sake of convenience, we in-
troduce here some notation we will use in the paper. The unit sphere in R¢ will be denoted
as S~ = {z € R?: ||z|| = 1}. For a subset A of R, we will write A¢, int(A), cl(A), and 0A
for the complement, the interior, the closure, and the boundary of A, respectively. The dis-
tance between = € R? and A is defined as d(z, A) := inf{||z —y|| : y € A}. Forany 2,y € R?,
we will denote the inner product Zle x;y; as (x,y). The notation B, will denote the open
ball with radius r centered at the origin of R%. The Lebesgue measure on R will be denoted
as L. In the sequel, [-] will denote a slightly modified ceiling function: if ¢ # 0, then we
define [¢] as the usual ceiling of ¢ (that is, as the smallest integer that is larger than or equal
to t), but we let [0] = 1. Finally, a sum of an empty set of terms is defined as zero.

2. Main results. Semi-discrete OT enjoys the natural translation-equivariance property
described in Theorem 2.1(i) below. By adapting the argument used in the proof of Theo-
rem 2.1 from Lopuhai and Rousseeuw (1991), this equivariance property allows us to derive
an upper bound for the breakdown point of @, (u). More precisely, we have the following
result.

THEOREM 2.1. Let p be an absolutely continuous probability measure over R¢ with
support S and let v be the discrete probability measure with atoms x1,...,z, € R and
weights A1, ..., A\n. Fixu € S. Then,

(i) Qu(u) is translation-equivariant in the sense that if

n
vy = E Nl 4t
i=1

for some d-vector t, then Q,, (u) = Q,(u) + t.
(ii) Consequently, the breakdown point of Q,(u) satisfies

BDP(Q, (u)) < min{z/\i :1C{l,...,n} suchthat » ;> ;}

icl el
(iii) For empirical target measures v = vy, say, this yields BDP(Q,, (u)) < [%] /n, so that

limsup BDP(Q,, (u)) < L

n—oo 2
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PROOF OF THEOREM 2.1. (i) The result is stated in Lemma A.7 from Ghosal and Sen
(2022b) and, as pointed out by one of the Reviewers, it follows directly from the fact that
shifts of maximal monotone operators are maximal monotone. (ii) Fix I C {1,...,n} with

1
el
so that the total probability mass of the uncontaminated atoms satisfies
1
2Ny
iele

For any d-vector ¢, consider then the contaminated target measure

ﬁ(t) = Z )\15331 + Z )\iéwﬁt + (1 -2 Z )\z> 5t/2'

i€le iele i€le
Note that, for sufficiently large ||¢||, the contaminated measure (t) attributes measure \;
to {x;} for any i € I¢, so that (¢) is among the contaminated measures on which the supre-
mum is considered in (2). Now, since

v(—t) = Z Nilg,—t + Z Aidg, + (1 -2 Z )\i> d_t/2,

iele i€l¢ iele

translation-equivariance implies that, for any § > 0,

/ 1@ (@) — Qosy ()] dp() = / il i) = ([ a(Bs ()
Bs(u)

Bs(u)
diverges to infinity as [|¢|| does (we must have u(Bs(u)) > 0 because if we would
have u(Bs(u)) =0, then S \ Bs(u) would be a closed subset of S with p-measure one,
which would contradict the fact that S is the support of 1). However, if by contradiction we
would have BDP(Q, (u)) > >, A, then, for sufficiently large ||¢]|, we would have

o(t) (@) — Qp(—p) (@) || du(z
/BM”Q“” Qoo (@) dpu(x)

< [ 1@~ Q@)+

Bs

: 1Qu(z) = Qp(—1)(z)| dpu(x)

<2sup /B PCICRREITES

< o0

for some § > 0 (here, we used the fact that, for sufficiently large ||¢||, (—t) is among the
contaminated measures on which the supremum is considered in (2), too). Since this is a
contradiction, we must have BDP(Q, (u)) <>,y Aiforany I C {1,...,n} with ) ., \; >
1/2, which establishes the result. Of course, (iii) is a direct corollary of (ii), so that the result
is proved. (|

Part (ii) of this result might suggest that, as it is the case for the usual quantiles in dimen-
sion d = 1 and for the spatial quantiles in arbitrary dimension d (see Konen and Paindaveine,
2025), the breakdown point of the quantile @, (u) has a maximum value (in «) that is equal
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to [n/2]/n. Interestingly, it turns out that this is the case for some reference measures
only. This will be one of the many consequences of the following result, which provides an
explicit expression for the breakdown point of @), (u). Interestingly, this expression depends
on u only through its Tukey (1975) halfspace depth with respect to u, that is defined as
HD(u,p) =inf{u(H) : H a closed halfspace containing u}.

THEOREM 2.2. Let 1 be an absolutely continuous probability measure over R¢ with
convex support S and let v be the discrete probability measure with atoms 1, . .., x, € R%
and weights A1, ..., Ap. Fixu € S. Then,

(i) the breakdown point of Q,(u) is

BDP(Q,(u)) = min { > Ais0#IC{l,...,n} suchthat Y \; > HD(u,p)}.
el el
(ii) For empirical measures v, this yields

BDP(Qy(u)) = [n HD(u, p)] /n
(recall that we defined [0] = 1). In particular, BDP(Q, (u)) — HD(u, 1) as n — oo.

A direct consequence of Theorem 2.2 is that the breakdown point of @, (u) is maximized

at the Tukey median of u, that is defined as
uyx = argmax HD (u, p);
u€eS

existence of a maximizer holds for any probability measure u (see, e.g., Proposition 7 in
Rousseeuw and Ruts, 1999), and its uniqueness is guaranteed if any neighborhood of wu, has
a positive u-measure (which is the case under the assumptions we consider on (). The cor-
responding semi-discrete OT quantile @, (u,) is then a natural definition for the OT median
of v. The following result concerns the breakdown point of this median.

COROLLARY 2.1. Let ju be an absolutely continuous probability measure over R? with
convex support S and let v be the discrete probability measure with atoms 1, . .., x, € R?
and weights \1,. .., \n. Then,

(i) the maximum breakdown point of Q,(u) over S is

max BDP(Qy(u)) = BDP(Qy(ux)),

and this maximal breakdown point satisfies
: 1
BDP(Q, (ux)) > min { ;)\i : 1 C{1,...,n} such that ;)\i > d—l—l}
7 (2

