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We consider models for noisy directional data, in which a radial noise with magnitude 𝜎2 makes the observations
deviate from their theoretical hyperspherical sample space, namely a hypersphere centered at 𝜃 and with radius 𝑟.
We consider inference — hypothesis testing, point estimation, and confidence zone estimation — on the location
parameter 𝜃, in a framework where both 𝑟 and 𝜎2 remain unspecified. We introduce several asymptotic scenarios in
which the radius of the hypersphere and, most importantly, the noise magnitude may depend on the sample size 𝑛 in
an essentially arbitrary way. This allows us to consider very diverse cases, in which the a priori information that the
data belong to a hypersphere is more and more, or on the contrary less and less, relevant. We base our investigation
on Le Cam’s asymptotic theory of statistical experiments and aim at a full understanding of the resulting limiting
experiments. The corresponding contiguity rates, that characterize how easy/hard inference on 𝜃 is, reveal rather
counter-intuitive results in some scenarios. We build locally asymptotically optimal tests and estimators, that turn
out to be adaptively optimal across all asymptotic scenarios. We show that, in standard asymptotic scenarios,
classical procedures that would ignore the hyperspherical a priori information are rate-consistent but do not achieve
efficiency bounds, and that, in non-standard asymptotic scenarios, such classical procedures are not even rate-
consistent. We investigate the finite-sample relevance of our results through Monte Carlo exercises.

Keywords: Contiguity rates; directional statistics; double asymptotics; Le Cam’s theory of asymptotic
experiments; multivariate location; one-step estimation; strong identifiability

1. Introduction
Multivariate location problems are probably among the most extensively studied problems in the sta-
tistical literature. The most standard tests for the one-sample and two-sample location problems are
certainly the Hotelling tests; see Hotelling (1931). They are still studied a lot nowadays; we refer, e.g.,
to Chen et al. (2011) and Feng et al. (2017) for regularized one-sample Hotelling tests, and to Li et al.
(2020) for an adaptable two-sample Hotelling test. Hotelling tests are based on sample means, hence
are not robust to outliers or heavy-tailed distributions. This motivated the introduction of nonparamet-
ric tests, and in particular of sign and signed-rank tests, for multivariate location problems; see, among
many others, Randles (2000), Hallin and Paindaveine (2002), Larocque, Nevalainen and Oja (2007),
Wang, Peng and Li (2015) and Feng, Zou and Wang (2016). Recent contributions related to inference for
multivariate location include Agostinelli and Greco (2019) that studied weighted likelihood estimation,
Frahm, Nordhausen and Oja (2020), that proposed location estimators for incomplete and dependent
multivariate data, Dürre and Paindaveine (2022), that defined simplex-based affine-equivariant location
estimators, Chakraborty and Chaudhuri (2017), Kock and Preinerstorfer (2019) and Kock and Preiner-
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storfer (2023), that tackled the high-dimensional case, and Ley et al. (2013), Paindaveine and Verdebout
(2017), Paindaveine and Verdebout (2020a) and Paindaveine and Verdebout (2020b), that considered
location problems in a directional data framework.

Now, be it in low- or high-dimensional statistics, it is more and more common to assume that the
actual dimensionality of the data, 𝑘 say, is smaller than the dimension 𝑑 of the ambient space; in
high dimensions, see, e.g., Wright and Ma (2022). Under a “linearity” assumption stating that the data
arise from a noisy version of a distribution concentrated on a 𝑘-dimensional hyperplane, the classical
methodology then relies on PCA, but of course, it is more promising and general to consider nonlinear
dimension reduction techniques allowing the data to deviate from a non-flat, 𝑘-dimensional, manifold.
In practice, both the “intrinsic” dimension 𝑘 and the corresponding manifold are often unspecified, and
a vast literature has tackled the problem of recovering these key unknown quantities; we refer, e.g., to
Donoho and Grimes (2003), Maggioni, Minsker and Strawn (2016), and the references therein. In par-
ticular, recovering spheres plays an important role in various scientific domains. Recent works studying
statistical inference for such data mildly deviating from a manifold include for instance Shapiro, Xie
and Zhang (2021) and Cheng and Xie (2024), that consider goodness-of-fit testing and two-sample
testing, respectively.

Typically, results in the literature provide consistency rates and, at best, establish their minimax
optimality under suitable assumptions; see, e.g., Shapiro, Xie and Zhang (2021) and Cheng and Xie
(2024). To the best of our knowledge, finer optimality/efficiency results, that would for instance state
optimality in the Le Cam sense, have never been considered in this framework. The present work aims
at deriving such stronger results. Since there is no free lunch, the price to pay to achieve this is to
make more assumptions on the shape of the underlying manifold, e.g., to assume that this manifold
is a hypersphere or a hypertorus. In this paper, we indeed follow this path and adopt a framework
in which the sample at hand is made of noisy versions of random vectors taking their values on a
hypersphere of R𝑑 . This assumption will allow us to provide strong optimality results as the ones stated
above without severely compromising the practical applicability of the proposed model. In fact, similar
frameworks where sphere detection/estimation take an important role have recently been considered in
medical imaging (van der Glas et al., 2002) and computer vision (Sandoval et al., 2020).

More precisely, the distributional framework we will consider is described by triangular arrays of
observations 𝑋𝑛𝑖 , 𝑖 = 1, . . . , 𝑛, 𝑛 = 1,2, . . ., whose distribution will be characterized by a real 𝑑-vector 𝜃
and two sequences of positive real numbers (𝑟𝑛) and (𝜎2

𝑛). We will throughout denote as P𝑛

𝜃,𝑟𝑛 ,𝜎
2
𝑛

the
hypothesis under which the random 𝑑-vectors 𝑋𝑛𝑖 , 𝑖 = 1, . . . , 𝑛 are given by

𝑋𝑛𝑖 = 𝜃 + 𝑟𝑛𝑒𝜀𝑛𝑖𝑈𝑛𝑖 , (1.1)

where the 𝜀𝑛𝑖’s form a random sample from the Gaussian distribution with mean zero and variance 𝜎2
𝑛 ,

the 𝑈𝑛𝑖’s form a random sample from the uniform distribution over the unit sphere S𝑑−1 = {𝑥 ∈ R𝑑 :
∥𝑥∥ = 1} of R𝑑 , and the 𝜀𝑛𝑖’s and 𝑈𝑛𝑖’s are mutually independent. The observations 𝑋𝑛𝑖 , 𝑖 = 1, . . . , 𝑛,
can thus be regarded as a noisy version of a sample that would concentrate on a manifold, namely
the hypersphere with centre 𝜃 and radius 𝑟𝑛, with roughly as many observations inside and outside
the hypersphere (as 𝑒𝜀𝑛1 has median one). While the shape of the underlying manifold is fixed by
the model, the manifold itself remains unspecified, as both 𝜃 and 𝑟𝑛 are unknown parameters. A key
parameter is of course 𝜎2

𝑛 , that characterizes the magnitude of the noise. For small 𝜎2
𝑛 , observations

are close to the underlying manifold, and the larger 𝜎2
𝑛 , the more observations will tend to deviate from

it. In this paper, we will consider inference on the centre 𝜃 of the underlying hypersphere.
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Before proceeding, we briefly describe two real-data settings in which the model (1.1) is natural
and the parameter of interest is the centre 𝜃. (A) Earth surface points in ECEF. Let 𝑋𝑛𝑖 ∈ R3 denote
Earth-Centered Earth-Fixed coordinates of a globally distributed set of surface sites (e.g., GNSS sta-
tions or cities with elevations). These points concentrate near a sphere centered at the geocentre 𝜃,
while topography and geoid undulations induce mostly radial departures. A convenient description is
precisely (1.1), with 𝑈𝑛𝑖 approximately uniform on S2 under global coverage and 𝜀𝑛𝑖 modeling mul-
tiplicative radial noise that summarizes elevation variability. (B) LEO satellite shell at a snapshot.
Consider a single near-circular orbital shell observed at one epoch 𝑡0, with 𝑋𝑛𝑖 ∈ R3 the satellites’
ECEF positions 𝑋𝑛𝑖 (𝑡0). For a given shell, satellites lie close to a sphere centered at 𝜃; small eccentric-
ities, short-term dynamics over the snapshot, and ephemeris errors contribute mainly radial dispersion
captured by the 𝜀𝑛𝑖’s, while the instantaneous directions 𝑈𝑛𝑖 are broadly spread on S2. In both (A)–
(B), inference on 𝜃 is to be considered in a spherical framework that offers a small radial noise and
directions that are essentially uniformly distributed.

