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Abstract

Asymptotic linearity plays a key role in estimation and testing in the presence of nuisance
parameters. This property is established, in the very general context of a multivariate
general linear model with elliptical VARMA errors, for the serial and nonserial multivariate
rank statistics considered in Hallin and Paindaveine (2002a and b, 2004a) and Oja and
Paindaveine (2004). These statistics, which are multivariate versions of classical signed rank
statistics, involve (i) multivariate signs based either on (pseudo-)Mahalanobis residuals, or on
a modified version (absolute interdirections) of Randles’s interdirections, and (ii) a concept
of ranks based either on (pseudo-)Mahalanobis distances or on lift-interdirections.

Running title: ASYMPTOTIC LINEARITY OF MULTIVARIATE RANK STATISTICS.
Keywords: asymptotic linearity; interdirections; lift-interdirections; linear models; multivari-
ate ranks; multivariate signs; VARMA models.

1 Introduction.

1.1 Rank-based inference for multivariate observations.

Whereas the classical univariate theory of rank-based inference (rank tests and R-estimation)
presents a pretty complete and coherent body of methods applicable to a variety of models,
ranging from simple location and scale problems to general linear and time series models, the
corresponding multivariate theory is much less systematic and elaborate. The reason for this
relative underdevelopment certainly lies in the difficulty of defining an adequate multivariate
concept of ranks. And indeed, except for the theory of componentwise ranks (see Puri and
Sen 1971 for a systematic account), which suffers a severe lack of affine invariance, the results
in the area are rather piecemeal, scattered, and incomplete.

Recently, however, the subject has received renewed attention. Hettmansperger et al. (1994,
1997), Méttonen et al. (1995, 1997, 1998), Oja (1999), Ollila et al. (2001), and Visuri et al. (2003)
are proposing estimation and testing methods based either on spatial signs and ranks, or on an
affine-equivariant concept of signs and ranks related with the well-known Oja (1983) median.
Randles (1989), Peters and Randles (1990), Randles and Peters (1991), Jan and Randles (1994),
Randles and Um (1998) are proposing affine-invariant multivariate signed rank procedures based
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on Randles (1989)’s concept of interdirections (a multivariate sign concept) and the ranks of
Mahalanobis distances. Their procedures require elliptically symmetric errors, while Oja’s are
valid under a more general assumption of central symmetry. Another approach to multivariate
ranks can be based on concepts of (preferably affine-invariant) data depth—see Liu (1990), Liu
et al. (1999), or Zuo and Serfling (2000) for a discussion.

Invariance, in this strand of literature, is mainly considered in connection with robustness (as
opposed to efficiency). Moreover, all methods are restricted to location and regression models
with independent observations. Inspired by Le Cam’s asymptotic theory of statistical experi-
ments, a different point of view is taken in a series of papers by Hallin and Paindaveine (2002a,
b, and c; 2004a) and Oja and Paindaveine (2004), where, based on the same concepts of multi-
variate signs and ranks as above, locally asymptotically optimal procedures are developed for a
broader class of models, including multivariate time series ones.

All these results however only address those testing problems for which exact residuals can be
computed under the null hypothesis—essentially, thus, null hypotheses of the form @ = 8y, under
which the parameter of interest € is completely specified. In practice, null hypotheses of interest
seldom are of that type, and usually consist in imposing some limited number of constraints
under which  still remains partially unspecified. The univariate literature on ranks then usually
proposes tests based on the so-called aligned ranks, computed from estimated residuals. The key
result in the study of the asymptotic behavior of these aligned ranks is an asymptotic linearity
property of the test statistics under consideration : see Jureckovd (1969), van Eeden (1972),
Heiler and Willers (1988), Koul (1992), Hallin and Puri (1994), and many others for univariate
rank and signed rank results of the same type. Despite of its purely theoretical nature, such a
result is thus of considerable importance for the applications.

The purpose of this paper is to derive an asymptotic linearity property in the multivari-
ate case, for the serial and nonserial statistics proposed in Hallin and Paindaveine (2002a, b,
and c; 2004a) and Oja and Paindaveine (2004). Asymptotic linearity only makes sense in the
context of a given model. This model thus should be as general as possible. The multivariate
(multiresponse) linear model with VARMA error terms we are considering here encompasses all
situations in which rank-based procedures have been considered so far. The resulting multivari-
ate aligned rank tests are constructed in a companion paper (Hallin and Paindaveine 2004b).

The paper is organized as follows. In Section 2, we define the various concepts of multi-
variate signs—pseudo-Mahalanobis signs or (absolute) interdirections—and ranks—the pseudo-
Mahalanobis and the lift-interdirection ones—to be used in the sequel, and provide the corre-
sponding asymptotic representation results. Section 3 deals with the linear model with VARMA
errors, its uniform local asymptotic normality, and the regularity assumptions under which this
property holds. In Section 4, we establish the asymptotic linearity of the statistics under study,
which is the main result of this paper. Technical proofs are concentrated in an Appendix (Sec-
tion 5).

2 Multivariate ranks, multivariate signs, and rank-based statis-
tics.
2.1 Serial and nonserial statistics.

Let Z := (Z,...,Z,) be an n-tuple of i.i.d. k-variate random vectors. Denoting by ¥ a symmet-
ric positive definite k x k matrix (the scatter matriz), and by f : Rar — R™ a nonnegative function



(the radial density) such that f > 0 a.e. and [5° r*=1f(r)dr < oo, we assume throughout that
Z has an elliptical density. More precisely, we make the following assumption.

ASSUMPTION (Al). Z has an elliptical density, of the form []7_ f(z; Z, f), (z1,...,2,) € R,
where
f(#2, f) = cr s (detB)"2 f(|z]g), =R~ (2.1)

As usual, ||z]|g := (z/£7'2)"/? denotes the norm of z in the metric associated with ¥. The con-
stant ¢y ¢ is the normalization factor (wy pk—1,7) !, where wy stands for the (k — 1)-dimensional
Lebesgue measure of the unit sphere S¥=1 C R¥, and py.¢ := [{°r!f(r) dr

Here and in the sequel, we write 212 for the unique upper-triangular k£ x k array with

positive diagonal elements satisfying £7! = (E_l/ 2)/2_1/ 2. Each vector Z; decomposes into
Z; = dy(Z)EY?UE), where dy(Z) = ||Z|s, and Uy (E) := £72Z,/dy(8). Note that
Ui(2),..., Uy(®) are i.i.d., and uniformly distributed over S¥~1, hence generalizing the tradi-
tional concept of signs : we henceforth call them multivariate signs. Similarly, dy (X), ..., d,(X)
are i.i.d. with probability density function

fk(’l‘) = (:U’kfl;f)il rkilf('r) I[r>0]7 r €R, (22)

where I4 stands for the indicator function of the set A. Denote by Fj the corresponding
distribution function.

The uniform local asymptotic normality (ULAN) property of the multiresponse linear model
with elliptical VARMA errors and the structure of the corresponding central sequence (see
Section 5.1) imply that all the relevant information (in this very general framework) about the
serial component of the model is contained in generalized cross-covariance matrices of the form

0 = (i) ' [ 3 Ky d(®)Kaldo(B) Uu®U)(2) | 52, i=1,. 01,
t=i+1

(2.3)

where K1 and K are adequate real-valued score functions. The intuitive interpretation of such

matrices is clear: letting indeed K;(d) = Ks(d) = d, I‘(n) s i reduces to (n —1)~ DY SNV /A

= E_ICE”), where Cz(n) (taking into account the fact that centering of the Z,’s is not required)
is the traditional lag-i-cross-covariance matrix. The functions K; and Ky thus are weighting
the observations according to their distances from the origin, bringing some flexibility in the
assessment of serial cross-dependencies—a flexibility that allows for improving either robustness,
or efficiency.