(ii) If p is angularly symmetric about 0 (in the sense that (6 — B) = (0 + B) for any Borel
cone B, that is, for any Borel set B such that rB = B for any r > 0), then u, = 0 and

i 1
BDP(Q, (us)) = min { Z)\i : I C{1,...,n} such that Z)\i > 2};
el iel
in particular, for empirical target measures v = vy, we then have BDP(Q,, (u.)) =
(2] /n, so that BDP(Q,, (u«)) — 1/2 as n — oo.
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PROOF OF COROLLARY 2.1. In view of Theorem 2.2, Part (i) of the result is a direct con-
sequence of Lemma 6.3 from Donoho and Gasko (1992) (or, alternatively, of Proposition 9
from Rousseeuw and Ruts, 1999). We thus turn to Part (ii). First, since p is absolutely con-
tinuous and angularly symmetric about 6, Theorem 1 in Rousseeuw and Struyf (2004) im-
plies that HD(0, 1) = 1/2, so that Corollary 1 in the same paper then entails that HD (0, 1)
maximizes HD(-, 1) over R? (equivalently, over S, since HD(z,u) = 0 for any x ¢ S). It
remains to show that u, = 6 is the only maximizer of HD(-, x1) over R%. Ad absurdum, as-
sume that £ € R?\ {6} satisfies HD(&, i) = 1/2. Then, since p is absolutely continuous,
Theorem 2 in Rousseeuw and Struyf (2004) implies that x is angularly symmetric about &,
hence is angularly symmetric about both # and &. Lemma 2.3 in Zuo and Serfling (2000a)
then entails that 1 is concentrated on a line of R, which contradicts absolute continuity of /.

|

Interestingly, it is only for angularly symmetric probability measures p that we would
have BDP(Q,, (u.)) — 1/2 as n — oo for empirical target measures v; this is a corollary of
Theorem 2 in Rousseeuw and Struyf (2004). For any > 0, it is easy to construct a reference
measure p satisfying the assumptions of Theorem 2.2 for which lim,, oo BDP(Q,,, (u.)) €
[1/(d+1),1/(d+ 1) + n] for empirical target measures v. In other words, the asymptotic
breakdown point of the OT median can be arbitrarily close to 1/(d + 1).

Now, while Corollary 2.1 focuses on the breakdown point of the innermost OT quantile,
it is natural to consider other quantiles, too, which we now do. For the sake of clarity, we
will restrict here to empirical target measures v, but of course the result could be stated
for arbitrary finitely discrete target measures. The reference measure 1 mainly considered in
Ghosal and Sen (2022a) is the uniform distribution on the hypercube [0, 1]%. For d = 2, it
directly follows from Section 5.4 in Rousseeuw and Ruts (1999) that, for any u € (u1,us) €
[0,1]2,

BDP(Qy, (v)) = [2n min(u1, 1 — u1) min(ug, 1 — ug)]/n.

As mentioned in Example 1 of Nagy, Schiitt and Werner (2019), the corresponding expres-
sion for d > 2, that is much more involved, can be obtained from Lemma 1.3 (and its proof) in
Schiitt (1991). Other reference measures, which allow for a natural, directional, indexing of
OT quantiles, are measures p that are supported on S = cl(B;) and are orthogonal-invariant
(in the sense that ;(OB) = u(B) for any Borel set B in R? and any d x d orthogonal ma-
trix O). An example is the spherical uniform measure on cl(B;), that is the orthogonal-
invariant measure p for which p(B,) = r for any r € [0, 1]; see Chernozhukov et al. (2017)
and Hallin et al. (2021). Of course, another example is the uniform measure on cl(531). We
have the following result.

COROLLARY 2.2. Assume that the reference measure (i is orthogonal-invariant and has
support S = cl(By). Let vy, be an empirical target measure. Then,

() forany a € [0,1] and any v € S,
BDP(Q,, (av)) = {n,u(Bl N{ueR: a<u; < 1})1 /n.

(ii) If p is the spherical uniform measure on cl(By), then

(3) BDP(Q,, (aw)) = |V\ff‘ T / / —(d=2)( 2)(d3)/2drda§“ /n.
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(iii) If p is the uniform measure on cl(By), then

nl(%2 1
(D) BDP(Q,, (aw)) = {\/;15(2*'1))/ (1— x2)(d—1)/2 d% /n,
2 o

where I is the Euler Gamma function.

PROOF OF COROLLARY 2.2. (i) Since y is orthogonal-invariant, HD(u, ) = pu({u € R?:
up < —||ul|}) = p({u € R :ug > ||ul}); see, e.g., Example 2 in Nagy, Schiitt and Werner
(2019). Since u has support cl(Bj), the result then follows from Part (ii) of Theorem 2.2.
() If X = (Xy,...,Xy) follows the spherical uniform distribution y, then ||.X || is uniformly
distributed on [0, 1], so that X; admits the density
_ < F(%) ! —(d-2)/,.2 _ . 2\(d—3)/2
filz) = d—l/ r (r—z°) dr)]l[—lgargl],
VL (557) Jjal

where I[A] denotes the indicator function of A; see (2.22) in Fang, Kotz and Ng (1990). Since
Part (i) of the result entails that

BDP(Q,,(00) = [n [ 1) ] /.

the result thus follows. (iii) This follows from Part (i) of the result and from Example 1 in
Nagy, Schiitt and Werner (2019). O

An illustration of the asymptotic breakdown points associated with (3)—(4) is provided in
Figure 1. For d = 1, both asymptotic breakdown points reduce to (1 — «)/2, which agrees
with the asymptotic breakdown point of univariate quantiles. For both considered reference
measures, the asymptotic breakdown point, as expected, is a decreasing function of « for any
fixed dimension d, which is also the case for spatial quantiles (see Corollary 2.2 in Konen and
Paindaveine, 2025); unlike for spatial quantiles, however, the asymptotic breakdown point of
OT quantiles is, still for both considered reference measures, a decreasing function of d for
any fixed order «. Obviously, the asymptotic breakdown point of the OT median (obtained
with « = 0) is 1/2 in any dimension d, which is in line with Corollary 2.1(ii).

We end this section by commenting on the statistical relevance of our results in the context
of robust location estimation. In the univariate case d = 1, S-trimmed means, with /5 € [0, 1],
are defined as the average of the [n(1 — /)] innermost sample quantiles. The corresponding
breakdown point, in the classical Hampel sense, has an asymptotic value equal to 3/2, which
increases from 0 to the maximal® possible value 1/2 as one goes from 3 = 0 (which provides
the sample mean) to S = 1 (which provides the sample median). In the multivariate setting,
a statistical depth concept can be used to identify the [n(1 — 3)] most central “quantiles”,
which allows one to consider multivariate S-trimmed means. When one adopts a statisti-
cal depth function in the sense of Zuo and Serfling (2000b), this provides affine-equivariant
trimmed means, whose breakdown point properties have been studied in the literature; see,
e.g., Donoho and Gasko (1992) and Massé (2009) for the halfspace depth, or Zuo (2006)
for another celebrated depth, namely the projection depth. Now, in order to achieve equivari-
ance under a much broader group of homeomorphic transformations, one may alternatively

ot directly follows from Theorem 2.1 in Lopuhai and Rousseeuw (1991) that the asymptotic breakdown point
of a translation-equivariant location estimator cannot exceed 1/2.
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FIG 1. (Left:) Plots, as functions of o, of the asymptotic value of BDP(Qu,, (av)) obtained for the spherical
uniform reference measure in several dimensions d (this corresponds to the limit of (3) as n — o0). (Right:) The
corresponding plots for the uniform-on-cl(B1) reference measure (this corresponds to the limit of (4) as n — 00).