In the context of the model (1.1), it should be clear that the sequence (𝜎2
𝑛) will play a key role

when making inference on the centre 𝜃 of the underlying hypersphere: if (𝜎2
𝑛) converges to zero, then

observations will tend to be closer and closer to the manifold, which should make inference on 𝜃 easier;
would all observations be on a common hyperpshere with centre 𝜃, the exact value of 𝜃 could indeed
be obtained almost surely from a random sample of size 𝑛 = 𝑑 + 1. When (𝜎2

𝑛) → 0, it may thus be
expected that faster-than-

√
𝑛 consistency rates will result from this “strong identifiability” of 𝜃; see

Paindaveine and Verdebout (2020b) for a similar phenomenon in spherical location problems. On the
contrary, a sequence (𝜎2

𝑛) that diverges to infinity should intuitively make inference on 𝜃 harder, which
should translate into slower-than-

√
𝑛 consistency rates. To explore this, we will actually consider three

different asymptotic scenarios: (i) the favourable scenario in which (𝜎2
𝑛) → 0 where super-efficiency

is expected, (ii) a neutral, standard, scenario in which (𝜎2
𝑛) → 𝜎2 (> 0), and (iii) the unfavourable

scenario in which (𝜎2
𝑛) →∞.

Our objectives in this framework are four-fold: first, we want to quantify in a precise way how much
it helps, in each of these three scenarios, to have the a priori information that observations are noisy
hyperspherical data. We aim at doing so not only in terms of consistency rates but also by comparing
the corresponding efficiency bounds. Second, we aim at defining statistical procedures that will be
asymptotically optimal across the three asymptotic scenarios above, in an adaptive way (that is, the
proposed procedures should achieve asymptotic optimality in each scenario without using knowledge
of which scenario is the “true” one). Third, we want to characterize the possible cost of unspecification
of 𝑟𝑛 and 𝜎2

𝑛 , that is, we want to answer the following questions: has the unspecification of the radius
of the underlying hypersphere an asymptotic cost? Is there a cost of not knowing the noise magnitude?
Fourth and last, our goal is to compare the performances of the proposed optimal procedures with
those of procedures that would ignore the hyperspherical a priori information such as Hotelling tests.
In particular, we will investigate whether this cost is in terms of consistency rate or whether it is only
in terms of asymptotic variance/power at a common rate.

To fulfill the above objectives, we will adopt an approach that relies on Le Cam’s theory of asymp-
totic experiments (see, e.g., Le Cam and Yang, 2000 or van der Vaart, 1998). Due to the particularities
of the model (1.1), the Le Cam’s theory is developed here in a non-standard setting involving triangular
arrays of observations in order to deal with the three aforementioned scenarios. In each one of them,
we will determine the limiting experiment, hence also identify the corresponding contiguity rate. These
contiguity rates bring an important information since they contribute to characterizing how easy/hard it
is to perform inference on 𝜃 in each scenario. Most importantly, the Le Cam approach will pave the way
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to defining asymptotically optimal procedures in the various scenarios and to quantifying their asymp-
totic performance. A key point will of course be to control the estimation of the underlying nuisance
parameters, namely 𝑟𝑛 and 𝜎2

𝑛 , and to investigate adaptivity of the proposed procedures in the under-
lying asymptotic scenarios. We will consider all inference problems on 𝜃: hypothesis testing, point
estimation and confidence zone estimation. While estimation, as often when a Le Cam approach is
adopted, will rely on a one-step methodology, the construction of suitable, rate-consistent, preliminary
estimators will be challenging in non-standard asymptotic scenarios. We will also consider hypothesis
testing in a two-sample version of the above model, in a general framework that allows both populations
to be in different asymptotic scenarios.

The outline of the paper is as follows. In Section 2, we determine the limiting experiments that are
associated with the three aforementioned scenarios, which will provide in particular the corresponding
contiguity rates. In Section 3, we consider hypothesis testing on 𝜃. In Section 3.1, we construct the
proposed test and study its asymptotic null behavior. Then, in Section 3.2, we investigate its asymptotic
behavior under contiguous alternatives and compare its performance to those of two classical tests that
ignore the hyperspherical a priori information. In Section 4, we turn to point estimation and confi-
dence zone estimation of 𝜃. In Section 5, we conduct Monte Carlo exercises to study the finite-sample
perfomance of the proposed tests (Section 5.1) and estimators (Section 5.2). Finally, in Section 6, we
provide a brief wrap up and we discuss perspectives for future research. All proofs are deferred to the
supplement Bolón, Paindaveine and Verdebout (2025).

Before proceeding, we collect here some notation. Equality in distribution and convergence in distri-
bution will be denoted as =D and →D , respectively. The notation “:=” will be used to define objects.
Throughout, 𝐴′ will be the transpose matrix of 𝐴, and ∥𝑥∥ :=

√
𝑥′𝑥 the Euclidean norm of the vector 𝑥

(as already used above). The notation 𝜒2
𝑑

will denote the chi-square distribution with 𝑑 degrees of
freedom and 𝜒2

𝑑,1−𝛼
will stand for the corresponding upper 𝛼-quantile. Both 𝑒𝑧 and exp(𝑧) will refer

to the exponential of the real number 𝑧. Unless otherwise mentioned, all deterministic and stochastic
convergences will be as the sample size 𝑛 diverges to infinity. This includes 𝑜 and 𝑂 statements, as well
as 𝑜P and 𝑂P ones.

2. Limiting experiments

Since 𝜎2
𝑛 is assumed to be positive, the distribution of the random vector 𝑋𝑛𝑖 in (1.1) is absolutely

continuous with respect to the Lebesgue measure on R𝑑 . It is easy to check that the corresponding
density is given by

𝑓𝜃,𝑟𝑛 ,𝜎2
𝑛
(𝑥) = ∥𝑥 − 𝜃∥−𝑑

𝜔𝑑

√︁
2𝜋𝜎2

𝑛

exp
(
− (log ∥𝑥 − 𝜃∥ − log 𝑟𝑛)2

2𝜎2
𝑛

)
,

where 𝜔𝑑 is the surface area measure of the unit sphere S𝑑−1. Consider then local log-likelihood ratios
of the form

Λ𝑛

𝜃+𝜈𝑛𝜏/𝜃 ;𝑟𝑛 ,𝜎2
𝑛

:= log
( 𝑑P𝑛

𝜃+𝜈𝑛𝜏,𝑟𝑛 ,𝜎2
𝑛

𝑑P𝑛

𝜃,𝑟𝑛 ,𝜎
2
𝑛

)
= log

(∏𝑛
𝑖=1 𝑓𝜃+𝜈𝑛𝜏,𝑟𝑛 ,𝜎2

𝑛
(𝑋𝑛𝑖)∏𝑛

𝑖=1 𝑓𝜃,𝑟𝑛 ,𝜎2
𝑛
(𝑋𝑛𝑖)

)

= −𝑑
𝑛∑︁
𝑖=1

(
log ∥𝑋𝑛𝑖 − 𝜃 − 𝜈𝑛𝜏∥ − log ∥𝑋𝑛𝑖 − 𝜃∥

)
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− 1
2𝜎2

𝑛

𝑛∑︁
𝑖=1

{
(log ∥𝑋𝑛𝑖 − 𝜃 − 𝜈𝑛𝜏∥ − log 𝑟𝑛)2 − (log ∥𝑋𝑛𝑖 − 𝜃∥ − log 𝑟𝑛)2

}
, (2.1)

where 𝜃 and 𝜏 are fixed 𝑑-vectors, and (𝜈𝑛) is a positive sequence converging to zero at a suitable
rate. The following result determines the corresponding limiting experiments in the three scenarios
described in the introduction (the proof, which is long and technical, is provided in Section S.2)1.