For the trend part of the model, this information is contained in nonserial statistics of the
form

AggK (n—) =2 Ko(d(D) Uy(Z) %, K™, i=0,...,n—1, (2.4)
t=1+1

where K again is an adequate score function, whereas x;_iK(”) are nonrandom weights related
with the regression constants in the model. The intuitive interpretation of those nonserial
statistics is very much the same as that of the serial ones (2.3). For Ky(d) = d, they are directly
related to linear regression coefficients; here again, the function K allows for weighting the
observations according to their distances to the origin.



2.2 Pseudo-Mahalanobis signs and ranks.

Both the serial statistics in (2.3) and the nonserial ones in (2.4) are measurable with respect to

(a) the distances dy(X) between the sphericized vectors £~'/2Z, and the origin in R¥ which,
under the assumptions made, are i.i.d. over the positive real line, so that their ranks have
the same distribution-freeness and maximal invariance properties as those of the absolute
values of any univariate symmetrically distributed univariate n-tuple, and

(b) the multivariate signs Uy(8) := £7V/2Z,/dy(X) which, under the same conditions, are
uniformly distributed over the unit sphere.

These quantities however both involve the (generally unknown) scatter matrix X. If finite
second-order moments exist, a “natural” root-n consistent candidate for estimating ¥ is the
empirical covariance matrix n=* Y7 ZtZ;. The robustness properties of empirical covariances
however are rather poor, and finite second-order moments need not exist. More generally, we
thus assume the following.

AssuMPTION (B1). A sequence £ of estimators of £ exists, such that

(i) va(E"

—aX) = 0p(1) as n — oo for some positive real a, and
(ii) £ s invariant under permutations and reflections (with respect to the origin in R¥) of
the vectors Z;.

Assumption (B1) will be sufficient for the asymptotic linearity result in Section 4. However, the

affine-equivariance of the proposed nonparametric versions of (2.3) and (2.4) also requires the
following equivariance assumption on f)(n).

ASSUMPTION (B2). The estimator ¥ = Z:)(n) Is quasi-affine-equivariant, in the sense that, for all
k x k full-rank matrix M, £(M) = d MEM/, where X(M) stands for the statistic ¥ computed
from the n-tuple (MZq,...,MZ,), and d denotes some positive scalar that may depend on M
and on the sample (Z;, t = 1,...,n), but not on t.

o~

Under Assumption (B2), the pseudo-Mahalanobis distances di(2) := || Zq[|g = (z;f:’lzt)l/ 2

t =1,...,n are quasi-affine-invariant, in the sense that | MZ;, = d_l/QHZtHﬁ. The word

“quasi” stresses that the equivariance/invariance properties of ¥ and d;(¥) hold up to some
scalar factor, that does not depend on t. This factor, however, disappears when considering
the ranks Ry, t = 1,...,n of the dt(fi)’s. Therefore, these ranks are strictly affine-invariant
(that is, affine-invariant in the usual sense): call them the pseudo-Mahalanobis ranks. The
corresponding multivariate signs W, := Uy (EAJ) will be referred to as pseudo-Mahalanobis signs.
The terminology Mahalanobis signs and Mahalanobis ranks will be used in case ¥ is the classical
covariance matrix.

Denoting, by p
2—1/2

1/2 ~—1/2
/ (M) the statistic X / computed from the n-tuple (MZq,...,MZ,),

under Assumption (B2) enjoys the equivariance property

2—1/2 1/

(M) = d-208" "M, (2.5)

where O is some k x k orthogonal matrix (for a proof, see Randles 2000, page 1267).



For each ¥ and n, the group of continuous monotone radial transformations
gé”) = {gén)}, acting on (RF)" and characterized by

0\ (Zn, .., Zn) = (9(di(B) BV2UL(D), ., (da(D) B/2UL(D)) (2.6)
where g : R™ — RT is a continuous monotone increasing function such that g(0) = 0 and

lim, . g(r) = 00, is a generating group for the family of elliptical densities |, {H?:l OB f) }

Denote by R;(%) the rank of the distance dE”) (2) = ||Z¢||g among d&”) (2),..., i (2): the vector
of multivariate signed ranks (Uy(X),... ,Un(E),Rgn) (2),... RV (X)) constitutes a maximal
invariant for the corresponding group gg‘) of radial transformations. These genuine ranks cannot
be computed from Zjy,...,Z,. However, they can be consistently recovered by considering the
pseudo-Mahalanobis ranks RS”), as shown by the following result (see Peters and Randles 1990
for a proof).

Lemma 2.1 Assume that Assumptions (A1) and (B1) hold. Then, for allt, (Etn) - Rgn) (2))

is op(n) as n — oo.

The pseudo-Mahalanobis signs Wﬁ") = Ut(f)(n)) are obviously invariant under gg‘), irre-
spective of the true value of ¥. They also are affine-equivariant in the following sense : if
Wgn)(M) denotes a sign computed from (MZq,...,MZ,), then Wgn)(M) = OWEn), where O
is the orthogonal matrix involved in (2.5). Finally, the following consistency result is proved in
Hallin and Paindaveine (2004a).

Lemma 2.2 Assume that Assumptions (A1) and (B1) hold. Then, for allt, Wﬁ”)—Ut”) (%) is
Op(n=1?) as n — oo.

For k = 1, pseudo-Mahalanobis ranks and pseudo-Mahalanobis signs clearly reduce to the
ranks of absolute values and traditional signs, respectively.

2.3 Hyperplane-based signs and ranks.

Pseudo-Mahalanobis signs and ranks were entirely based on an estimation of the underlying
scatter matrix. A completely different approach can be based on counts of hyperplanes, and
leads to a modification of Randles’ s interdirections (namely, the absolute interdirections) for
multivariate signs, to Oja and Paindaveine (2004)’s concept of lift interdirection ranks for the
ranks.

Writing Q := {t1,ta,...,tp—1} (1 <t < ta < ... < tp_1 < n) for an arbitrary ordered
set of indices with size (k — 1), let Zg = (Zy,,...,Zy, ,). Denote by eg the vector whose

components are the cofactors of the last column in the array (Zg : z). This vector eg is
orthogonal to the hyperplane spanned by the k& — 1 columns of Zg. We say that zg € R¥ lies
above, on, or below the hyperplane with equation €z = 0 iff sign(eyz) > 0, = 0, or < 0 (where
sign(z) := Ijz>0)] — I[z<0)); note that the ordering in Q determines what is meant by “above”, as
opposed to “below”.

A hyperplane-based empirical angular distance between two vectors v, w in R¥ then can be

defined as )
c(v,w) = - Z{l — sign(egv) sign(epw)}.
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The statistics qg?) := ¢(Zs,Z;) are the so-called Randles interdirections (see Randles 1989);
qg?) is—up to a small-sample correction—the number of hyperplanes in R¥ passing through
the origin and (k — 1) out of the (n — 2) points Zy,...,Zs 1, Zsi1, - Lt—1, 2141, .., Ly that
separate Zg and Z;. Interdirections provide affine-invariant estimations of the Euclidean angles
between the sphericized vectors Y 27,, that is, they estimate the scalar products between
the corresponding spatial signs Uy(X) defined in Section 2.1. More precisely, one can show the

following (see Hallin and Paindaveine (2002a) for a proof based on U-statistics).