consider OT trimmed means, but this raises the crucial question of how to identify the cor-
responding innermost quantiles. Focusing on the reference measure y that is put forward in
Ghosal and Sen (2022a), namely the uniform measure on [0, 1]¢, it is tempting to consider
the OT S-trimmed mean

a ic @lQy ! () €[5 — hg, 5 + hg]”]
1211 [Qvn(%) [% h[372+h5]]

where hg is the smallest value of i(€ [0,1]) such that [ — h,  + h]? contains [n(1 — B)]
of the OT “ranks” @), (azz) t=1,...,n; here, (),, obviously denotes the OT map obtained
with the considered reference measure 4 and the empirical target measure v, associated with
the sample z1, ..., x, at hand. In other words, trimming is based on concentric hypercubes in
the hypercubical support S = [0, 1]¢ (see the left panel of Figure 2). Interestingly, our results
reveal that such natural OT S-trimmed means would actually exhibit a smaller breakdown
point than the OT S-trimmed means defined as

Y willlQ, (i) € R(hg, p)]
Ly 1[Qu) () € R(hg,p)]

&)

)

(6)

where
R(h,p) :={ueS: HD(u,pu) > h}

is the halfspace depth region of order h associated with y and where hg is the largest value
of k(€ [0,1]) such that R(h, 1) contains [n(1 — ()] of the OT ranks @, *(z;), i=1,...,n
(see the right panel of Figure 2). While studying thoroughly the properties of such OT
trimmed means is clearly beyond the scope of the present paper, it is remarkable that half-
space depth is relevant even when multivariate trimmed means are based on OT quan-
tiles/ranks rather than on halfspace depth ones.
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©

FIG 2. (Left:) The regions used for trimming in the bivariate version of the OT trimmed means in (5). (Right:) The
corresponding (halfspace depth) regions plots used in the bivariate version of the OT trimmed means in (0).

3. Proof of the upper bound. In this section, we prove the following result, that estab-
lishes the upper bound in Theorem 2.2(i).

PROPOSITION 3.1. Let pu be an absolutely continuous probability measure with con-
vex support S and let v be the discrete probability measure with atoms x1,...,T, €
R? and weights \y,...,A,. Fix u € S. Then, BDP(Q,(u)) < min{} ,c; N : 0 # I C
{1,...,n} such that ), ; A\i > HD(u,pu)}.

To prove this result, we need the following lemma which will allow us to show that,
if > .c;Ai > HD(u,p), then any neighborhood of u contains a (fixed) set with positive
p-measure that is contained in the power cell of an arbitrarily strongly contaminated atom (in
the lemma, for A C R, we define sup A as —oo if A =), as +oo if A is not upper-bounded,
and as the usual supremum of A otherwise).

LEMMA 3.1.  Let ju be an absolutely continuous measure over R% with convex support S.
Fix u € int(S) and let vo € S¥1 be such that H,, = {z € R?: (v, z — u) > 0} is a minimal
halfspace in the sense that (H,) = HD(u, u) (existence follows from the absolute continu-
ity of ). Then, the map from S*1 to RU {£oc0} defined by

v s(v) :i=sup {s € R: u(Huw,s) > HD(u, 1) },
where we let Hy .5 = {z € RY: (v, 2 — u) > s}, satisfies the following properties:

(i) s(-) takes its values in R,

(i) s(-) is continuous over S~1,
(i) s(v) >0 for any v € S, and
(iv) s(vg) =0.

PROOF OF LEMMA 3.1. (i) Fix v € 84! and let A= A,, = {s € R: p(Hups) >
HD(u,p)}. Since HD(u,p) < 1/2 (see, e.g., Lemma 1 from Rousseeuw and Struyf,
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2004) and p(Huyws) — p(RY) =1 as s — —oo, the set A is non-empty. Moreover,
since HD (u, ) > 0 (Lemma A.1) and p(Hay,p,s) — p(0) =0 as s — oo, there exists M € R
such that M > s forany s € A. Thus, s(v) =sup A € R. (ii) Absolute continuity of x implies
that the map (v, s) — (Hy v s) is continuous on S~ x R (Lemma A.2). For any v, the map
s+ f1(Hu,v,s) is then monotone decreasing and continuous on R. Thus,

(N N(Hu,v,s(v)) = HD(”? M)

and there exists 7 > 0 such that HD(u, ;1) /2 < p(Huy,p,s) < 3/4 forany s € (s(v) —1n, s(v) +
7). The proof proceeds by applying an implicit function theorem to (7); since smoothness
of s — p(Huy,v,s) is not guaranteed, we will rely on an implicit function theorem for strictly
monotone functions (see Theorem 1H.3 from Dontchev and Rockafellar, 2014). Would there
exist s1, s2 € (s(v) — 1, s(v) +n) with s1 < s2 and p(Huyps,) = p(Huw.s, ), then

(SNCl(HS ) U (SN Huwss),

would be a strict subset® of S that is closed and has p-measure one, which would contradict
the fact that S is the support of y.. Therefore, s +— (1(H,, v,) is strictly monotone decreasing
in (s(v) —n,s(v) +n), so that s(v) is uniquely defined through (7). Since a trivial compact-
ness argument allows one to show that n > 0 can be chosen independently of v, continuity
of s(-) then follows by applying Theorem 1H.3 from Dontchev and Rockafellar (2014) to
the map f(v,s) = —pu(Huw,s) + HD(u,p).” (iii) From the definition of halfspace depth,
w(Huw0) > HD(u, ) for any v € S-1 which establishes the result. (iv) We have seen in
the proof of (ii) that s(vp) is uniquely defined through (1(H,, v, s(v,)) = HD(u, it). Since, by
assumption, H,, = Hy v, 0 is such that jo(Hy, v,.0) = HD(u, f1), the result then follows. [

We can now prove Proposition 3.1.

PROOF OF PROPOSITION 3.1. First, we consider the case u € int(S). Fix I C {1,...,n}
with

5" > HD (1)

icl
(of course, I must then be non-empty). Fix vy € S¢~! such that H,, = {y € R?: (vg,y —u) >
0} is a minimal halfspace (in the same sense as in Lemma 3.1) and let yr := u + Ry for
any R > 0. For R large enough, the contaminated target measure

(8) Prri= Y Nibe, + ( > )\i> Sy

icle icl
(recall that ¢ = {1,...,n} \ I collects the indices of the uncontaminated atoms) has m =
(#1°) + 1 atoms. The proof proceeds by constructing a net { D} 5~ of sets with p(Ds) > 0
and Ds C Bs(u) for all § small enough, such that the OT map between p and the contami-
nated target measure 7 r, namely (), ., maps any z € Ds to yr. As yg will tend to infinity,
this will ensure the breakdown; see (10)—(11) below.

OThe strict nature of the subset results from the convexity of S.