Theorem 2.1. Fix 𝑑-vectors 𝜃 and 𝜏, and positive real sequences (𝑟𝑛) and (𝜎2
𝑛). Then, irrespective of

whether (i) (𝜎2
𝑛) converges to zero, (ii) (𝜎2

𝑛) converges to 𝜎2 ∈ (0,∞), or (iii) (𝜎2
𝑛) diverges to infinity,

there exist a positive real sequence (𝜈𝑛) and a 𝑑 × 𝑑 non-singular matrix Γ such that, under P𝑛

𝜃,𝑟𝑛 ,𝜎
2
𝑛

,

Λ𝑛

𝜃+𝜈𝑛𝜏/𝜃 ;𝑟𝑛 ,𝜎2
𝑛
= 𝜏′Δ𝑛 (𝜃) −

1
2
𝜏′Γ𝜏 + 𝑜P (1), (2.2)

where, still under P𝑛

𝜃,𝑟𝑛 ,𝜎
2
𝑛

, the central sequence

Δ𝑛 (𝜃) = 𝜈𝑛

𝑛∑︁
𝑖=1

(
𝑑 + log ∥𝑍𝑛𝑖 (𝜃)∥ − log 𝑟𝑛

𝜎2
𝑛

)
𝑍𝑛𝑖 (𝜃)

∥𝑍𝑛𝑖 (𝜃)∥2 , with 𝑍𝑛𝑖 (𝜃) := 𝑋𝑛𝑖 − 𝜃,

is asymptotically normal with mean zero and covariance matrix Γ. (i) If (𝜎2
𝑛) → 0, then this holds

with 𝜈𝑛 = 𝑟𝑛𝜎𝑛/
√
𝑛 and Γ = (1/𝑑)𝐼𝑑; (ii) if (𝜎2

𝑛) → 𝜎2 ∈ (0,∞), then this holds with 𝜈𝑛 = 𝑟𝑛/
√
𝑛 and

Γ =
exp(2𝜎2)

𝑑

(
(𝑑 − 2)2 + 1

𝜎2

)
𝐼𝑑; (2.3)

(iii) if (𝜎2
𝑛) → ∞ in such a way that exp((4 + 𝜀)𝜎2

𝑛) = 𝑜(𝑛) for some 𝜀 > 0, then, this holds
with 𝜈𝑛 = 𝑟𝑛𝜎𝑛/(

√
𝑛 exp(𝜎2

𝑛)) and Γ = (1/𝑑)𝐼𝑑 for 𝑑 = 2, and with 𝜈𝑛 = 𝑟𝑛/(
√
𝑛 exp(𝜎2

𝑛)) and Γ =

((𝑑 − 2)2/𝑑)𝐼𝑑 for 𝑑 ≥ 3.

This result shows that the limiting experiment is a locally asymptotically normal (LAN) one in all
three asymptotic scenarios; in the sequel, we will rather simply talk of regimes. While the central
sequence is common to all regimes, the contiguity rate 𝜈𝑛 and information matrix Γ depend on the
underlying regime2. As already mentioned, contiguity rates characterize how easy/hard it is to make
inference on 𝜃 in each regime, hence are objects of interest. To comment on the dependence of conti-
guity rates on regimes, let us restrict to the case for which 𝑟𝑛 ≡ 𝑟 (the radius 𝑟𝑛 is indeed involved in
the same way in each regime, in a fashion that, as it would be the case for a classical scale parameter,
makes inference on 𝜃 easier if 𝑟𝑛 converges to zero / harder if (𝑟𝑛) diverges to infinity). In the classi-
cal regime (ii) where the noise magnitude is asymptotically fixed, the standard parametric contiguity
rate 𝜈𝑛 = 1/

√
𝑛 is then obtained. As expected, the contiguity rate 𝜈𝑛 = 𝜎𝑛/

√
𝑛 is faster in the favourable

regime (i) where observations get closer and closer to the hypersphere. In view of the discussion in the
introduction, it may come as a surprise, though, that the contiguity rate in the adverse regime (iii) is also

1Section S.𝑛, Lemma S.𝑚.𝑛 or Equation (S.𝑛) refer to the supplementary material.
2To keep the notation as light as possible, we will not write 𝜈𝑛(𝑖) , 𝜈𝑛(𝑖𝑖) , 𝜈𝑛(𝑖𝑖) , nor Γ(𝑖) , Γ(𝑖𝑖) , Γ(𝑖𝑖𝑖) , for the contiguity
rates and Fisher information matrices associated with the various regimes; we will rather make clear in each case what are the
contiguity rates and information matrices we are referring to.
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faster than the standard one in regime (ii). This may be related to the fact that, in the limit, regime (iii)
actually puts half the probability mass (the probability mass inside the hypersphere) at 𝜃, which is of
course favourable (although the other half of the probability mass diverges to infinity). In any case, it is
remarkable that, still in regime (iii), the contiguity rate depends on whether 𝑑 = 2 or 𝑑 ≥ 3, with a more
favourable rate obtained in the latter case: in this regime, it is thus more challenging to make inference
on 𝜃 for 𝑑 = 2 than in higher dimensions.

It is worth noticing that Theorem 2.1 holds under very mild assumptions. Throughout, the radius
sequence (𝑟𝑛) is completely arbitrary. As for the noise magnitude sequence (𝜎2

𝑛), it is also arbitrary
in regimes (i)–(ii) (that is, there are no restrictions beyond those defining these regimes). In contrast,
the result in regime (iii) imposes that exp((4 + 𝜀)𝜎2

𝑛) = 𝑜(𝑛) for some 𝜀 > 0, a condition that, unless
otherwise mentioned, we will always tacitly assume when considering this regime. Restricting again
to the case 𝑟𝑛 ≡ 𝑟 for the sake of simplicity, we have Var[𝑋𝑛1] = 𝑐𝑛𝐼𝑑 , with 𝑐𝑛 = (𝑟2/𝑑) exp(2𝜎2

𝑛), so
that Theorem 2.1(iii) allows the variance-covariance matrix of 𝑋𝑛1 (or more precisely, 𝑐𝑛) to diverge to
infinity almost as fast as

√
𝑛. In our results, the asymptotic normality of the central sequence Δ𝑛 (𝜃) is

fully characterised in terms of the asymptotic behavior of 𝜎2
𝑛 (see Proposition S.2.3). For example, if the

variance-covariance matrix of 𝑋𝑛1 diverges to infinity at least as fast as 𝑛 (more precisely, if exp(2𝜎2
𝑛)

is not 𝑜(𝑛)), then the central sequence Δ𝑛 (𝜃) is not asymptotically normal, so that Theorem 2.1(iii)
does not hold. However, the asymptotic normality of Δ𝑛 (𝜃) is guaranteed if the variance-covariance
matrix of 𝑋𝑛1 diverges to infinity at a rate between

√
𝑛 and 𝑛. It remains an open question whether or

not the asymptotic quadratic decomposition (2.2), hence also Theorem 2.1(iii), holds in this case.
Most importantly, the LAN result in Theorem 2.1 paves the way to defining optimal inference pro-

cedures on 𝜃, which is one of our main objectives. We start with hypothesis testing.

3. Adaptively optimal hypothesis testing

In this section, we tackle the problem of testing the null hypothesis H𝑛0 : 𝜃 = 𝜃0 against the alterna-
tive hypothesis H𝑛1 : 𝜃 ≠ 𝜃0, where 𝜃0 is a fixed 𝑑-vector. In Section 3.1, we construct the proposed
test and study its asymptotic null behavior. Then, in Section 3.2, we derive its asymptotic behavior
under contiguous alternatives and compare its performances to those of classical tests that ignore the
hyperspherical a priori information.

3.1. The proposed test

The LAN property in Theorem 2.1 naturally provides optimal tests for the problem above. In particular,
a direct consequence of this result is that, in the standard regime (ii) where 𝜎2

𝑛 → 𝜎2 ∈ (0,∞), the test,
𝜙𝑛 say, rejecting the null hypothesis H𝑛0 : 𝜃 = 𝜃0 at asymptotic level 𝛼 when

𝑄𝑛 := Δ′
𝑛 (𝜃0)Γ−1Δ𝑛 (𝜃0) (3.1)

=
𝑑𝑟2

𝑛

𝑛 exp(2𝜎2
𝑛)

(
(𝑑 − 2)2 + 1

𝜎2
𝑛

)−1 𝑛∑︁
𝑖, 𝑗=1

(
𝑑 + log ∥𝑍𝑛𝑖 (𝜃0)∥ − log 𝑟𝑛

𝜎2
𝑛

)

×
(
𝑑 +

log ∥𝑍𝑛 𝑗 (𝜃0)∥ − log 𝑟𝑛
𝜎2
𝑛

)
𝑍 ′
𝑛𝑖
(𝜃0)𝑍𝑛 𝑗 (𝜃0)

∥𝑍𝑛𝑖 (𝜃0)∥2∥𝑍𝑛 𝑗 (𝜃0)∥2
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> 𝜒2
𝑑,1−𝛼,

where Γ is the matrix in (2.3), is optimal in the Le Cam sense—more precisely, it is, for any 𝑐 > 0,
locally asymptotically maximin when testing H𝑛0 : 𝜃 = 𝜃0 against alternatives of the form H𝑛1 : ∥𝜃 −
𝜃0∥ ≥ 𝑐.