Lemma 2.3 Assume that Assumption (A1) holds. Then, (kﬁl)flc(”) (v,w) is a consistent es-

timator for /
. Z—I/QV 2_1/2W
T arccos .
1= 2w ) \I== 2wl

Lemma 2.3 implies that Randles’ interdirections allow for an estimation of the cosines
UL(X)Uy(X). These cosines (the signs Uy(X) themselves are not required) are sufficient in
some important particular cases (such as one-way analysis of variance), since the parametric
versions of locally asymptotically optimal test statistics involve the Uy(X)’s only through their
mutual cosines. In such cases, Randles’ interdirections can be used with the same success as in
Hallin and Paindaveine (2002a and b), or Randles and Um (1998).

For more sophisticated testing problems however, such as the problem of testing for the
adequacy of a VARMA model (see Hallin and Paindaveine 2004a), locally asymptotically optimal
parametric procedures involve the Uy(X)’s through quantities of the form U’ (X)NU;(X), where
N is some symmetric positive definite matrix (which often depends on the shape matrix X, and
therefore has to be estimated). In such cases, Randles’ interdirections are not sufficient anymore,
as they cannot estimate the scalar products (NV/2U,(2)) (NY/2U,()). We therefore introduce
the following concept of absolute interdirections. Denoting by {ei,...,ex} the canonical basis

in R*, consider the interdirection cgz) = c(f)l/Qeg, Z,) associated with the pair (21/2eg, Z;) in
the sample (Z1, ..., Zy,), and let Vgn) = (cos(wpl(tﬁ)), ey cos(wpi?)) where pg 2 : (knl)flcg??.

Call Vgn) the absolute interdirection associated with residual Zg ). Absolute interdirections

enjoy the following consistency and equivariance properties.

Lemma 2.4 Assume that Assumptions (A1) and (B1) hold. Then,
. -1 _al/2
(1) () =

(i) V™ = U™ (2) + op(1), as n — .

Assume moreover that Assumption (B2) holds. Then, denoting by V(M) the statistic Vy com-
puted from the n-tuple (MZq, ..., MZ,), where M is a k X k full-rank matriz,

(iii) V(M) = OUy(X) + op(1) as n — oo (so that V,gn)(M) = OVgn) +op(1) as n — o0),

where O is the orthogonal matriz involved in the equivariance relation (2.5).

V,W) = (kzl)_lc(zl/zv,w) +o0r,(1), asn — oo, for all v,w € R¥, and

Proof. (i) First note that

lc(u,w) —c(v,w)| = sign(epu) — sign(egv)] sign(egw)|

IN
N | w\»—l

1
sign(epu) — sign(egv)| = 3 > (1 — sign(epu)sign(eyv)).
Q

=
%



This and the invariance of & under permutation of the Z;’s (see Assumption (B1)) imply that

B|(2) 7 e v w) o8/ w)l| < JB[1 - sign(el, ="

V)sign(elgozlﬂv)} , (2.7
where Qy = (1,2,...,k —1). Now, for any (k — 1)-tuple (z1,...,2,_1) such that the distance
5(z1,...,25_1) between (aX)Y?v and the hyperplane mg, with equation eg,’z = 0 is strictly
positive (with the scalar @ > 0 in Assumption (B1)), we have that

~

1 1/2
S B {1 — sign(eg, X ! v)sign(eg,Z'/?v) ‘ Zy=2z1,..., Ly = Zk—l} =

0, separates ) 12 v and (aZ)l/Qv ’ 7i=121,...,2;,_1 = zk_l]

~1/2
which is o(1) as n — oo, since X A (aX)/2v = op(1) as n — oo (see Assumption (B1)). The
absolutely continuity of the common distribution of Z,;’s with respect to the Lebesgue measure

implies that this holds a.s. (in the joint distribution of Zj,...,Z;_1). Lebesgue dominated
convergence theorem then yields the desired result that (2.7) is o(1) as n — oc.

| /\

’ > (5(Z1,...,Zk_1)/2‘ 7, =12z1,...,21 1 :Zk—l} s

(ii) From the mean value theorem,
E {|elé(V§n) — Ugn) (2))] ’ Zt} < 7E [|pt;g . . arccos(egUt ’ Zt}
< B[ eE e 20 - (21 e, 20|24
+7E [|(kﬁ1)_lc(21/2eg, Z) —m ! arccos(egUt )| ‘ Zt]

The result then follows from (i) and from Lemma 2.3.

(iii) Denote by c(v,w) = ¢(v,w;Z) (resp., by c¢(v,w; MZ)) the interdirection associated
with (v, w) in the sample Z,...,Z, (resp., in the sample MZq,...,MZ,). Then

1/2

() (B (Myer MziMZ) = () e(dPME O'e MZi; MZ)

= (") (87 0'er.22),

so that, working as in (ii)) we obtain
e V{" (M) = cos(rpfy (M) = (O'er) U™ (8) + op (1),

as n — 00. O

Lemma 2.4 shows that absolute interdirections allow for “reconstructing” any function of the
standardized residuals Uy, and in particular quantities of the form U;NUt. In case ¥ — N(X) is

continuous, and provided that N(aX) = N(Z) for any a € R, the estimator i(n) can be plugged
in without affecting asymptotic results. Note that, unlike the (pseudo-)Mahalanobis signs



~—1/2 a—1/2
W, =% / Z,/||E / Z.||, absolute interdirections are only asymptotically affine-equivariant,

in the sense that they are asymptotically equivalent to affine-equivariant random vectors (with-
out being affine-equivariant in the usual sense).

We now consider hyperplane-based ranks. Write P := {t1,ta,...,tx} (1 < t1 < t9 < ...
<ty < n) for an arbitrary ordered k-tuple of integers in {1,... n}. Denote by (dop,ds)" the
vector whose components are the cofactors of the last column in the array

1 1 ... 1 1
Zt1 Zt2 e Ztk z ’
The vector dp is orthogonal to the hyperplane going through Z;,, ..., Z;,, which has equation
dop+dpz = 0. Again, the sign of dyp+d’pz allows to determine on which side of that hyperplane
the point z lies. A hyperplane-based empirical distance between any vector v and the origin in
R* then can be defined as
1
1M (v) == Z [1 — sign(dop + dpv) sign(dop — dpv)] ,

2%

i.e., as the number of hyperplanes in R* passing through k out of the n points Z1, ..., Z, that
separate v and its reflection —v. This concept of distance from the origin introduced by Oja
and Paindaveine (2004) however suffers a lack of symmetry, and they rather recommend using
the symmetrized distances

1) (v) = £ 33 [1 — sign(dop(s) + dp(s)v) sign(dop(s) — dp(s)v)]
P s

where, for some P = (t1,...,t;) and some s € {—1,1}* ({—1,1}* denotes the set of all k-vectors
with entries 1 or —1), (dop(s), d’s(s))’ stands for the vector of cofactors associated with the last

column in the array
1 1 e 1 1
512y, 9Ly, ... sply, oz |

The resulting (symmetrized) lift-interdirections L,ﬁ”) = l(")(Zt), t=1,...,n, are invariant under

reflections (with respect to the origin in R¥) of the Z;’s. As shown by the following result
(Oja and Paindaveine 2004), their ranks Egn) are asymptotically equivalent to the ranks of the
genuine distances dy ().

Lemma 2.5 Assume that Assumptions (A1) hold. Then, for all t, (EE”) - R§”) (2)) is op(n)
asn — oo.