"To be more precise, the result from Dontchev and Rockafellar (2014) involves a function defined on a prod-
uct of Euclidean spaces, so that, to show continuity at vg(€ S d_l), it should be applied to the map g(&,s) =
_“(Hu7<p(§)78) + HD(u, ), where ¢ : V(C Rd_l) — R is a coordinate chart around v in s,
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The power cell of yp for the contaminated target measure in (8) is given by
Lag (yr) = () (SNHiR),
el
with

Hir:={yeR: |y —yrl®> —wor < |y — = —wir}

= {y € Rd : <vi,R7y> 2 Si,R}v
where w = (w; R)ic{ojure is @ weight vector® that is adapted to the couple of measures

(1,71 R), where we let v; g := (yr — ;) /||yr — x|/, and where s; g is a real number de-
pending on YR, x;, wo,r and w; r. Since the weight vector w is adapted, we have
p(Hig) > p(Lag¥(yr)) = > Xi > HD(u, )
il
for any ¢ € I, so that, using the notation from Lemma 3.1, H; p D Hy 0, 4 s(v: )
Now, fix 6 > 0 small enough so that B5(u) C S. Let n € (0, 15) be such that
0
() =1s(0) — s(w0) | < 5
if v € Cyy(n) :={veS¥1: (vy,v) >1—n} (see Lemma 3.1)°. For R large enough, v; p €
Cy, (n) for any i € I¢. Therefore, for R large enough,
Hi,R D) ,Hu,vi,R,s(vi,R) D) m Hu,v,s(v) 0 ﬂ Hu,v,5/2
’UGCUO (77) UECUO (77)
for any ¢ € I, so that
Lag{(yr) = [ (SN Hir) D (] (Bs(w)NHyys/)=:Ds.
iel° vEC,, (1)
Note that Dy is a subset of Bs(u) (hence of S) that does not depend on R.
Let us now show that, with 2o := u + 30vo/4, we have Bj/g(20) C Ds. The triangle in-
equality implies that Bs/g(20) C Bs(u). Now, for any v € C,(n), the distance between zg
and the boundary hyperplane of H,, , 5/2 is

B d|  |36(v,v0) 0| _35(1—-m) & 6
) d(20,0Hyws/2) = |(v,20 — w) 2‘ —’ 1 5|22 53
where we used the fact that € (0, 1—10) Since we trivially have B s(20) C Hy,y,,5/2- (9) im-

plies that Bjs(20) C Hay,5/2 for any v € Cy, (), so that we indeed have Bs;s(20) C Ds(C
S). This readily entails that 1(Ds) > p1(Bs/s(20)) > 0 (if we would have 11(Bs/s(z0)) =0,
then the closed set S\ (B;/5(20)) would be a proper subset of S with y-measure one, which
would contradict the fact that S is the support of 1).

With the contaminated target measure 77 g in (8), we then have

/ 1Qu () — Qo o ()] dps() > / 1Qu (=) — yrll du(z)
Bs (u) Ds

(10) > (R—lul| = max([|z1]],.... [znl)) n(Ds).

8Here, wo, R is the weight of y g, and w; R, fori € I€, is the weight of the corresponding atom x;.
This lemma can be used since {Cy (1) }v,n is a basis for the topology in s,
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Since p(Ds) is positive and does not depend R, this entails that

D s [ 1Que) = Qo @) 2 Jim [ 1Qu(e) ~ Qo @) ) =0

Consequently,
{E)‘i :0#1C{l,...,n} such that Z)‘i > HD(u,u)}
i€l i€l

C {Z)\i:IC{l,...,n} such that

i€l

sup Qu(x) — Qp, (x)]| du(x) = oo ¥ > 0 small enough ».
B()H . 1 g

Since the constraint that § is small enough is actually superfluous, the result then follows
from the definition of the BDP in (2).

We now turn to the case v € S\ int(S). Since S is convex and u € S, the supporting
hyperplane theorem (see Theorem 11.6 in Rockafellar, 1970) ensures that there exists vy €
S9! such that S € {y € RY: (vg,y — u) < 0}. In particular, HD(u, ) =0 (and H,, = {y €
R?: (vg,y — u) > 0} is a minimal halfspace). Since we then have

min{ Z)‘i :0#£TC{1,...,n} such that Z)‘i > HD(u,,u)} =min(A1,...,A\n),
i€l icl

proving Proposition 3.1 only requires to show that BDP(Q,(u)) < min(Ag,...,A,). By
symmetry, it is of course sufficient to show that

(12) BDP(Q, (1)) < A1

To do so, we let I = {1} (so that [ ={2,...,n}) and we adopt a construction that is similar
to the one in the first part of the proof. Letting again yr := u + Rvg for any R > 0, the
contaminated target measure

(13) PrR= Y Aids, + (Z Ai) Syn = Myp + > Nid,

icle icl i=2
has n atoms for R large enough. As in the case u € int(S), the proof proceeds by defin-
ing a net {Dg}s~o of sets with u(Ds) > 0 and Ds C Bs(u) for all 6 small enough, such
that oy p maps any = € D; to yr. Below, Lag¥ (yr) still denotes the power cell of yp for the
contaminated target measure in (13), which is again given by

Lagy(yr) = ﬂ (SNHi R),
icle
where H; g = {y € R? : (v; r,y) > s; r} involves the same quantities v; r := (yr —
xi)/|lyr — x;|| and s; g as in the first part of the proof.
Now, let ug = u + sgvp, where sg :=sup{s € R: i(Hyv,,s) > A1/2}. Arguing as in the
proof of Lemma 3.1(ii) and using the same notation as in this lemma, we have

A
(14) (Mg 00.0) = 1(Huwe.s0) = ?1 ‘
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Obviously, so < 0, so that ug # u. Letting dp = ||u — uo||/2,
SN Bs,(u) TSN Huwg,so-

Fix then 1 > 0 small enough to have both

i) € (31, 21)

for any v € Cy, () = {v € S 1 : (vg,v) > 1—n} and
SN Bs,(u) CSN < N %uo)
veCy, (n)

(existence of such an 7 follows from (14) and from the continuity of the map v — p1(Hy, 0,0))-
Then, for R large enough to have v; g € Cy, (1) for any ¢ € {2,...,n}, we must have

(15) SNHir DS N Hugw,poDSN ( N Hu()) > 8N Bs,(u)
UECUO(W)

for any ¢ € {2,...,n} (the first inclusion in (15) follows from the facts that H; r and
Huo v, 2,0 share the same outward normal vector v; g and that, since the weight vector w
is adapted, (M, r) > p(Lag¥ (yr)) = A1 > 3A1/4 > p(Huo v, 1,0)- Therefore,

Lag¥(yr) = (] (SN Hir) D SN Bs,(u).
iele

For any 6 € (0,dp), we thus have (with the contaminated target measure 27 p in (13))

/ r@A@—Qnﬁwmmmzf 1Qu () — yrll du(x)
Bs(u) Bs(u)

> (R—|lull — max(||zzll,..., |zal])) n(Bs(w)).

Since p(Bs(u)) is positive and does not depend R, it follows that

sup /Bé(u) 1Qu(2) = Q, (@)l dp(x) > lim | 1Qu (2) — Qsy 1 (2)]] dpalz) = 0.