There is obviously no guarantee that this test meets the asymptotic level-𝛼 constraint in the non-
standard regimes (i) and (iii) (“validity-robustness”). And if it does, there is also no guarantee that it
remains Le Cam optimal in those non-standard regimes (“efficiency-robustness”). Quite remarkably,
the test 𝜙𝑛 is actually both validity- and efficiency-robust in this sense, which is a direct corollary of
the following result (see Section S.3 for a proof).

Theorem 3.1. (a) In all regimes (i)–(iii), we have that, under P𝑛

𝜃0 ,𝑟𝑛 ,𝜎
2
𝑛

,

𝑄𝑛 = Δ′
𝑛 (𝜃0)Γ−1Δ𝑛 (𝜃0) + 𝑜P (1),

where Γ is the information matrix associated with the corresponding underlying regime. (b) Under the
null hypothesis H𝑛0 : 𝜃 = 𝜃0, the test statistic 𝑄𝑛 therefore remains asymptotically chi-square with 𝑑

degrees of freedom both in regimes (i) and (iii), and, in these regimes, the test 𝜙𝑛 remains, for any 𝑐 > 0,
locally asymptotically maximin at level 𝛼 when testing H𝑛0 : 𝜃 = 𝜃0 against H𝑛1 : ∥𝜃 − 𝜃0∥ ≥ 𝑐.

This result is of course important since, in practice, the statistician will not know what is the underly-
ing regime, so that adaptivity of 𝜙𝑛 in the underlying regime is a most desirable property. An important
issue, however, is that 𝜙𝑛 involves the unspecified parameters 𝑟𝑛 and 𝜎2

𝑛 , hence is an “oracle” test
only. To obtain a feasible test, it is natural to replace these unspecified parameters with suitable esti-
mators. Since log ∥𝑍𝑛𝑖 (𝜃0)∥ ∼ N (log 𝑟𝑛, 𝜎2

𝑛) under the null hypothesis, natural estimators are 𝑟𝑛 (𝜃0)
and 𝜎̂2

𝑛 (𝜃0), where we let

𝑟𝑛 (𝜃) := exp
(

1
𝑛

𝑛∑︁
𝑖=1

log ∥𝑍𝑛𝑖 (𝜃)∥
)
= 𝑛

√√
𝑛∏
𝑖=1

∥𝑍𝑛𝑖 (𝜃)∥ (3.2)

and

𝜎̂2
𝑛 (𝜃) :=

1
𝑛

𝑛∑︁
𝑖=1

(
log ∥𝑍𝑛𝑖 (𝜃)∥ −

1
𝑛

𝑛∑︁
𝑖=1

log ∥𝑍𝑛𝑖 (𝜃)∥
)2

. (3.3)

Irrespective of the underlying regime, we have that, under the null hypothesis H𝑛0 : 𝜃 = 𝜃0,

1
𝜎𝑛

log
( 𝑟𝑛 (𝜃0)

𝑟𝑛

)
=𝑂P

(
1
√
𝑛

)
and

𝜎̂2
𝑛 (𝜃0)
𝜎2
𝑛

− 1 =𝑂P

(
1
√
𝑛

)
;

see Lemma S.3.1. This suggests considering the test, 𝜙𝑛 say, rejecting the null hypothesis at asymptotic
level 𝛼 when

𝑄̂𝑛 :=
𝑑𝑟2

𝑛 (𝜃0)
𝑛 exp(2𝜎̂2

𝑛 (𝜃0))

(
(𝑑 − 2)2 + 1

𝜎̂2
𝑛 (𝜃0)

)−1 𝑛∑︁
𝑖, 𝑗=1

(
𝑑 + log ∥𝑍𝑛𝑖 (𝜃0)∥ − log 𝑟𝑛 (𝜃0)

𝜎̂2
𝑛 (𝜃0)

)

×
(
𝑑 +

log ∥𝑍𝑛 𝑗 (𝜃0)∥ − log 𝑟𝑛 (𝜃0)
𝜎̂2
𝑛 (𝜃0)

)
𝑍 ′
𝑛𝑖
(𝜃0)𝑍𝑛 𝑗 (𝜃0)

∥𝑍𝑛𝑖 (𝜃0)∥2∥𝑍𝑛 𝑗 (𝜃0)∥2 > 𝜒2
𝑑,1−𝛼 . (3.4)
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We have the following result (see Section S.3 for a proof).

Theorem 3.2. In all regimes (i)–(iii), 𝑄̂𝑛 =𝑄𝑛 + 𝑜P (1) under P𝑛

𝜃0 ,𝑟𝑛 ,𝜎
2
𝑛

.

From Theorems 3.1 and 3.2, we conclude that the feasible test 𝜙𝑛 is asymptotically equivalent, in
any regime, to the oracle optimal test 𝜙𝑛. This feasible test is thus not only validity-robust: it is also
efficiency-robust in the sense that it is adaptively Le Cam optimal across all considered regimes. Of
course, this asymptotic equivalence extends to sequences of contiguous alternatives, which will allow
us to derive in the next section the corresponding asymptotic local powers of the feasible test in any
regime.

3.2. Asymptotic non-null behavior

We consider local alternatives of the form H𝑛1 : 𝜃𝑛 = 𝜃0 + 𝜈𝑛𝜏, where 𝜏 is a fixed non-zero 𝑑-vector
and where 𝜈𝑛 is the contiguity rate of the underlying regime; see Theorem 2.1. The following result,
that provides the asymptotic distribution of 𝑄̂𝑛 under such sequences of alternatives, of course trivially
allows one to obtain the resulting local asymptotic powers.

Theorem 3.3. In all regimes (i)–(iii), we have that, under P𝑛

𝜃0+𝜈𝑛𝜏,𝑟𝑛 ,𝜎2
𝑛

, where 𝜈𝑛 is the contiguity
rate associated with the underlying regime, 𝑄̂𝑛 is asymptotically non-central chi-square with 𝑑 degrees
of freedom and non-centrality parameter ∥𝜏∥2/𝑑 in regime (i),

exp(2𝜎2)
𝑑

(
(𝑑 − 2)2 + 1

𝜎2

)
∥𝜏∥2

in regime (ii), ∥𝜏∥2/𝑑 in regime (iii) with 𝑑 = 2, and (𝑑 − 2)2∥𝜏∥2/𝑑 in regime (iii) with 𝑑 ≥ 3.

For the sake of comparison, we now study the corresponding asymptotic non-null behaviors of two
classical tests that ignore the hyperspherical a priori information, namely the Hotelling test and the
spatial sign test. Recall that the Hotelling test rejects the null hypothesis H𝑛0 : 𝜃 = 𝜃0 at asymptotic
level 𝛼 when

𝑇2
𝑛 := 𝑛( 𝑋̄𝑛 − 𝜃0)′𝑆−1

𝑛 ( 𝑋̄𝑛 − 𝜃0) > 𝜒2
𝑑,1−𝛼,

where 𝑋̄𝑛 := 1
𝑛

∑𝑛
𝑖=1 𝑋𝑛𝑖 and 𝑆𝑛 := 1

𝑛

∑𝑛
𝑖=1 (𝑋𝑛𝑖 − 𝑋̄𝑛) (𝑋𝑛𝑖 − 𝑋̄𝑛)′ are the sample mean and sample

covariance matrix, respectively. As for the spatial sign test3 (see, e.g., Chapter 6 in Oja (2010)), it
rejects the null hypothesis at asymptotic level 𝛼 when

𝑊2
𝑛 := 𝑛𝑈̄′

𝑛 (𝜃0)𝑀−1
𝑛 𝑈̄𝑛 (𝜃0) > 𝜒2

𝑑,1−𝛼,

where 𝑈̄𝑛 (𝜃0) := 1
𝑛

∑𝑛
𝑖=1𝑈𝑛𝑖 (𝜃0) involves the “spatial signs”𝑈𝑛𝑖 (𝜃0) = 𝑍𝑛𝑖 (𝜃0)/∥𝑍𝑛𝑖 (𝜃0)∥, 𝑖 = 1, . . . , 𝑛

of the original observations with respect to 𝜃0, and where we let 𝑀𝑛 := 1
𝑛

∑𝑛
𝑖=1𝑈𝑛𝑖 (𝜃0)𝑈′

𝑛𝑖
(𝜃0). The

following results then describe the null and non-null asymptotic behaviors of these tests in all regimes.