This asymptotic equivalence result between the true ranks and the ranks of (symmetrized) lift-
interdirections (along with the invariance of the latter under affine transformations, permutations
and reflections of the observations) allows for building multivariate affine-invariant signed-rank
procedures based on interdirections and the ranks of lift-interdirections for a broad class of
location and serial problems (see Oja and Paindaveine 2004).

As mentioned in the introduction, extensions of univariate signs and ranks could also be
based on affine-invariant concepts of data depth. Incidently, note that the above concept of
hyperplane-based ranks, in the elliptic setup under consideration, is closely related to the so-
called majority depth first introduced by Singh (1991): more precisely, 1 — E[L(”) (v)] coincides
with the majority depth of v (see Zuo and Serfling 2000).



2.4 Serial and nonserial multivariate signed rank statistics.

Several rank-based versions of the serial and nonserial statistics (2.3) and (2.4) will be considered
in the sequel, each of them based on the combination of a concept of multivariate signs (either
Mahalanobis signs, pseudo-Mahalanobis signs, or absolute interdirections) with a concept of
multivariate ranks (Mahalanobis, pseudo-Mahalanobis, or lift-interdirection ranks).

The versions based on Mahalanobis or pseudo-Mahalanobis signs and ranks are, in the serial
case,

n »(n) (n)
m a2 1 R, R, n) win) | §'1/2
L") == (n_z, t:;ljl(n+1>‘]2(n+1) wm w8 (2.8)
and, in the nonserial case,
) g2 s BN ) ) )
Al =(m—i) ' £ 3 Jo(n+1) W xR M), (2.9)
t=i+1

These versions will serve as reference versions, in the sense that, in order to avoid unnecessary
additional notation, asymptotic linearity will be stated formally for (2.8) and (2.9) only (part (i)
of Proposition 4.1), then extended (part (ii) of the same proposition) to the other versions (based
on the other concepts of signs and ranks).

Note that, contrary to the score functions Ky, K1, and K» appearing in (2.3) and (2.4), the
score functions Jy, Ji, and J in (2.8) and (2.9) are defined over the open unit interval |0, 1[. The
asymptotic representation results in Proposition 2.1 induce a relation between J-scores and K-
scores: typically, the J-score-rank-based statistics (2.8) and (2.9) are asymptotically equivalent,
under radial density f, with the K-score statistics (2.3) and (2.4), respectively, provided that
Ky = Jgoﬁk, £ =1,2, 3. These asymptotic representation results however require some technical
assumptions on the score functions Jy, Ji, and Jo. More precisely, we will assume the following.

AssumPTION (C). The score functions Jy :]0,1[— R, ¢ = 0, 1,2, are continuous differences of
two monotone increasing functions, and satisfy fol [Jo(u)]? du < oo (£=0,1,2).

We now can state the asymptotic representation results for EET}) and AEHJ) Letting

~(n) — 1 & -~ n . n n n)’ ’
Liysyi=5 ”2<n_i >° A(Ed () L (Frd(E)) U} ><2>U§1<2>>2W, (2.10)
t=i+1

and

~(n) N I_ & ~ n n n)’
Ay = (-0 2N (F(d”(3) UPY () " K, (2.11)
t=i+1

we have the following; see the Appendix (Section 5.2) for the proof.
Proposition 2.1 Assume that Assumptions (A1), (B1), and (C) hold. Then,

(i) vec (AET}) - Kf})zf) and vec (l:%) - f‘z(rfj)zf) are op(n=2) for all i, as n — oo, and



(ii) the same result still holds if the pseudo-Mahalanobis signs Wt(n) n AE’?,) and EEZ) are

replaced by the corresponding absolute interdirections, and/or if the pseudo-Mahalanobis

ranks fzg") are replaced by the lift-interdirection ranks Eﬁn)

Proposition 2.1 allows for deriving the null (hence, via Le Cam’s third Lemma, the non-null)
asymptotic distributions of T’ EnJ) and A 57?,), since it shows the asymptotic equivalence of these
statistics with (2.10) and (2.11), respectively, whose asymptotic distributions are easily derived
(see Lemma 5.1). Most importantly, it also allows for determining the (null and non-null)
asymptotic distributions of the test statistics for testing linear hypotheses on the parameter 6 in
the model described in Section 3.1, hence their local powers and ARES, since these test statistics

are quadratic forms in I‘( ") and A( ") Last but not least, it also allows for an optimal choice of
the score functions Jy, £ = 0, 1,2 (See the comments after Lemma 5.1).

3 The linear model with VARMA error terms.

3.1 The model.

Asymptotic linearity properties are characterizing the impact of a “small” perturbation of un-
derlying parameters on the asymptotic behavior of the statistics under study. Such properties
thus are inherently related to some underlying model. The model considered throughout this
paper is the very general multivariate linear model with VARMA error terms

YO — XM g4 U, (3.1)
where
11 12 ... Tim Xa_ ﬁl,l 61,2 e /81716
XMW= 0 o= and B := ~
Tn,l ITn2 --- Tpm X/n ﬁm,l ﬁm,2 .. ﬁm,k‘

denote an n x m matrix of constants (the design matrix), and 8 the m x k regression parameter,
respectively.

In the special case where the disturbances U; are uncorrelated, this model contains the
classical one-sample, two-sample, and ANOVA (or m-sample) models, as well as more general
regression and analysis of variance/covariance models. The m-sample model (with location

parameters f1,. .., iy, and sample sizes ny, ..., ny,), for instance, is obtained with
1,, 0 ... O 1y
Xm.=1 : : and B:=| @ |,
o o ... 1,, u,
where 1, := (1,...,1)’ € R". Now, instead of the traditional assumption that the error term
U171 U1,2 Ce Ul,k Ull
U(”) = : : : = :
Ung Un2 ... Unp U/,
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is white noise, we rather assume Uy, ¢t = 1,...,n to be a finite realization (of length n) of a
solution of the multivariate linear stochastic difference equation (a VARMA (po, o) model)

A(L)U, =B(L)e, tez, (3.2)

where A(L) := 1 — %, A;L* and B(L) := I, + 3%, B;L* for some (py + qo)-tuple of k x k
real matrices (Aq,...,Ap,,B1,...,By,), {&:|t € Z} is a k-dimensional white-noise process, and
L stands for the lag operator. Under this model, the observation

Yiin Yip ... Y Y/
v .— : : : = :
Y1 Yaz ... Yau Y/

is the realization of a k-variate VARMA process {Y}, t € Z} with trend 8'x;.

Of course, asymptotic linearity requires some regularity assumptions. These assumptions
deal with the asymptotic behavior of the design matrices X (™, the coefficients and the (elliptical)
innovation density of the VARMA model (3.2), and the score functions involved in the statistics
under study. For convenient reference, all these assumptions are listed here.

Let us begin with some structural conditions on the trend part of the model. The following
assumptions are standard in the context (see Garel and Hallin 1995).

AssuMPTION (D1). Let Cl(n) = (n—d) P x,ﬁ")xﬁﬁ){, i=0,1,...,n — 1, and denote by

D) the diagonal matrix with elements (C(()n))n, ce (Cé"))mm.
(i) (C{™);; > 0 for all ;.

(i) Let R(™ := (D™)=1/2C"(D(™)=1/2. The limits lim,_oo R\™ =: R, exist for all i; Rg
is positive definite, and therefore can be factorized into Ry = (K K')_1 for some full-rank
m x m matrix K. Letting K" := (D()~1/2K_ note that K is also of full rank.