—r 00 85(u

Consequently,

A € {Z)\izlc{l,...,n} such that
i€l

sup/ 1Qu(x) — Qp, (z)]| du(z) = 00 V6 > 0 small enough}.
Bs(u)

As in the first part of the proof, the inequality (12), hence also the result, then follow from
the definition of the BDP in (2). O
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4. Proof of the lower bound. We turn to the proof of the lower bound in Theorem 2.2(i).
First note that the definition of the BDP entails that, for any u € S,

BDP(Q,(u)) > min(Ag,...,A,) =min { Z)\i :0#1cC{1,...,n}such that ZAi > 0}.
iel el

For u € S\ int(S), this rewrites

BDP(Q,(u)) > min { > A:0#TC{1,...,n}suchthat Y X > HD(u,M)},
i€l i€l
so that it is only for u € int(S) that one needs to prove the lower bound in Theorem 2.2(i).
In other words, we need to prove the following result.

PROPOSITION 4.1.  Let pu be an absolutely continuous probability measure over R% with
convex support S and let v be the discrete probability measure with atoms x1,...,T, €
R? and weights M1, ..., A,. Fix u € int(S). Then, BDP(Q, (v)) > min{} ;. ; A\i: 0 # I C
{1,...,n} such that >, ; A\i > HD(u, )}

We will need the following concepts. For any 7, £, consider the closed halfspace
(16) Hie={y eR®: lly — ;]2 — w; < ly — el — we}.

For any set of indices L, any j ¢ L, and any ¢ > 0 large enough so that S, := SN cl(B.) # 0,
we then introduce the set

SeijL =8N < NeeL Hj,e) :

As an intersection of closed convex sets, S.j 1, is a closed convex set. If OS.; 1, \ 0S, is
non-empty, then, for any z in this set, there exists ¢ € L such that z € OM; 7. By definition,
we will then say that the atom z; is active for S 1.

Lemma 4.1 below, which will be used to prove Proposition 4.1, analyzes the geometric
behavior of power cells. Specifically, given the power cell of an atom located outside Bgr
and the union of the power cells of the atoms contained within a smaller ball B,, we show
that the hyperplanes forming their boundaries—that is, the hyperplanes associated with ac-
tive atoms—are close to each other. More precisely, within a ball of fixed radius ¢ > 0, the
maximal distance between such hyperplanes remains uniformly controlled when R > r. The
lemma is essential for understanding the behavior of the power cells of the uncontaminated
atoms, which plays a crucial role in the proof of the lower bound, as this proof proceeds by
identifying a ball around w that lies entirely within these power cells.

LEMMA 4.1. Let x1,...,x, € R? and let u be an absolutely continuous probability
measure over R? with convex support S. Fix ¢ > 0 such that S, = S N cl(B,) # (. Fix I C
{1,...,m} and r > 0 such that x; € B, for any i € I¢. Then, for any € > 0, there exists
R. > r (depending only on €, c and r) such that for any R > R., any i € I¢, any j € I for
which x; ¢ Bg, and any i; such that x;, is active for S.; 1., we have d(y,0H;, j) < € for any
y € SeNH;i; N Hjy, (all halfspaces involve i through the adapted weight vector w in (16)).
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PROOF OF LEMMA 4.1. Fix € > 0, i € I¢, j € I with x; ¢ Bpr (at this stage, R is only
a fixed number that is strictly larger than r), and i; such that xz;, is active for S re.
If 2; = x;,, then H; ;NH;;, = OH,, ;, and we trivially have that d(y,0H;, ;) = 0 < € for any
y € Sc NH;j N Hj;,. Assume thus that z; # x;,. Ad absurdum, take y € Sc N H; j N Hj;,
with d(y,0H;, j) > €. Since x;, is active for S, e, the set S..j 7- N OH;;, is non-empty.
Fixing then z € S,; ;- N OH,;;, arbitrarily, we have

Iz = 21* — w; < |z — @il* — wi.
Moreover, since y € H,; ;,
ly = ill* —wi < ly — 2|* — w;.
Adding up both last expressions provides
Iz = 211 = wj + ly = @il|> = wi < ||z = @il|® = wi + |ly — 251 — wy,
or equivalently,
1z =4 l1” = lly = 511" < (|2 = zil|* = [ly — 2>

But ||z —;||* < (c+7)? because z € S. C B, and x; € B, and similarly, ||y —z;||? < (c+7)?
(since y € S;). Therefore,

(17) Iz =1 = lly — 24lI* < 2(c +7)*.
Now, since z € S, N OH,,;,, we have
Iz = ;01 = lly — 211> = |21 — llyl|* + 2{zj,y — 2)
= [12l1” = lyll? + 2{zs;,y — 2) + 2{aj —25,,y — 2)
> —lyl® = 2llzi, lly — 2l + 2(z; — 23,0y — 2)
> —llyl® = 2lli, [ (lyll + l12[1) + 2{z; — @i,y — 2)

(18) 2—02—4cr+2<xj—a:ij,y—z>,

where we used that y,z € S C B, and z;, € B, (by definition, the fact that z;; is active
for S.j 1 implies that i; € I, which entails that z;, € B, indeed). Since

Hji, =y €RY: |ly — a* — wy < lly — 4, |I* — wi, }

[y e RY 2w — a1y, y) 2wy, —wj + gl — |2 = ),
using that y € H;;, and z € OH,;, yields

[26w; — @i, y) —al _ 2w — i) —a
<d(y,0M;, ;) = - = :
9 (y7 HZJ’.]) 2”3;] _:I:Z]H 2Hx] _xlj”

_ <$g—$zﬂy_z> < (x]—xz7,y—2>

lj =4, R—r 7

so that (18) provides
(19) 2 — 2] = ly — 25]1* > —c* — der +2e(R— ).
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Therefore, there exists R. > r such that for any R > R., we have that ||z — ij2 — |y —
T |2 > 2(c + )2, which contradicts (17). We conclude that, for R > R., any y € S. N Hi;N
Hj;, must satisfy d(y,0H;, j) <e. O

We can now prove Proposition 4.1.
PROOF OF PROPOSITION 4.1. We will show that

{I(;é 0) c{1,...,n} such that Z)\i < HD(u,,u)}

il

(20) C {I C{1,...,n} such that / |Qu(z) — Qs (x)| dp(z) < oo for some § > 0}.
Bs(u)

Since this implies that

{IC {1,...,n} such that sup/

B(s (u

: |Qu(z) — Qi (2)| dp(z) = 00 Vo > 0}

C {1(7é 0) c {1,...,n} such that Z)\iZHD(U,M)},

i€l

hence that

{Z)\i:IC{l,...,n} such that

el

Sup/ 1Qu(x) — Qp, (2)|| du(x) = o0 V5>0}
Bs(u)

C {Z)\i:@#lc{l,...,n} such that ZAizHD(u,M)},

el i€l

the result will follow. In order to prove (20), fix I C {1,...,n}, I non-empty, with

Z Ai < HD(u, ).
i€l

We need to show that there exists d > 0 such that
swp [ Qulz) = Qo (@) duta) < oc,
Bs(u)

where the supremum is taken over the target measures
m

Ur= Z )\j (5@,
Jj=1

where the atoms z1,...,Z,, € R? include z;, i € I¢, and where the weights 5\1, ey A are
so that ({x;}) = A; for any ¢ € I¢. It is of course enough to show that there exists 6 > 0 such
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that, for any sequence () of such target measures, the sequence

21 (/B( )HQV(CC) —Qm(x)lldu(w)>

is bounded.