3For the sake of simplicity, we will simply refer to this test as the “sign test” in the sequel.
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Theorem 3.4. (a) In all regimes (i)–(iii), we have that, under P𝑛

𝜃0 ,𝑟𝑛 ,𝜎
2
𝑛

, the test statistic 𝑇2
𝑛 is

asymptotically chi-square with 𝑑 degrees of freedom; (b) in all regimes (i)–(iii), we have that, un-
der P𝑛

𝜃0+𝜈𝑛𝜏,𝑟𝑛 ,𝜎2
𝑛

, where 𝜈𝑛 is the contiguity rate associated with the underlying regime, 𝑇2
𝑛 is asymp-

totically chi-square with 𝑑 degrees of freedom in regimes (i) and (iii), and non-central chi-square with 𝑑

degrees of freedom and non-centrality parameter 𝑑∥𝜏∥2/exp(2𝜎2) in regime (ii).

Theorem 3.5. (a) In all regimes (i)–(iii), we have that, under P𝑛

𝜃0 ,𝑟𝑛 ,𝜎
2
𝑛

, the test statistic 𝑊2
𝑛 is

asymptotically chi-square with 𝑑 degrees of freedom; (b) in all regimes (i)–(iii), we have that, un-
der P𝑛

𝜃0+𝜈𝑛𝜏,𝑟𝑛 ,𝜎2
𝑛

, where 𝜈𝑛 is the contiguity rate associated with the underlying regime, 𝑊2
𝑛 is asymp-

totically chi-square with 𝑑 degrees of freedom in regimes (i) and (iii), and non-central chi-square with 𝑑

degrees of freedom and non-centrality parameter (𝑑 − 1)2 exp(𝜎2)∥𝜏∥2/𝑑 in regime (ii).

This shows that both the Hotelling test and the sign test are blind to contiguous alternatives in
regimes (i) and (iii). Thus, in these regimes, taking into account the hyperspherical a priori informa-
tion allows the detection of less severe alternatives (in terms of rate) that classical tests cannot see.
In the standard regime (ii), on the contrary, these classical tests are rate-consistent, and their perfor-
mances can then be compared to those of the proposed test through asymptotic relative efficiencies
(AREs). As usual, AREs are obtained as ratios of the corresponding non-centrality parameters, so that,
in regime (ii), the AREs of the feasible optimal test 𝜙𝑛 with respect to the Hotelling test and with
respect to the sign test are given by

exp(4𝜎2)
𝑑2

(
(𝑑 − 2)2 + 1

𝜎2

)
and

exp(𝜎2)
(𝑑 − 1)2

(
(𝑑 − 2)2 + 1

𝜎2

)
, (3.5)

respectively. In Figure 1, we plot, for various dimensions 𝑑, the AREs in (3.5) as functions of the lim-
iting noise magnitude 𝜎2. Note that these AREs are compatible with the AREs in regimes (i) and (iii),
that may be considered infinite (all the curves in the right panel eventually diverge to infinity as 𝜎2

does). In any dimension 𝑑, the minimum of the AREs in (3.5) is strictly larger than one; the proposed
test therefore always strictly improves over the performance of its classical competitors. For 𝑑 = 2, this
minimal ARE is given by 𝑒 ≈ 2.718 both for the Hotelling test and for the sign test (the minimum is
achieved at 𝜎2 = 1/4 for the Hotelling test and at 𝜎2 = 1 for the sign test).

4. Adaptively optimal estimation

We turn to estimation of 𝜃. In the LAN framework of Theorem 2.1, an estimator 𝜃𝑛 will be considered
asymptotically optimal (see, e.g., Chapters 7 and 8 in van der Vaart (1998)) in a given regime if, for
any 𝜃, we have that, under P𝑛

𝜃,𝑟𝑛 ,𝜎
2
𝑛

,

𝜈−1
𝑛 (𝜃𝑛 − 𝜃) = Γ−1Δ𝑛 (𝜃) + 𝑜P (1), (4.1)

where 𝜈𝑛 and Γ are respectively the contiguity rate and information matrix associated with this regime.
From Theorem 2.1, 𝜈−1

𝑛 (𝜃𝑛 − 𝜃) is then asymptotically normal with mean zero and covariance ma-
trix Γ−1 (intuitively, asymptotic efficiency is thus related with the fact consistency is achieved at the
optimal rate and that the variance-covariance matrix of the corresponding asymptotic distribution is
equal to the inverse of the information matrix).
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Figure 1. AREs, for dimension 𝑑 = 2,3,6,10, of 𝜙𝑛 with respect to the Hotelling test (left) and with respect to the
sign test (right), as a function of the limiting noise magnitude 𝜎2 in regime (ii) (the corresponding AREs may be
considered infinite in regimes (i) and (iii)). In each panel, the dashed horizontal line shows the value one.

In the sequel, we will say that 𝜃𝑛, a preliminary estimator of 𝜃, is rate-consistent in a given regime
if and only if, for any 𝜃, we have that, under P𝑛

𝜃,𝑟𝑛 ,𝜎
2
𝑛

,

𝜈−1
𝑛 (𝜃𝑛 − 𝜃) =𝑂P (1),

still with the contiguity rate 𝜈𝑛 associated with this regime. Based on such a preliminary estimator, one
can consider the one-step estimator

𝜃𝑛 = 𝜃𝑛 + 𝜈̂𝑛Γ̂
−1
𝑛 Δ̂𝑛 (𝜃𝑛), (4.2)

where, writing 𝑟𝑛 := 𝑟𝑛 (𝜃𝑛) and 𝜎̂2
𝑛 := 𝜎̂2

𝑛 (𝜃𝑛) (see (3.2)–(3.3)), we let

𝜈̂𝑛 :=
𝑟𝑛√
𝑛
, Γ̂𝑛 =

exp(2𝜎̂2
𝑛)

𝑑

(
(𝑑 − 2)2 + 1

𝜎̂2
𝑛

)
𝐼𝑑 , (4.3)

and

Δ̂𝑛 (𝜃) := 𝜈̂𝑛

𝑛∑︁
𝑖=1

(
𝑑 + log ∥𝑍𝑛𝑖 (𝜃)∥ − log 𝑟𝑛

𝜎̂2
𝑛

)
𝑍𝑛𝑖 (𝜃)

∥𝑍𝑛𝑖 (𝜃)∥2 ·

Again, the statistician will not know what is the underlying regime, which is the reason why, irrespec-
tive of the underlying regime, the quantities 𝜈̂𝑛 and Γ̂𝑛 in (4.3) to be used in the one-step estimator (4.2)
are throughout associated with a fixed regime, namely the classical regime (ii)—this is in line with what
was done in (3.1) and (3.4) for hypothesis testing, where the test statistics are quadratic forms that are
throughout based on the Fisher information matrix associated with regime (ii).
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The following result is the key to study the asymptotic behavior of the one-step estimator above (see
Section S.4 for a proof).

Proposition 4.1. In any regime under which 𝜃𝑛 is rate-consistent, we have for any 𝜃 that, un-
der P𝑛

𝜃,𝑟𝑛 ,𝜎
2
𝑛

,

(𝑎) 𝜈𝑛 𝜈̂
−1
𝑛 Δ̂𝑛 (𝜃𝑛) − 𝜈𝑛 𝜈̂

−1
𝑛 Δ̂𝑛 (𝜃) = −𝜈−1

𝑛 Γ(𝜃𝑛 − 𝜃) + 𝑜P (1),

(𝑏) 𝜈𝑛 𝜈̂
−1
𝑛 Δ̂𝑛 (𝜃) − Δ𝑛 (𝜃) = 𝑜P (1),

and

(𝑐) 𝜈2
𝑛 𝜈̂

−2
𝑛 Γ̂𝑛 = Γ + 𝑜P (1),

where 𝜈𝑛 and Γ are the contiguity rate and information matrix associated with the underlying regime.