(iii) The classical Noether conditions hold : the (Xgn))j, t =1,...,n, are not all equal, and,

letting 2. == n~' Y0 (xi™);,

n —\n 2
- maxigren (), - 7)) ,
nlg& = 2 =0, j=1,...,m.
Dbt ((Xt )i — T, )
Note that Noether conditions also imply that
) 2
maxlgtgn (Xt ) .
lim s+ =0, j=1,...,m. (3.3)
n—00 n (n)
t=1 (Xt

For the serial part of the model, we essentially require the VARMA model (3.2) to be causal
and invertible. The assumptions on the difference operators are actually the same as in Hallin
and Paindaveine (2004a), where the problem of testing the adequacy of a specified VARMA
model is considered.
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AssuMPTION (D2). All solutions of det(I — 3% A;2") = 0 and det(Ix + 3%, B;2") = 0
(|Apy| # 0 # |Bg,|) lie outside the unit ball in C. Moreover, the greatest common left divisor of
I, — 00 A2t and I + 3%, B2 is the identity matrix Ij.

Under Assumption (D2), {e;} is {U;}’s (hence also {Y;}’s) innovation process. The set of
assumptions (A) deals with the density of this innovation. For local asymptotic normality, the
assumption of elliptical symmerty (Assumption (Al)) is to be reinforced into

ASSUMPTION (Al’). Same as Assumption (A1), but with pyyq,f < 0.
Moreover, f1/2 is also required to satisfy a quadratic mean differentiability property:

AssuMPTION (A2). Denoting by L?(R{, u—1) the space of measurable functions h : RT — R
satisfying [5°[h(r)]?>r*~!dr < oo, the square root f 1/2 of the radial density f is in the subspace
WYE(RE, pr—1) of L2(RY, pup—1) containing all functions admitting a weak derivative that also
belongs to L2(R{, pik—1)-

Assumption (A2) is strictly equivalent to the assumption that f 1/2 ig differentiable in quadratic

mean (see Hallin and Paindaveine 2002a). Denoting by (f'/2)" the weak derivative of f1/2

in L2(RY, pre—1), let pf = —2(];11//22),. Under (A2), the radial Fisher information Iy ; :=

Jslles(M)]?rk=1 f(r) dr is finite. In the pure location or purely serial problems considered in
Hallin and Paindaveine (2002a, b; 2004a), this was sufficient for LAN. However, as pointed out
by Garel and Hallin (1995), LAN, in this model where serial and nonserial features are mixed,
requires the stronger assumption:

AsSUMPTION (A3). [¢°[es(r)|*r*=Lf(r) dr < .

Examples of radial densities f satisfying (A1)-(A3) are f(r) = exp(—r2/2) and f(r) :=
(14 r2/v)~E+)/2 yielding the k-variate multinormal distribution and the k-variate Student
distributions with v degrees of freedom, respectively. Note however that Assumption (Al’)
requires v > 2.

Finally, the score functions yielding locally and asymptotically optimal procedures are of the
form Jo = J1 := ¢y, oF gcl and Jo := F ;Cl, for some radial density f. (with obvious notation ¢y,
and F,;,). Assumption (C) then takes the form of an assumption on f, :

AssuMpTION (C'). The radial density f. is such that ¢y, is the continuous difference of two
monotone increasing functions, py41., < 0o, and [5° [y, (r)]*r* 1 f.(r) dr < cc.

3.2 Uniform local asymptotic normality.

Under the assumptions made, the model described in Section 3.1 is uniformly locally asymp-
totically normal (ULAN : see Appendix). Letting A; := 0 for pp < ¢ < p; and B; := 0 for
qo < 1t < q1, denote by

/

0 .= ((VGC,BI)/, (vecA1),..., (vec Apl)/, (veeBy)', ..., (vec Bql)/)

the vector of parameters indexing the model. The orders p; > pg and q1 > qo are taken into
account in order to allow for testing against higher order VARMA dependencies (namely, testing
VARMA (po, qo) against VARMA (p1, ¢1)). The hypothesis under which the observation has been
generated by model (3.1)-(3.2) with parameter value 0, scatter matrix X, and radial density f
will be denoted as H(™(8,%, f).
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The sequences of local alternatives to be considered for this property are associated with
sequences of models of the form

Y =X ut, AU =BW(D)e”, te, (3.4)
where B = B + n~2KMp)  AM(L) = T, — (A + n_l/Q')'g"))Li and BM (L) :=
I, + >0, (B + n_l/Qégn)) L*, and the sequence

T(n) = <(Vecn(n)/)/u (Vec7§n))/7 ceey (VeC’YZ()ZL))lv (vecdgn))/, ey (Vecsylb))/) S RK = kaJer(leﬂn)

is bounded as n — oo : sup,, (7)'7(") < co. The perturbed parameter is thus

(n)
0™ =0+ v(n)r™ =0 4+ n1/2 ( K @ Iy 0 ) (")
0 Ik?(lerth)

The corresponding sequence of local alternatives will be denoted by H™ (8 + v(n)r™, Z, f).

Denote by G, (0), u € N, the Green’s matrices associated with the autoregressive difference
operator A (L) = I;—>2  A;L’. These matrices can be defined recursively by A(L)G, = G, —
Efl:irf(po’u) A;Gy_i = du0Ix, where 6,0 = 1 if u = 0, and 0 = 0 otherwise. Assumption (D2)
also allows for defining G, by means of

+00 Po ) -1
Y Gyt = <Ik — ZA#) ., z€C, |2] <1, (3.5)
u=0 =1

Similarly, we denote by H,(f), u € N, the Green’s matrices associated with the moving av-
erage difference operators B(L). Clearly, all these Green’s matrices are continuous functions
of 8. When no confusion is possible, we will not stress their dependence on . The residuals
(zﬁ") @),..., z\ (0)) associated with a value 8 of the parameter then can be computed from the

initial values €_q 41 ... 7507Y(jgo+17 . ,Y(()n) and the observed series (Y%"), . ,Yﬁln)) via the
recursion
() gy _ S % (n) ()
n n /o (n
Z;,7(0) = Z Z HiAj(thifj -B Xtﬂej) (3.6)
i=0 j=0
I 0 .
B, I, .. 0 a0t
+(Hiqgo—1-.-Hy) . : o :
: : .o c
By1 Bgo2 ... Ik 0
Assumption (D2) ensures that neither the (generally unobserved) values (€_qy+1,- - -,€0) of the
innovation, nor the initial values (Y(_np)o Tlreees Y(()n)), have an influence on asymptotic results;

they all safely can be put to zero in the sequel.

In order to avoid overloading the preparation of the main result, the statement of the ULAN
result is postponed to the Appendix. The structure of the central sequence (see Appendix)
reveals that all the asymptotically relevant information, in this elliptical context, is contained in

the generalized cross-covariance matrices FETQ 7(0) and the nonserial statistics AZ(Q 7(0) (see (2.3)

and (2.4)) computed from the residuals Zgn) (), with the score functions Ko(d) = Ki(d) = ¢¢(d)
and Ks(d) = d.
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4 Asymptotic linearity.
We now can state and prove the main result of this paper. Define

min(po,j)
h; =h;6):=H;0)— > H;_;(0)A;0), j=012,...,

min(p1,i) i—j min(go,i—j—I)

aim0):= > 3 Y (Gioji_x(0)Bi(8) @ Hy(8)) vecr;, (4.1)
j=1 I= k=0

and
n(q1,

b;(7;0) := Z (I ® H;—;(0)) vecd;. (4.2)

Let further C(J; f) := fol J(u) @ oy H(u) du and Dy (J; f) = fo J(u) F ' (u) du. These quan-
tities are covariance measures between the score functions J used in the rank-based statistics
A l(n]) (@) and IV‘EZ) (#) and the score functions F, and ¢ fopk_ ! characterizing the optimal pro-
cedures associated with radial density f (see the comments after Lemma 5.1 for a more precise
statement).