Ad absurdum, assume that for any § > 0 there exists () such that (21) is unbounded. Fix
then 0 > 0 small (we will describe later how small) and let () such that (21) is unbounded.
Upon extraction of a subsequence, we may assume that (21) diverges to infinity. Denoting
as T; ¢, 1=1,...,my, the atoms of 7y, we must then have that the sequence

@) ( nax rmr)
1=1,....,my

is unbounded (otherwise, (21) would be trivially bounded). Upon extraction of a further sub-
sequence, we may assume that (22) diverges to infinity.
Let b > 0 such that

> " \i < HD(u, 1) — 3b

el
and pick then ¢ > 0 large enough so that S, = S N cl(B,) satisfies u(S.) > 1 — b. For
any € € (0,1), let then R. be as in Lemma 4.1 applied with this ¢, the subset I fixed above,
and with r > 0 large enough so that the collection of uncontaminated atoms {z; : 7 € [} is a
subset of B,. Denote by J C {1,...,m} the collection of indices j such that Z;, ¢ Br.
(since the sequence in (22) diverges to infinity, this collection is non-empty for ¢ large
enough). To keep the notation as light as possible, we do not stress dependence on ¢ in .J, nor
in the quantities/sets we introduce in the rest of the proof. Consider then the following sets:

» The set U. is defined as the union of the interior of the power cells of the uncontaminated
atoms:

Since
w(U.) = M(uie,c Laggg(i)) =3 N=1-Y X>1-HD(u,p)+3b,
iele iel
the set
Us o :=int(S.) N U
satisfies
23) 1(Uee) > n(Us) —b>1 — HD(u, ) +2b> 0.

Thus, the open set U, .. is non-empty.

e The set Z. is defined as
Z.: =8N ( Ujes ﬂie[c%j,i> .
Since the power cell of Z;(= Z;), j € J, is trivially a subset of S N (N;eH;;), we have

Ujes Lagi (j) CUjes (5 N (ﬂiechj,z')> = Z,



20

that is, the union of the power cells of the atoms indexed by .J is a subset of Z.. Similarly,
the interior of the power cell of Z; is a subset of S N (Njcsint(H; ;)), where we used the
fact that int(A N B) = int(A) Nint(B) for any A, B C RY, so that U C SN (Ujese Njes
int(#; ;)). Therefore,

(24) U.cSnN ( Njes Uielcint(Hi,j)> :
Since
Z.=8\ (UjGJ ﬂieIC/Hj,i> =S\ (ﬂjeJ Ui€1°int(Hivj)) ’

it follows that U. C S\ Z, hence also U, . C S, \ Z..
Before introducing further sets, we make the following point. Let .Jy be the collection
of j’s in J for which there exists at least one active atom for S..; 7. We then show that

25) S, C Uiejcint(Hi7j) forall j € J\ Jo.

To do so, fix j € J \ Jy. Since there is no active atom for S..; 7, we must have either
SCCS\ (miejc Hj,i) (zSﬂ (Uie]c int(?‘@g)))

or

(26) 8. 80 ((Nier M),

and it is therefore sufficient to show that (26) cannot hold. Ad absurdum, assume that (26)
holds. Then, (24) yields

U.cSn ( Uiere int(Hi,j)) =8N (ﬁz‘efc ”Hj,i)c,
which provides
(SN (Niere M) < u(S\ Ue).
Recalling that 1(Uz) > 1 — HD(u, pt) + 3b and p(Sc) > 1 — b, (26) entails that
1=b<pu(Se) <p(SN(NiereHji)) < (S \Us) < HD(u, p) — 3b.
Since this contradicts the fact that HD(u, 1) < 1, the claim (25) is proved.
The sets V. and W, are defined as

(27) ‘/5 = Sc N < ijJo 7“7,“]) and W5 = Sc N <mj€Jo HZ,]) )

respectively, where, for any j € Jy, we took Z;; arbitrarily in the (non-empty) collection of
atoms that are active for S.; s, and where we let A° := {z € R?: d(z, A) < ¢};in (27),
an intersection over an empty collection of subsets of R? is defined as being R¢, so that
when Jy is empty, we simply have V; = W, = S.. Since (25) yields that

int(VE) = int(Sc) N <ﬂj€J0 int(/f‘[iﬁj)) cSnN (ﬂjg] Uiejcint(Hi,j)> ,

we have that int(V;) C S'\ Z..
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Now, assume that Jy is not empty. Lemma 4.1 entails that, for any j € Jy,
(28) S.N < Uiere /Hi,j> N Hj,ij cS:.N /Hzi,j'

Since S. N /ngg =S, Nint(H;, ;) € Se N Hfm for any j € Jy, we also have that, for
any j € Jo,

(29) SN < Usere HZ]> NH5;, CSeN Hfm.
Clearly, (28)—(29) imply that, for any j € Jy,
S.N <Ui€[c ’H”> CS.NH; ;.
Thus, when Jj is not empty, this yields
Uee CSc\ Ze =8N ( NjeJ Ul-e]cint(%i,j)> cS.N ( Njed, uiGICHiJ) cWe.

Note that the inclusion U, . C W, holds as well when .Jy is empty. Indeed, when Jj is
empty, (25) yields

Uee CSc\ Ze =8N < Njes Uielcint(Hi,j)> =S.=W-.

Since U, . C W, it follows from (23) that
(30) w(We) > N(Ua,c) >1—HD(u,p) +2b>0

for any € € (0,1) (which obviously guarantees that W, is non-empty). Lemma A.3(i) en-
tails that there exists v > 0 (not depending on ¢) such that L(W.) > v for any ¢ € (0,1).
Now, since the convex set W is included 5., hence has diameter'" at most 2¢. Therefore,
Lemma A.4 implies that there exists ¢ € (0, 1) such that W, contains a ball of radius ¢ (note
that this radius only depends on v and ¢, hence in particular does not depend on ¢ nor on the
shape of W.). For any ¢ € (0,(/4), the definitions of V. and W in (27) then entail that V
contains a ball of radius /2, which guarantees in particular that V. is non-empty.

Denoting as ry. (> (/2) the radius of the largest closed ball contained in V, Point (ii) in
Lemma A6.5 in Kallenberg (2021) then yields

LAV <21+ 2/~ 1))
<2{(1+ 2¢/¢)4 — 1}£(S.),

where we used the fact that V is a subset of S,.. Therefore, Lemma A.3(ii) implies that p(W;\
V.) — 0 as e — 0. Jointly with (30), this implies that there exists ¢’ > 0 such that

pw(Ve) = u(We) — p(We \ Ve)

>1—HD(u,u)+b

10Here, the diameter of a subset A of R is defined as supg yea |z =yl
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for any ¢ € (0,¢’) (again, this ensures that V. has a non-empty interior). We now use this
to prove that there exists § > 0 such that Bs(u) C int(V2) for any € € (0,¢’). To do so, fix
e € (0,) arbitrarily. Note first that if u ¢ int(Vz), then int(V.) is a convex subset of S
that does not contain v and satisfies p(int(Vz)) = u(Vz) > 1 — HD(u, j1), which contradicts
Lemma A.5. Thus, u € int(V;). Fix then § > 0 such that p(C') < b/2 for any band C' € Cs,
where the notation Cs is introduced in Lemma A.6 (existence of § follows from this lemma).
Assume ad absurdum that we do not have Bs(u) C int(V;). Then, there exists z. € OV with

3D [l — ze|| <.