It readily follows from this result that, in any regime under which 𝜃𝑛 is rate-consistent, we have for
any 𝜃 that, under P𝑛

𝜃,𝑟𝑛 ,𝜎
2
𝑛

,

𝜈−1
𝑛 (𝜃𝑛 − 𝜃) = 𝜈−1

𝑛 (𝜃𝑛 − 𝜃) + 𝜈−1
𝑛 𝜈̂𝑛Γ̂

−1
𝑛 Δ̂𝑛 (𝜃𝑛)

= 𝜈−1
𝑛 (𝜃𝑛 − 𝜃) +

(
𝜈−2
𝑛 𝜈̂2

𝑛Γ̂
−1
𝑛

) (
𝜈𝑛 𝜈̂

−1
𝑛 Δ̂𝑛 (𝜃𝑛)

)
= 𝜈−1

𝑛 (𝜃𝑛 − 𝜃) + Γ−1 (Δ𝑛 (𝜃) − 𝜈−1
𝑛 Γ(𝜃𝑛 − 𝜃)

)
+ 𝑜P (1)

= Γ−1Δ𝑛 (𝜃) + 𝑜P (1).

This shows that the asymptotic behavior in probability of the one-step estimator in (4.2) does not
depend on the particular preliminary estimator that is used, and that this behavior is the optimal one
in (4.1). The consistency rate of the one-step estimator is the standard one in the classical regime (ii),
but it coincides with the faster rates that were obtained in regimes (i) and (iii) for hypothesis testing.

Jointly with the asymptotic normality of Δ𝑛 (𝜃) in Theorem 2.1, we actually proved the following
result.

Theorem 4.1. In any regime under which 𝜃𝑛 is rate-consistent, we have for any 𝜃 that, under P𝑛

𝜃,𝑟𝑛 ,𝜎
2
𝑛

,

𝜈−1
𝑛 (𝜃𝑛 − 𝜃) = Γ−1Δ𝑛 (𝜃) + 𝑜P (1) →D N(0,Γ−1),

where 𝜈𝑛 and Γ are the contiguity rate and information matrix associated with the underlying regime.

While this result takes a form that may seem classical in Le Cam’s one-step estimation, we empha-
size that the multi-regime structure it covers, as well as the implicit requirement that the preliminary
estimator exhibits different consistency rates across regimes, makes this result highly non-standard. It
should also be noted that, remarkably, this result does not require that the preliminary estimator is “lo-
cally asymptotically discrete”, which is a classical assumption in the framework of one-step estimation
under local asymptotic normality; see, e.g., Kreiss (1987), Hallin, Oja and Paindaveine (2006), Ilmonen
and Paindaveine (2011), or Hallin, Paindaveine and Verdebout (2014). Note also that Theorem 4.1 and
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Proposition 4.1(c) entail that, in any regime under which 𝜃𝑛 is rate-consistent, we have for any 𝜃 that,
under P𝑛

𝜃,𝑟𝑛 ,𝜎
2
𝑛

,

𝜈̂−2
𝑛 (𝜃𝑛 − 𝜃)′Γ̂𝑛 (𝜃𝑛 − 𝜃) = (𝜈−1

𝑛 (𝜃𝑛 − 𝜃))′ (𝜈2
𝑛 𝜈̂

−2
𝑛 Γ̂𝑛) (𝜈−1

𝑛 (𝜃𝑛 − 𝜃))

= (𝜈−1
𝑛 (𝜃𝑛 − 𝜃))′Γ(𝜈−1

𝑛 (𝜃𝑛 − 𝜃)) + 𝑜P (1)

→D 𝜒2
𝑑 .

A direct corollary is that, in any regime under which 𝜃𝑛 is rate-consistent, the hyper-ellipsoid{
𝜃 ∈ R𝑑 : (𝜃 − 𝜃𝑛)′Γ̂𝑛 (𝜃 − 𝜃𝑛) ≤ 𝜈̂2

𝑛𝜒
2
𝑑,1−𝛼

}
is an asymptotic confidence zone for 𝜃 at confidence level 1− 𝛼. Thus, the construction above does not
only provide a solution to point estimation but also to confidence zone estimation.

Theorem 4.1 shows that adaptively optimal estimation can be achieved provided that a prelimi-
nary estimator 𝜃𝑛 that is rate-consistent in all regimes is available. A natural choice is the sample
mean 𝑋̄𝑛 =

1
𝑛

∑𝑛
𝑖=1 𝑋𝑛𝑖 . However, a relatively straightforward application of the Lindeberg CLT shows

that, under P𝑛

𝜃,𝑟𝑛 ,𝜎
2
𝑛

,

√
𝑛

𝑟𝑛 exp(𝜎2
𝑛)

( 𝑋̄𝑛 − 𝜃) →D N𝑑

(
0,

1
𝑑
𝐼𝑑

)
;

see (S.3.3). Consequently, this preliminary estimator is rate-consistent in regime (ii), but not in
regimes (i) and (iii). This discards this choice of 𝜃: again, since we do not know what is the underlying
regime, we should indeed identify a preliminary estimator that is rate-consistent in as many regimes as
possible.

We now construct a preliminary estimator that is rate-consistent in regimes (i)–(ii), hence can be used
to perform adaptively optimal estimation in these regimes. For the sake of simplicity, write below 𝜀𝑛1 =

log ∥𝑍𝑛1 (𝜃)∥ − log 𝑟𝑛 and 𝑈𝑛1 =𝑈𝑛1 (𝜃), where 𝜃 is the true value of the location parameter. For any 𝑑-
vector 𝜗, we then have, under P𝑛

𝜃,𝑟𝑛 ,𝜎
2
𝑛

,

∥𝑍𝑛1 (𝜗)∥2 = ∥𝑟𝑛𝑒𝜀𝑛1𝑈𝑛1 + (𝜃 − 𝜗)∥2 = 𝑟2
𝑛𝑒

2𝜀𝑛1 + ∥𝜃 − 𝜗∥2 + 2𝑟𝑛𝑒𝜀𝑛1 (𝜃 − 𝜗)′𝑈𝑛1,

hence also

Var[∥𝑍𝑛1 (𝜗)∥2] = E[{∥𝑍𝑛1 (𝜗)∥2 − E[∥𝑍𝑛1 (𝜗)∥2]}2]

= 𝑟4
𝑛Var[𝑒2𝜀𝑛1 ] + 4𝑟2

𝑛

𝑑
E[𝑒2𝜀𝑛1 ] ∥𝜃 − 𝜗∥2.

Consequently,

𝜃 = arg min
𝜗∈R𝑑

Var[∥𝑍𝑛1 (𝜗)∥2],

which makes it natural to consider the estimator

𝜃𝑛 := arg min
𝜗∈R𝑑

1
𝑛

𝑛∑︁
𝑖=1

(
∥𝑍𝑛𝑖 (𝜗)∥2 − 1

𝑛

𝑛∑︁
𝑖=1

∥𝑍𝑛𝑖 (𝜗)∥2
)2

. (4.4)
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We have the following result.

Proposition 4.2. (a) The estimator in (4.4) is uniquely defined (almost surely under any P𝑛

𝜃,𝑟𝑛 ,𝜎
2
𝑛

) and
admits the closed-form expression

𝜃𝑛 =
1
2
𝑆−1
𝑛 𝑇𝑛, (4.5)

where 𝑆𝑛 still denotes the sample covariance matrix of 𝑋𝑛𝑖 , 𝑖 = 1, . . . , 𝑛, and where

𝑇𝑛 :=
1
𝑛

𝑛∑︁
𝑖=1

(𝑑𝑛𝑖 − 𝑑𝑛) (𝑋𝑛𝑖 − 𝑋̄𝑛)

is the sample covariance vector between 𝑑𝑛𝑖 := ∥𝑋𝑛𝑖 ∥2, 𝑖 = 1, . . . , 𝑛 and 𝑋𝑛𝑖 , 𝑖 = 1, . . . , 𝑛. (b) This
estimator is rate-consistent in regimes (i)–(ii).

Jointly with Theorem 4.1, this result settles the problem of optimal estimation in regimes (i)–(ii).
A close inspection of the proof of Proposition 4.2(b), however, reveals that the preliminary estimator
in (4.4) is not rate-consistent in regime (iii). Existence of a preliminary estimator that would be rate-
consistent in all three regimes remains an open question. Yet we conjecture that the estimator

𝜃𝑛 := arg min
𝜗∈R𝑑

𝜎̂2
𝑛 (𝜗)

(see (3.3)) is rate-consistent in all regimes (i)–(iii). Unfortunately, the lack of a closed-form expression
makes the study of the asymptotic behavior of this estimator challenging in the non-standard regimes (i)
and (iii). Even if this estimator is indeed rate-consistent in all regimes, the preliminary estimator in (4.4)
remains the best solution if one restricts to the important regimes (i)–(ii), in view of its closed-form
expression in Proposition 4.2(a).