Most problems of practical relevance about the parameter of interest  in the model described
in Section 3.1 involve null hypotheses under which the value of 8 remains incompletely specified.
In multivariate signed rank procedures, aligned signs and ranks thus have to be substituted
for the genuine ones that cannot be computed from the observations. Handling this alignment
device requires the asymptotic linearity property that is established in Proposition 4.1 below;
we refer to Hallin and Paindaveine (2004b) for the development of the resulting aligned signed
rank tests.

Proposition 4.1 Assume that Assumptions (A1l'), (A2), (A3), (B1), (C) (or (C")), (D1), and
(D2) hold. Then,

(i) (n—i)l/Q{vecA( D0+ v(n)r <>)—vecA§}(o)}

7=0

+% Cr(Jo; £) (I (i (K'R;_; K) ®h> (veen™) =op(1), (43

and
(n—i)\/? {vec L0 + v(n)r™) - vec T }(o)}

+% D2 £) Cu(Is HIE @) [a(r:0) + bi(r30)] = 0p(1),  (4.4)

as n — oo, under H™(8,%, f), and

(ii) the same result still holds if the pseudo-Mahalanobis signs Wgn) in IN\E:L]) and I:EZ) are
replaced by the corresponding absolute interdirections, and/or if the pseudo-Mahalanobis
ranks ]%g " are replaced by the lift-interdirection ranks R( ),
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The proof of Proposition 4.1 relies on a series of lemmas. In the remaining of this section,
we will write ZY and Z? for Zgn) (@) and Zgn) @ + v(n)T™), respectively. Accordingly, let
& = |=7Y229), UY = 7V220/d0, dar = ||£7/2Z7||, and U? := £7Y2Z72 /47, We will
need the following two preliminary results, the proof of which is postponed to the Appendix
(Section 5.2).

Lemma 4.1 Under H™ (8,2, f),
(i) maxi<i<n |27 — Z{|| = op(1) as n — oo;
(i) maxj<i<p [dP — d?| = op(1) as n — oo;

(iii) denoting by L4 the indicator function of the set A, maxj<i<p, (||U? - U?HI[dgx}) = op(1)

as n — oo, for all ¢ > 0. Moreover, |U} — UY|| = op(1) as n — oo, for all t.

Lemma 4.2 Under H™ (0, %, f) and for sufficiently large n, {Z},t € Z} is an absolutely regular
process, with mizing rates 3" (5), j € N, satisfying 8 (§) < B(j), where 5(j) is exponentially
decreasing (to zero) as j — oo.

We now may turn to the proof of Proposition 4.1.

Proof of Proposition 4.1. More precisely, we restrict to the proof of the asymptotic linearity
result (4.4) for statistics of the serial type. One can check that the nonserial case (4.3) follows
along the same lines, and is actually simpler. Consider the following truncation of the score
functions Jy, £ = 1,2. For all m € Ny, define

0 if u < %
Jg(%)m(u—a) if %<u§%
T () = Jo(u) it 2Z<cu<i-2
Jg(l*i)m((]_*%)*u) if 1—%<u§17%
0 if u>1-=L
Since Jy is continuous (see Assumption (C)), the function Jz(m) is also continuous on 0, 1].

As Jém) is compactly supported in |0, 1] for all m, it is bounded for all m. Clearly, it safely
can be assumed that Jy is a monotone increasing function (rather than the difference of two

monotone increasing functions), so that (at least for m sufficiently large) |Jz(m)| is bounded by

|J¢| uniformly in m and w, i.e., there exists some M such that ]Jz(m) (w)] < |Jp(u)] for all uw €]0,1]
and all m > M.
We have to prove that, under H( (0,%, f), as n — oo,

(n— i) *vee (L)@ + v(n)r™) ~ L))
o D ) Gl NE 7Y [ar®56) +bi(r™56)] - (45)

is op(1). Proposition 2.1 shows that (n —i)/?vec (IN‘%) (0)) — (n—i)Y/? vec (IN‘EZ)Ef(G)) is op(1),

as n — oo, under the same sequence of hypotheses. Similarly,

(n— i)/ vec (L0 + v(n)r™)) — (n— i) /2 vec (T (8 + v(n)r™)) (4.6)

)
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is op(1) as n — oo under H™ (0 + v(n)r™, %, f). It follows from contiguity that (4.6) is also
op(1) under H(™ (8, %, f), as n — oo. Consequently, (4.5) is asymptotically equivalent, under

H(n) (0727 f)? to
)12 vec (fﬁ.”}.z 10+ v(n)r™))
o Dl ) Gl ) (S @ 57) [alr™;0) + bi(r;0)]

(n - (1= ) vee (T)y5,4(0))
+ (4.7)
Using the fact that vec (A;jBAs) = (A5®A) vec B, (4.7) can be written as (8/2@¥ ~1/2) C("),

where

CM = (n—i) vec | Y JL(F(dP)) Jo(Fp(dl;)) UrUY

[ t=i+1

—(n—i)"Vvec | Y Jl(Fk(dg))J2(Fk<d?i))UgUgli]
| t=i+1

(23 £) Cx( s £) (B2 @ B71/2) [ay(17:6) + by(r(;9) .

(4.8)

1
+ﬁ Dy,

Clearly, it is sufficient to show that C( = op(1), under H(”)(O,E,f), as n — oo. Now
(n ™) + D(n m) — Rﬁ”;m) + Ré”;m) + Rén;m), where, denoting by

decompose C™ into C™ =
Eo the expectation under 'H(") (0 2.0,

S N E(dp) I Bl ) U;?U?y]

D(n;m) =(n— i)*l/Q vec
t=i+1

1

S I E(AD) IS (Fr(d))) U?U?’i]

—(n—i)"Y?vec
t=i+1

—(n—14)""?Eq | v [ > J1 (Fy(d)) J(m)(pk(d?—i))U?U?ii]] ,
t=i+1

vec Z T (B(dr)) 5™ (B (dp- )y urur ”
t +1

DY = (n —i)"V2E,

0 DR ) O™ ) (5172 © 772 [ai(r:0) 4 bi(r:0)]

" (Fi(df)) I8 (B(df_y)) | U Uy ] ,

Y1
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— I (B(dD) T (Fr(dr)| U?U?Li] ,

and
R kl [ Di(Jo; ) il £) = De(J5™s ) Cu(I™; )]
x (212 @ n71/2) {ai('r(");e) + bi(T(n);e)} '

We prove that C™ = op(1), under H(™ (8, %, f), as n — oo (thus completing the proof of (4.4))
by establishing that Dgn ™) and Dg ™) are op(1) under H™ (8, %, f), as n — oo, for fixed m, and

that Rgn;m), Rén;m) and Rén;m) are op(1) under the same sequence of hypotheses, as m — oo,
uniformly in n. For the sake of convenience, these three results are treated as separate lemmas
(Lemmas 4.3 and 4.4, and Lemma 4.5, respectively).

Decompose D{™™ into Dgnlm) + Dg"Qm) - Eg [Dgnlm)], where

D™ i (i) ovee | 3 (S (F(dp)) Uy — ™ (Fi(d)) UY) J2m><Fk<d?_i>>U?Li]
t=i+1
and

D™= (n — i)~/ 2vec [ > I (E(dD) UF (S (Fildy ) Uy — I (Fi(df- ) UY-;) ] :
t=i+1

(taking into account the independence between Z9 and Z?* ; under H(™(6,%, f)). We then have
the following.