Let H be an arbitrary hyperplane supporting V. at z. and denote by H, the hyperplane
obtained by translating H to uw. Due to (31), the width of the closed band C' between H,,
and H is smaller than J, hence satisfies ;(C') < b/2. Therefore,

b
L= HD(u, p) +b < p(Ve) = p(Ve N C) - (Va0 CF) < 5 4 (V=N CF),

so that u(V. N C¢) > 1 — HD(u,u) + (b/2). It follows that V. N C° is a convex set (as
the intersection between two convex sets) that does not contain « and whose p-measure is
strictly larger than 1 — HD(u, ). Since this contradicts Lemma A.5 again, we must have
that Bs(u) C int(Vz). Since € € (0,¢) was fixed arbitrarily and ¢ does not depend on ¢, we
proved that Bs(u) C int(V2) for any € € (0,¢’).

We can now conclude the proof. Fix indeed 6 > 0 such that Bs(u) C int(V;) for any € €
(0,€"). As explained at the beginning of the proof, the contradiction argument provides the
existence of a sequence of contaminated target measures (7y) such that

(32) (/B( )IIQV(J«“) —Qm(x)lld/i(ﬂf)> — 0.

As explained again at the beginning of the proof, the maximal norm of the atoms of ()
diverges to infinity as ¢ does, so that, for ¢ large enough, there is at least one atom of ()
outside B, ,. However, since any x in Bs(u) then belongs to the power cells of an atom
in Bg,, , (recall indeed that, for any € € (0, 1), we have that int(Vz) C S\ Z. and that the
union of the power cell of the atoms outside Bp_ is a subset of Z.), a direct consequence is

that
[ l0u@) - @n@ldn@ < [ (IQu@)] + Re)duta) < o
B (u) Bs(u)
for any ¢ large enough. Since this contradicts (32), the result is proved. U

5. Final comments and perspectives for future research. Our work provides the first
quantitative analysis of the robustness of (semi-discrete) OT. In particular, it precisely charac-
terizes the finite-sample breakdown point of the OT quantiles from Ghosal and Sen (2022a),
and it does so for a very broad class of reference measures p. Our results reveal that this
breakdown point depends on the geometry of © through the well-known concept of halfspace
depth. In particular, it is only for (angularly) symmetric reference measures that the asymp-
totic breakdown point of the OT median coincides with the one of the univariate median, that
is, is equal to 1/2. In the context of robust location estimation, our results provide a subtle
insight on how to perform multivariate trimming when constructing OT trimmed means.
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As just mentioned, our breakdown point results focus on the semi-discrete OT quantiles
from Ghosal and Sen (2022a). Remarkably, an interesting independent work, Avella-Medina
and Gonzdlez-Sanz (2024), has obtained the corresponding results in two complementary
frameworks, namely (i) when both the reference and target measures are discrete (which
provides the OT quantiles from Chernozhukov et al., 2017 and Hallin et al., 2021) and (ii)
when both are continuous. While the Tukey halfspace depth is relevant in all frameworks,
it is interesting to note that the dimension plays a stronger role in the discrete case than in
the semi-discrete and continuous ones. In particular, the discrete OT median from in Cher-
nozhukov et al. (2017) and Hallin et al. (2021) seems to have a very low breakdown point in
high-dimensions,'' whereas their semi-discrete and continuous analogs will keep breakdown
point 1/2 at any high-dimensional, angularly symmetric, reference measure. As we explain
below, this suggests that the semi-discrete approach considered in this paper may provide
good results in infinite-dimensional spaces, too.

Perspectives for future research are rich and diverse. We mention three of them here:

(1) Inspection of the proof of the upper bound in Proposition 3.1 shows that breakdown
of @, (u) occurs when putting the whole contamination budget arbitrarily far on a halfline
with direction vy originating from u, where vy is the inner-normal unit vector of an
arbitrary (Tukey) minimal halfspace at u (see the contaminated target measures in (8)
and (13)). This worst-case scenario is thus similar to the one that provides the breakdown
point of spatial quantiles; see Theorems 3.2-3.3 in Konen and Paindaveine (2025). It would
be interesting to see how robust are OT quantiles under other types of contamination, for in-
stance when contamination occurs in another direction v or when contamination is placed
symmetrically in two opposite directions. For spatial quantiles, the resulting breakdown
points are strictly higher than the global breakdown point associated with the worst-case
scenario above; see Section 4 in Konen and Paindaveine (2025). It may be challenging,
however, to obtain results of this type for OT quantiles.

(i) As mentioned in the introduction, the optimal transport maps considered in this work are
defined only p-almost everywhere. A direct corollary is that one cannot consider point-
wise breakdown points. Addressing this issue by restricting to u’s for which both @, (u)
and Qp, (u) are well-defined would have considerably reduced the generality of our re-
sults. This is why we rather adopted the local averaging around « in (2) when defining the
breakdown point. As pointed out by a Reviewer, this issue already materializes in dimen-
sion d = 1, where, however, there is a common agreement to consider right-continuous
quantile functions. In higher dimensions, Segers (2022) introduced set-valued quantile
functions in order to overcome the lack of a canonical choice in RY. Since these are de-
fined everywhere in the support of the reference measure i, it would be natural to try and
determine the breakdown point of such set-valued semi-discrete quantile functions.

(iii) The results of this paper focus on finite-dimensional Euclidean spaces. But more and
more research efforts are dedicated to defining OT quantiles in infinite-dimensional Hilbert
spaces; too; see, e.g., Gonzdlez-Sanz, Hallin and Sen (2025). It would thus be interesting

"'We refer to Remark 3.3 in Avella-Medina and Gonzélez-Sanz (2024), that states that when the support of
the discrete reference measure at hand is included in a hyperplane of RY (which is obviously always the case in
the high-dimensional framework where d > n), then the breakdown point of the OT map is 1/n.
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to extend our robustness results to this more general framework. Obviously, the fact that
the dimension does not play a role in our results—in contrast to the discrete results in
Avella-Medina and Gonzalez-Sanz (2024)—is encouraging in this respect. Actually, one
of the Reviewers reported that the arguments used in our proofs could indeed be adapted
to the infinite-dimensional case: in this framework, the role of the supporting hyperplane
theorem will be played by the Hahn—Banach theorem, whereas suitable assumptions on
the measure p will ensure that it does not give mass to the boundary of the cells (this will
be the case, e.g., for non-degenerated Gaussian measures).

The important technical challenges these questions raise explain that these are left for
future research work.

APPENDIX: AUXILIARY RESULTS

In this appendix, we prove the results that were used in the proofs of Sections 3—4.

LEMMA A.l. Let pu be a measure over RY with support S. Then, HD(u,p) > 0 for
any u € int(S).