5. Monte Carlo simulations

In this section, we perform several Monte Carlo exercises in order to investigate the finite-sample
relevance of our asymptotic results. We first consider hypothesis testing (Section 5.1), then turn to
point estimation (Section 5.2).

5.1. Hypothesis testing

Without any loss of generality, we focused throughout on the null hypothesis associated with 𝜃0 = 0
and on alternatives for which 𝜏 is a multiple of 𝑒1, the first vector of the canonical basis of R𝑑 . We
started with Monte Carlo exercises in regime (i), where we took 𝑟𝑛 = 1 and 𝜎2

𝑛 = 1/𝑛2. We generated
several collections of 𝑀 = 5000 mutually independent 𝑑-variate samples from P𝑛

𝜃0+𝜈𝑛𝜏,𝑟𝑛 ,𝜎2
𝑛

, for any
combination of 𝑛 = {100,1000}, 𝑑 ∈ {2,6,10}, and 𝜏 ∈ {𝑐𝑑ℓ𝑒1 : ℓ = 0,1,2, . . . ,20}. The value ℓ = 0
corresponds to the null hypothesis, whereas ℓ = 1, . . . , 20 provide increasingly severe alternatives; here,
the values of 𝑐𝑑 , namely 𝑐2 = .3, 𝑐6 = .6 and 𝑐10 = .9, were chosen in such a way that the largest
asymptotic powers reached are roughly the same for the various dimensions 𝑑 (the exact values of 𝑐𝑑
are of course unimportant; we provide them for reproducibility purposes only). In each random sample,
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we then performed four tests at asymptotic level 5% for the null hypothesis H𝑛0 : 𝜃 = 𝜃0, namely (a)
the oracle test 𝜙𝑛, (b) its feasible version 𝜙𝑛, (c) the sign test, and (d) the Hotelling test.

The resulting rejection frequencies are plotted in Figure 2, where the corresponding asymptotic
power curves (obtained from Theorems 3.3–3.5) are also provided. Under the null hypothesis (ℓ = 0),
the oracle test, the feasible test, and the sign test have rejection frequencies close to the significance
level of 5% in all considered scenarios. In contrast, the Hotelling test is liberal for the small sample
size in dimensions 𝑑 = 6 and 𝑑 = 10. For 𝑛 = 1000, all four tests show null rejection frequencies that
agree with the significance level of 5%, in line with our asymptotic results. Turning to power behav-
ior, for 𝑛 = 1000, empirical power curves perfectly agree with asymptotic power curves in the present
regime (i), which supports our theoretical results and confirms that the sign and Hotelling tests are
blind to contiguous alternatives in this regime.

We turn to regime (ii), where we took 𝑟𝑛 = 1 and 𝜎2
𝑛 = 0.01. We still generated collections of 𝑀 =

5000 mutually independent 𝑑-variate samples from P𝑛

𝜃0+𝜈𝑛𝜏,𝑟𝑛 ,𝜎2
𝑛

as above, now for any combination

of 𝑛 = {100,1000}, 𝑑 ∈ {2,6,10}, and 𝜏 ∈ {𝑐𝑑ℓ𝑒1 : ℓ = 0,1, . . . ,20}, with 𝑐2 = .03, 𝑐6 = .06 and 𝑐10 =

.07. The resulting empirical and asymptotic power curves of the same four tests are plotted in Figure 3.
In terms of calibration, results are similar to regime (i): the oracle test, feasible test, and sign test show
null rejection frequencies that agree with the significance level of 5% in all cases, whereas the Hotelling
test over-rejects for the smallest sample size and 𝑑 = 6 and 𝑑 = 10. For 𝑛 = 1000, this calibration problem
is solved and all four tests show null rejection frequencies similar to 5%. Regarding power behavior, the
agreement between empirical and asymptotic power curves of the proposed oracle and feasible tests is
here good even at the small sample size 𝑛 = 100, and both curves match perfectly for the larger sample
size, which again confirms our asymptotic results. Even in this framework where competing tests show
non-trivial powers against contiguous alternatives, their performances are poor compared to those of
the proposed tests, particularly so for the sign test.

Finally, we consider regime (iii), with 𝑟𝑛 = 1 and 𝜎2
𝑛 = (log𝑛)/5 (which is compatible with the

condition that exp((4 + 𝜀)𝜎2
𝑛) = 𝑜(𝑛) for some 𝜀 > 0). We again generated collections of 𝑀 = 5000

mutually independent 𝑑-variate samples from P𝑛

𝜃0+𝜈𝑛𝜏,𝑟𝑛 ,𝜎2
𝑛

as above, now for any combination of 𝑛 =
{100,1000,106}, 𝑑 ∈ {2,6,10}, and 𝜏 ∈ {𝑐𝑑ℓ𝑒1 : ℓ = 0,1, . . . ,20}, with 𝑐2 = 1.5, 𝑐6 = .8 and 𝑐10 = .55.
The resulting empirical and asymptotic power curves of the same four tests are plotted in Figure 3.
Regarding calibration in this regime, all four tests show null rejection frequencies close to 5%, except
for the smallest sample size and 𝑑 = 10, where the Hotelling, oracle, and feasible tests are very slightly
liberal. This deviation is rapidly corrected as sample size gets larger, and all tests have null rejection
frequencies very close to 5% for 𝑛 = 1000 and 𝑛 = 106, confirming again our asymptotic results. Turning
to power behavior, once more, empirical and asymptotic power curves agree for the largest sample size,
but clearly the asymptotics seems to kick in more slowly than in regimes (i)–(ii) (and in particular,
the agreement is still not great for 𝑑 = 2 at the largest sample size considered here). The results in
particular confirm that the sign and Hotelling tests are asymptotically blind to contiguous alternatives
in regime (iii). It should be noted that, not only in the present regime (iii) but also in both other regimes,
the difference in empirical power curves between the oracle and feasible tests is very small for 𝑛 = 100
and almost nil for larger sample sizes.

5.2. Point estimation

For point estimation, we considered three setups, namely (i) 𝜎2
𝑛 = 1/𝑛2, (i)′ 𝜎2

𝑛 = 1/𝑛 and (ii) 𝜎2
𝑛 = .1

(again, 𝑟𝑛 = 1 was used in each case). As the notation suggests, the first two setups correspond to
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Figure 2. Empirical power curves (solid lines) of the oracle test 𝜙𝑛, its feasible version 𝜙𝑛, the sign test and
the Hotelling test, obtained under null and non-null samples in regime (i): 𝜎2

𝑛 = 1/𝑛2. Each empirical power is
obtained from a collection of 5000 mutually independent samples; see Section 5.1 for details. The asymptotic
power curves (dashed lines) are provided for the sake of comparison. The significance level of 5% (solid black
line) is plotted for reference.

regime (i), whereas the third one is associated with regime (ii). In each setup, we fixed 𝜃 = 0 (this is
without loss of generality since all estimators we will consider are translation-equivariant) and we gen-
erated 𝑀 = 5000 mutually independent 𝑑-variate random samples from P𝑛

𝜃,𝑟𝑛 ,𝜎
2
𝑛

for any combination
of 𝑛 = {100,1000} and 𝑑 ∈ {2,6,10}. In each of the resulting samples, we then evaluated the following
four estimators of 𝜃: the sample mean 𝑋̄𝑛, the one-step estimator 𝜃𝑛 ( 𝑋̄𝑛) using the sample mean as a
preliminary estimator, the preliminary estimator 𝜃𝑛 in (4.4), and the corresponding one-step estima-
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Figure 3. Empirical power curves (solid lines) of the oracle test 𝜙𝑛, its feasible version 𝜙𝑛, the sign test and the
Hotelling test, obtained under null and non-null samples in regime (ii): 𝜎2

𝑛 = 0.01. Each empirical power is still
obtained from a collection of 5000 mutually independent samples; see Section 5.1 for details. The asymptotic
power curves (dashed lines) are provided for the sake of comparison. The significance level of 5% (solid black
line) is plotted for reference.

tor 𝜃𝑛 (𝜃𝑛). For each estimator, 𝜃𝑛 say, Figure 5 provides the boxplots of the corresponding normalized
squared estimation errors

∥𝜈−1
𝑛 (𝜃 (𝑚)

𝑛 − 𝜃)∥2, 𝑚 = 1, . . . , 𝑀, (5.1)

where 𝜃 (𝑚)
𝑛 denotes the estimator 𝜃𝑛 evaluated in the 𝑚th generated random sample and where normal-

ization is performed with respect to the contiguity rate 𝜈𝑛 associated with the underlying regime.
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Figure 4. Empirical power curves (solid lines) of the oracle test 𝜙𝑛, its feasible version 𝜙𝑛, the sign test and the
Hotelling test, obtained under null and non-null samples in regime (iii): 𝜎2

𝑛 = (log𝑛)/5. Each empirical power is
still obtained from a collection of 5000 mutually independent samples; see Section 5.1 for details. The asymptotic
power curves (dashed lines) are provided for the sake of comparison. The significance level of 5% (solid black
line) is plotted for reference.