Lemma 4.3 For any fized m,
i) Eo U\Dgfgm — Eo[D{""™)] m = o(1), asn — 00;
(ii) Eg {HD nm)H ] ), as n — oo;
(iii) Dgn;m) =op(1), as n — oo, under H™(0,%, f).

(nsm) _

Lemma 4.4 For any fivzed m, Dy =o0(1), as n — oo.

Lemma 4.5 (i) Under H™ (0., f), Rﬁ”;m) is op(1), as m — oo, uniformly in n.
(ii) Under H™(8,%, f), Rgn;m) is op(1), as m — oo, uniformly in n (for n sufficiently large).

(iii) Rgn;m) is o(1), as m — oo, uniformly in n.
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Proof of Lemma 4.3. Let us begin with the second part of Lemma 4.3.

Part (ii). Since (vec (uv')) vec(xy') = tr [(uvl)/xy,] = (ux)(v'y), for any k-vectors u,v,X,y,
we obtain

Bo[(D5") (DY) = (=)™ Y o™ (Fuld)) Y 4™ (Al U
s,t=i+1

< (I Ed D) UL = T B ) VD) (A7 (B ) UL~ I (Bl ) VL) |

ZO

s—1)

VANV AS

s—19

Due to the independence, for s # t, between Z?nax(s p and (me(s 0 Z7} ;) (note

that, under (™ (6,5, f), {Z9,t € Z} is the innovation process of {Z},t € Z}), this is equal to
-0 Y B [( N E ) 1™ (Fildi ) UF — I8 (Fi(d) U?_Z-n?} :
t=i+1
Since Jl(m) is bounded, it is sufficient to show that
ol |13 (Fr(df)) Uy = J3™ (Fi(d-)) UL Y] = o(1),  asm—oo,  (49)

uniformly in . Now, with 5 > 0 such that Fj(n) < 1/m, we have Jém)(ﬁk(d&i))l[dg_én] =0

(note that FJ, is a continuous strictly monotone increasing function that maps R{ onto ]0,1[).
This yields

1IS™ (Fi(dy-,)) UF- — J§™ (Fi(d)-,)) UL

< I (Fi(d)) — IS (F(d- )| O |+ [J5™ (Fe(d_)| U7, — U |

< | (Br(diy)) = J3™ (Bu(d_))| + 15" (Bi(d_)) 11U = Uil T s
so that

IS (Fildi ) U, — J3™ (Fi(d)-)) U, |1
< CLI™ (Fi(diy)) — IS (Fi(dd_ )P + ClIUE, = UL, [P~y

for some constant C. Lemma 4.1(ii) and the continuity of JQ(m)oFk imply that Jz(m) (Fg(dp,)) —
J2m) (Fi(dY_,)) = op(1) as n — oo, under H(™ (8, L, f). Since Jz(m) is bounded, this convergence

to zero also holds in quadratic mean. Similarly, using Lemma 4.1(iii) and the boundedness of
UY , and U? ., we obtain that |U? , — U?%W[dg_,w is o(1) in quadratic mean, as n — oo,

under H(™(,%, f). The convergence in (4.9) follows.
Part (i). Letting Ty, :=vee | (J{™ (Ek(d) Up — J{™ (Fi(d9)) UP) J§™ (Fi(dp,)) U] , we have

Eq [HDS’f{m) — Eo[D{%™)] m = E {(Dg"m ~ Eo [Dﬁ?{m)])/ (D™ — o [ngj;mq)}

= tr [Varg {Dgnlm)n = (n—1i) Hr [Varo

£

t=i+1

n—i—1

= tr[Varg [Tyl +2 >
j=1

# tr [Covo [Tz, T -10)

—1
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First note that tr [Varg [T;]] = Eo[ (Tw: — Eo [T“])/ (Tt — Eo[Twi])] < EO[HTMHQ], where,

using again (vec (uv')) vec (xy') = (ux)(v'y) and the boundedness of JQ( ),

Bo [ITwl?] = Eo |47 (@) U - 27 (Bl F[ (57 (Bt )

IN

CEo || 117 (B O - A (Eutd) Y]]

which — compare with (4.9) — is o(1), as n — oo, uniformly in ¢. On the other hand, the abso-
lute regularity of {Z?,t € Z} (Lemma 4.2) and the fact that {Z?,¢ € Z} is (under H(™ (9, %, f))
the innovation process of {Z?,t € Z} imply that the process {(Z},Z?),t € Z} is also absolutely
regular with the same mixing rates as {Z},t € Z}. Using Lemma 1 of Yoshihara (1976) (with
p:=k, k:=2 0:=1, and h(xy,x2) := tr (xlx;) = xlle), we obtain

jor [Covo [T, Tuyall | = |Eol T Tumyi] — Bo[ Tyl Bo [Ty ]

< AE[|Tell*] (8™ ()2 < AEo[|Tell”] (B2,

where the sequence (3(j)) is as in Lemma 4.2. Consequently,

n—i—1 00

> L e Covo[ T Te gl <3 i [Covo [T, T
=1 =

o0
< AEo[|Twil®) D (B(G)'? < O EollITeill?),
j=1
since the series converges (due to the exponential decrease of the 3(j)’s; see Lemma 4.2 agaln)
This entails that both terms in (4.10) are bounded by (a constant multiple of) Eol||T|%], a
quantity which, as we showed above, is o(1) as n — oo. The result follows.

Part (iii) trivially follows from Parts (i) and (ii), and the fact that convergence in quadratic
mean implies convergence in probability. O

Proof of Lemma 4.4. Let Bgn;m) = (n—i)~"/?vec {Z?:Hl Jl(m) (Fp(d9)) J(m)(Fk(d?_i)) U U,?'_Z} .

Proceeding as in Lemma 5.1, one can show that

nym) L 1
Bg ) — NkQ <0, ﬁ
as n — oo, under H(™ (0, %, f). Under the sequence of local alternatives H™ (0 +v(n)7(™, 2, f),
as n — 0o,

Bl () EIUS™ (0)) Tz ). (4.11)

Bﬁ”;””—%ckuf ) DRI ) (B @ 272 [ay(r™;9) + bi(r™);6)]
£ Nie (0,53 B @) EIS™ (0] T )

Defining BY""™ := (n—i)~V2vee [0y JI™ (Fi(dp)) J™ (Fi(di,) U U], it follows from
uniform local asymptotic normality that
BY™ 4y CLI™: £) DL 1) (81 ©5772) [ai(r™:0) + bi(r;0)]

£ Mo (0.3 B OO @2 Le) . (012)
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as n — oo, under H(™ (0, %, f).
Now, Lemma 4.3(iii) yields that Dgn;m) = Bgmm) — Bﬁ”;m) —Eop [Bgn;m)} = op(1), as n — oo,
under H(™(9,%, ). Using this and (4.11), we obtain that

1

P

B ()| E™ (0))] T )
as n — oo, under H™ (0,2, f). Comparing with (4.12), it follows that

DY = By [BY™ | + L™ 1) DS p) (B2 @ B2 [2(7™);8) + by(r™);6)]

k
is 0o(1), as n — oo, as was to be proved. O

We now complete the proof of (4.4) by proving Lemma 4.5.
Proof of Lemma 4.5. (i) In view of the independence between the d?’s and the UY’s under

H™ (0,5, f), we obtain

E[[R{™™2 = 37 oL () JalFuld ) — I (Fela)) 5™ (i)
s,t=1+1

[ (Fi(d9)) Jo(Fi(df_)) — J\™ (Fr(d?) J5™ (Fi(df_,))]] Bo (vee (UIUYL,)) vee (UPUYL )]

= LS B[ () () — ) (F(d) 5 Bl
t=i+1
1 1
- /0 /0 () Ja(v) — I () 8™ (0))? du do. (4.13)

Now, Jl(m)(u) Jém)(v) converges to Ji(u) Ja(v), for all (u,v) € ]0,1[x]0,1[. Also, since
]Jém)(u)| < |Je(u)], £ = 1,2, for all m > M, the integrand in (4.13) is bounded (uniformly
in m) by 4|J;(u)|?|J2(v)|?, which is integrable on ]0,1[ x]0,1[ (see Assumption (C)). Conse-
quently, the Lebesgue dominated convergence theorem yields that E0[||Rgmm)||2] = o(1), as

. . . . . n;m
m — oo. This convergence is of course uniform in n, since Eg [||Rg )||2] does not depend on n.