PROOF OF LEMMA A.1. Ad absurdum, let u € int(S) such that HD(u, ;1) = 0. Thus, there
exists a sequence (H,,) of halfspaces such that u € H,, for all n and such that x(H,) — 0.
Obviously, there is no loss of generality to assume that u € 9 H,, for all n (for any n for which
we have u ¢ 0H,,, one may replace H,, with the closed halfspace that is contained in H,, and
has u on its boundary hyperplane). Each H,, is thus of the form #,, ,, for some v, € S,
where we wrote H,,, := {z € R?: (v,z — u) > 0}. Compactness of S9! implies that there
exists a subsequence (vy,,) that converges in S?~1, to vy say. Fatou’s lemma then entails that

p(int(Hoyw,)) < / liminfl[z € Hy,,z € int(Hy,)] dpe(2)

Rd {—o0

< / liminfl[z € Hy,]du(z) < liminf/ I[z € Hp,]du(z) = ligminf,u(Hm) =0.
Rd R4 —00

f—o0 {—00

Thus, p(int(Hy.,)) = 0. Since u € int(S), there exists § > 0 such that Bs(u) C S. Thus,
Bsjo(u+ (6/2)vo) C S Nint(Hayw,). We must have that 11(B;o(u + (6/2)vo)) > 0 (other-
wise, S\ Bs/a(u + (0/2)vg) is a proper closed subset of S with y-measure equal to one,
which contradicts that S is the support of p). Therefore,

p(int(Ha,v,)) = p(Bsj2(u + (6/2)v0)) >0,

a contradiction. The result is proved. O

LEMMA A.2. Let ju be an absolutely continuous measure over R%. Fix v € R, v € S¢1
and s € R. Let (v, s¢) be a sequence in S4~! x R that converges to (v, s). Then, using the
notation introduced in Lemma 3.1, ({(Hy v,.s,) converges to 1(Hay,p,s)-

PROOF OF LEMMA A.2. Since absolute continuity of y entails that p(0H.,, v s) = 0, we have

o) = 1o < [ o @) =T, (@) 0
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- / L. . (2) ~ Ly, .. (2)) du(z).
R"'\B’Hu,vvs

Since (vg, s¢) converges to (v, s), we have that I, , _ (z) converges to Iy, , () forany x €
R\ OHu,v,s- A routine application of Lebesgue’s Dominated Convergence Theorem thus
yields that p(#y,0,,s,) converges to p(Hoy,v,s)- O

LEMMA A.3. Let ju be a measure over R? that is absolutely continuous with respect to
the Lebesgue measure L. Then, (i) for any a > 0, inf{L(A): A€ A, .} >0, where A, ,
denotes the collection of Borel sets of R? such that u(A) > a. (i) For any sequence (A,,) of
Borel sets in RY such that L(A,) — 0, we have ji(A,) — 0.

PROOF OF LEMMA A .3. (i) Fix a > 0. Denoting as ¢ the Lebesgue density of x and as I[A]
the indicator function of A, the Dominated Convergence Theorem entails that

/Rd g(z)l[g(z) > k]dL(x) =0

as k diverges to infinity, so that there exists k, > 0 for which

[ atelata) > b dz(a) <

For any A € A, 4, we then have

|

a <) = [ g@llge) > kaie) + [ glollgle) < k) dL(@) < § + KaL(A)
A A

hence also £(A) > a/(2k,). (ii) Fix € > 0 and a sequence (A,,) of Borel sets in R such

that £(A,,) — 0. With the same notation as above, we have

u(an= [ o(@llo(@) > kJdc@) + [ o(@lio(@) < k(@) < S + kL),

for any n. Therefore, there exists a natural number N such that ;1(A4,,) < € for any n > N,
which establishes the result. O

LEMMA A4. Forr,v >0, let D, be the collection of convex sets in R4 whose diameter
is smaller than or equal to r and whose volume is larger than or equal to v. Fix r and v such
that D,.,, is not void. Then, there exists ¢ = (., > 0 such that any D € D,.,, contains a ball
of radius (.

PROOF OF LEMMA A .4. Ad absurdum, assume that there exists a sequence of sets (D)
in D, , such that D,, does not contain a ball of radius 1/n. Clearly, D,, is contained in a
closed hyper-cylinder of radius /2 and length 2/n. It follows that, for any n large enough,
D,, has a volume that is strictly smaller than v, a contradiction. 0

LEMMA A.5. Let S be a convex set in R% and let 11 be an absolutely continuous measure
whose support is S. Fix u € S. Then, the maximal p-measure that can be achieved by a
convex subset of S that does not contain u is 1 — HD(u, ).
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PROOF OF LEMMA A.5. Let H, be an arbitrary closed halfspace that contains w on its
boundary hyperplane and that satisfies

(33) HD(u, p) = (S NH,)

(existence follows from absolute continuity of ). Thus, D, := S N (H,, )¢ is a convex sub-
set of S that does not contain u, and its y-measure is 1 — HD(u, i) (this follows from (33)
since u(SNH,) + (SN (H,)) = u(S) =1). We need to prove that this is indeed the
maximal p-measure that can be achieved by a convex subset of S that does not contain .
Ad absurdum, assume then that there exists a convex subset, D say, of & that does not
contain u and that satisfies (D) > 1 — HD(u,p). Since D is convex and u ¢ D, there
exists a hyperplane, H, say, containing u that does not intersect D. Among both closed
halfspaces determined by H., denote then as 7:[; the one that does not contain D. Since
p((H;)¢) > u(D) > 1 — HD(u, it), the closed halfspace 7, has u on its boundary hyper-
plane and satisfies 1(H;, ) < HD(u, 1), a contradiction to the definition of HD(u, 1) (see the
statement of Theorem 2.2). O

LEMMA A.6. Let ju be a measure over R? that is bounded and is absolutely continuous
with respect to the Lebesgue measure. For any v € S*1, ¢ >0, and h > 0, define the band

Cv,c,h = {IL‘ERdZC§ <’L),$> §C+h}

and denote as Cs := {Cycp : v € Sl ¢ >0,h € (0,6]} the collection of such bands with
width at most 6. Then, for any a > 0, there exists § > 0 such that u(C) < a for any C € Cs.

PROOF OF LEMMA A.6. Without any loss of generality, we may assume that a < u(R%).
Let R > 0 be large enough to have p(RY\ Bg) < a. Since ||z| > |[(v,z)| > ¢ for any x €
Cy,c,h,» We then have that

(34) p(Cyen) <a VoeS® ! ¢>R, h>0.
The same routine application of the Lebesgue DCT as in the proof of Lemma A.2 establishes

that (v, c, h) = p(Cy . p) is continuous over STt x [0, R] x [0, 1]. Thus, the sequence (g,)
of functions defined on S~ x [0, R] by

ge: Sd_l X [07 R] —R: (U7C) = M(Cv,c,l/ﬁ)

converges pointwise to the zero function (absolute continuity indeed entails that p(Cy o)
for any v, ¢). Compactness of S*~! x [0, R] implies that (g,) converges also uniformly to the
zero function, so that there exists a positive integer /V such that

sup {M(C’M’l/n) ves8tl e< R} <a
for any n > N. Recalling (34), we conclude that u(C) < a for any C € Cy /. O
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