The results are perfectly in line with our asymptotic results and further reveal interesting finite-
sample behaviors:

• In setup (ii), both preliminary estimators are rate-consistent, hence can be used in the proposed
one-step construction. It is seen that the error distributions of the corresponding one-step esti-
mators do not depend on the preliminary estimator that is used, as predicted by our asymptotic
theory. The results also show that the improvement compared to the preliminary estimator may
be huge; this is the case with respect to 𝑋̄𝑛 for 𝑑 = 2 and with respect to the preliminary estima-
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tor 𝜃𝑛 in (4.4) in all dimensions (but impressively so in higher dimensions where this estimator is
actually very poor).

• In setups (i) and (i)′, the sample mean is not rate-consistent, so that our asymptotic results re-
main silent about the behavior of the corresponding one-step estimator. And indeed it is seen that
this one-step estimator behaves extremely poorly in Setup (i), and in particular does not provide
the same error distribution as the one-step estimator based on the (rate-consistent) preliminary
estimator in (4.4). The situation is better in setup (i)′, but this is only due to the fact that, at
the finite-sample sizes considered, setup (i)′ is not so far from the setup (ii) where 𝑋̄𝑛 is a per-
fectly valid preliminary estimator. Now, it is easy to see from the proof of Proposition 4.2 that,
in regime (i), the limit, as 𝑛 diverges to infinity, of the variance-covariance matrix of (𝜈−1

𝑛 ×)
the preliminary estimator in (4.4) coincides with the inverse of the Fisher information matrix in
regime (i). Recalling Theorem 4.1, this explains that, at least for the larger sample size 𝑛 = 1000,
no improvement seems to result from the one-step construction. Interestingly, an improvement is
still obtained for 𝑛 = 100 and 𝑑 = 10 in setup (i)′.

In all cases, it is seen that the magnitude of normalized squared estimation errors is the same at
both sample sizes considered, which is compatible with the fact that the consistency rate is indeed the
one associated with the contiguity rate 𝜈𝑛 of the underlying regime. As a conclusion, these empirical
findings indeed fully support our asymptotic results and indicate that the one-step estimator based on
the preliminary estimator in (4.4) is, both in regimes (i) and (ii), an excellent estimator in the considered
distributional framework.

6. Wrap up and perspectives for future research

In this work, we considered noisy directional data, that is, data that deviate from their natural hyper-
spherical sample space due to some radial noise, and we tackled inference problems on the centre 𝜃 of
the unknown, latent, hypersphere. We here briefly summarize what our theoretical results revealed in
this context: first, consistency rates depend crucially on whether the noise magnitude (i) converges to
zero, (ii) converges to a positive value, or (iii) diverges to infinity.4 As expected, consistency rates are
faster in regime (i) than in regime (ii); yet surprisingly at first, they are also faster in regime (iii) than in
regime (ii). Second, we could define adaptively optimal inference procedures, that is, procedures that
achieve Le Cam optimality in all regimes (i)–(iii). Third, efficiency bounds are the same in both setups
where the radius of the underlying manifold is specified or unspecified, that is, the unspecification of
this radius has no asymptotic cost in terms of efficiency. Fourth and last, the hyperspherical a priori
information is precious to perform inference on 𝜃: in regime (ii), classical procedures that ignore this
a priori information are rate-consistent yet pay a positive price in terms of efficiency, whereas, in the
less standard regimes (i) and (iii), they are not even rate-consistent. This fully answers the questions we
had raised in the introduction of the paper.

Perspectives for future research are rich and diverse. While our asymptotic investigation is exten-
sive in the considered framework where the dimension 𝑑 was fixed, one could think of tackling the
corresponding high-dimensional situation where the dimension 𝑑 = 𝑑𝑛 diverges to infinity with 𝑛. Of

4While contiguity rates also depend on the radius 𝑟𝑛, this quantity does not provide further regimes (it was unclear a priori that
only 𝜎𝑛 would discriminate between the various asymptotic regimes, and this is thus another point our asymptotic investigation
reveals).
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Figure 5. For any combination of a sample size 𝑛 = {100,1000} and a dimension 𝑑 ∈ {2,6,10}, this figure provides
boxplots of the normalized squared estimation errors in (5.1) for four estimators obtained from 5000 mutually
independent random samples generated with (i) 𝜎2

𝑛 = 1/𝑛2, (i)′ 𝜎2
𝑛 = 1/𝑛 and (ii) 𝜎2

𝑛 = .1. The estimators that
are considered are the sample mean 𝑋̄𝑛, the preliminary estimator 𝜃𝑛 in (4.4), and both corresponding one-step
estimators 𝜃𝑛; see Section 5.2 for details.

course, the dimension of the parameter of interest 𝜃 would then depend on 𝑛, which is in principle
incompatible with Le Cam’s asymptotic theory; in the spherically symmetric distributional framework
adopted in this work, a reduction via invariance arguments, such as the one conducted in Paindaveine
and Verdebout (2020a), might take care of this issue. Now, it is part of the folklore in high dimensions
that radii (distances to the location centre) are eventually unimportant for inference on location and
that, in this sense, directions from the centre become sufficient statistics. Since the only differences
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between regimes (i)–(iii) above are in terms of radii, this would suggest that, in sharp contrast with the
low-dimensional setup, no gain would then be obtained from the hyperspherical a priori information in
the high-dimensional setup. Whether this is the case or not is of course totally unclear and deserves a
careful theoretical investigation, all the more so that the AREs of our optimal tests with respect to the
sign test in (3.5) actually suggest otherwise (would the hyperspherical a priori information be useless
in higher dimensions, then these AREs should typically converge to one as 𝑑 diverges to infinity, which
is not the case).

Back in the low-dimensional case, another possible avenue for future research is to broaden the
distributional framework we restricted to in the present paper. In this first work on the topic, it was
natural to consider a parametric framework to fix ideas. But of course, one might alternatively adopt
a semiparametric model, in which the distribution of the radial noise would remain unspecified. To
be more specific, the random variable 𝜀𝑛𝑖 in (1.1) would then be assumed to admit a density of the
form 𝑧 ↦→ 𝜎−1

𝑛 𝑓 (𝑧/𝜎𝑛), where (in order to avoid moment assumptions:) 𝑓 is a density with median
zero and median absolute deviation one (this defines a slightly different noise magnitude quantity than
in the parametric case considered in the present paper, but the difference is of course irrelevant). It
would obviously be of high interest to identify which of our results extend to this semiparametric
framework and, in contrast, which tightly depend on the Gaussian assumption we made in the present
paper. Preliminary investigations suggest that the consistency rates obtained in regimes (i)–(ii) do not
depend on 𝑓 , whereas those in regime (iii) do. This semiparametric framework also raises the prob-
lem of defining doubly-adaptive inference procedures, that would combine semiparametric adaptivity
(that is, adaptivity in the unknown 𝑓 ) with the adaptivity in the noise magnitude 𝜎2

𝑛 we considered
in this paper. Finally, rank-based procedures would also be natural to consider in this unspecified- 𝑓
framework. Like the high-dimensional case, however, this semiparametric extension calls for entirely
different techniques, hence is left for future research work.
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Supplementary Material

Supplement to “Inference on location for noisy directional data: A Le Cam approach to quantify
the value of the hyperspherical a priori information"
In this supplement, we prove all results of the present paper.
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