(ii) The claim in (ii) is the same as in (i), except that d? and U} replace d? and UY,
respectively. Accordingly, it holds under H(™ (@ + v(n)7(™ X, f). That it also holds under
H™ (9,2, f) follows from Lemma 3.5 in Jureckova (1969).

(iii) Note that
2

[ (nw) - I >) ) du

< Mk+1f/ ‘J )’2du.
Hk—1;f

Dy (o f) — DR(J™5 2 =

Again, |J2(m) (u) — Jo(u)? < 4|J2(u)|?, with fol |J2(u )|2du < oo. Consequently, the pointwise
convergence of (JQ(m)) to Ja implies that Dy (Ja; f) — Dk(J2 ,f) = o(1) as m — oo. We similarly
obtain that Cy(Ji; f) — Ck(Jl(m); f)=o0(1), as m — oc.
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Using the fact that the sequence (7(™)) is bounded (and the definitions of a;(7();8), b;(1("); )
n (4.1), (4.2)), this implies that, for some real constant C,

|R{" H< |Di(; £) Cils ) = Di(5™; ) Cr(I™; )|
<[ o = [autr:0) + butr )

< C D2 ) Crl D ) = Di(35™: ) Cu(I™: )

)

which is o(1), as m — oo, uniformly in n. O

5 Appendix.
5.1 ULAN.

Associated with any k-dimensional linear difference operator of the form C(L) := >.7°,C; L*
(letting C; = 0 for ¢ > s, this includes, of course, the operators with finite order s), define, for
any integers u and v, the k?u x kv matrices

Cy® I 0 ce 0
Ci oI CooI, ... 0
ch) = : : 5.1
;v CoiI, C, oI, ... Cy® I ( )
Cu1®Iy Cuao®Iy ... Cu_p,®I
and
I, ® Cy 0 e 0
clr) = : h : 5.2
;v ILC,.1 I,®Cy_o ... I, ®Cy ’ ( )
,C,1 Ii®C, o ... I;,®C,_,

respectively; write CSP for CS}L and Cgf) for CSLTL With this notation, note that qu), Gg),
H®Y, and HS") are the inverses of A&”, Aq(f), Bg), and Bq(f), respectively. Denoting by C (3 and
C;(;,) the matrices associated with the transposed operator C/( ) = Yo C; L!, we also have
G;(l) = (A;(l))_l, H;fl) = (B;(l))_l, etc. We will use the notation Cq(i)v7 Cq(:q)), Cq(f), etc. when the
identity matrices involved in (5.1) and (5.2) are m-dimensional rather than k-dimensional.

Let 7 := max(p1 — po, q1 — qo) and g := 7+ po + o, and define the k>my x k2(p1 + q1) matrix

My := (G’(O ‘H ); (5.3)

0,P1 70,41

under Assumption (D2), My is of full rank.
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Consider the operator D(L) := I + Y219 D, L (just as Mg, D(L) and most quantities
defined below depend on 8; for simplicity, however, we are dropping this reference to @), where,

putting Gfl = Gfg = ...= G,p0+1 =0= H,1 = H,Q = ...= H,q0+1,
-1
Gy Go1 .. G_ps1
Gyo+1 Gy, oo Gopot2 Gyo+1
. . . .
Dl
: - _ Gpotrao—1 Gpotap—2 - Go Gpotao
D' H,, Hp,—1 o Hogop Hpy11
Po+qo Hp0+1 Hp0 R H,qOJrQ :
: Hpo+qo
Hpo-i—Qo—l Hpo+g0—2 ce H,

Note that D(L)G; =0 for t = qy+1,...,po + qo, and D(L)H, = 0 for t = po + 1,...,po + qo.

Let {\Ilgl)7 e ,\Il,gp °+qo)} be a set of k£ x k matrices forming a fundamental system of solutions
of the homogeneous linear difference equation associated with D(L) (such a system can be
obtained, for instance, from the Green’s matrices of the operator D(L); see Hallin 1986). Define

\I!%l . \I:%p%%;

- v oo PO

v,.(0) := T2 T2 @I (m >m),
‘I’Q) o \11571170'4-‘]0)

L, O n
Py = < kO2 o1 > , and Qg )
v

where Cy is the Casorati matrix \ilﬂo.
(n
i

I
3'%
-

vs
S
—
N
]
o%n
3
=]
3‘ o
—
N—————
—
ot
.
S~—

Considering the matrices A ) 7(0) associated with the scores Ko = ¢y, put

/

0 1 (0) = (n'2 (vecATS 1(8)), .., (n = )/? (vec AL 1(0))',..., (vec Al 5 ,(6)))

!PT 0) = LgV'ST 0), and Jpeni= lim LV(K,@B LY, (55)

where Lén) =H{ (9)1&(7:) (), and where K, ; denotes the {m x {m matrix whose m x m block in

position (4,7) (i=1,...,4,j=1,...,0) is K Ryi_;| K (we write Ky instead of Kyy). Similarly,
for the serial part and the I‘Z(Tg f(e) matrices associated with the score functions K7 = ¢ and
KQ td— d, let

S{1ls 10) == ((n = )2 (vecTg, 1(0)),..., (n — )"/ (vec Tl (0))',..., (vecT\, 5 +(6))')

' PTs 0) = QY SYTp (0),  and  Jires = lim QY L@ (EeE QY (5.6)

(convergence in (5.5) and (5.6) follows from the exponential decrease, as u — oo, of the Green’s
matrices G,, and H,,).

The following ULAN reinforcement of Garel and Hallin (1995)’s Proposition 3.1 then follows
along the same steps as in Section 3 of Hallin and Paindaveine (2004a).
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Proposition 5.1 (ULAN) Assume that Assumptions (A1'), (A2), (A3), (D1), and (D2) hold.
Let 8, be such that 8,, — 0 = O(n=/2). Then, the logarithm Lén)Jru(n)q-(M/o Y of the likelihood

ratio associated with the sequence of local alternatives H™ (8, + v(n)T"™ X, f) with respect to
H™(0,,Z, f) is such that

n n n n 1 n n
Ly et o, (Y ") = (VAL 0,) = 5 (7)) T 5 (0) 7 4 0p(1),

as n — oo, under H™(8,,%, f), with the central sequence

A" @, T, 0 ™ (0,
o= ( a0 Yo (T 0 Y (M) e
11:3,§\9n 0, " 0, I3, f\Vn

and the information matriz

([ T1z4(0) 0
I's (0) := ( 0 Trrx.5(0) ) 7

L . ’ s
where F[;&f (0) = %ijJ[;g’z and P[[;EJ (0) = WNO’E’ with Ngz = MQPQJII;O,EPBMO-
Moreover, AL.(8,,), still under H™ (8, %, f), is asymptotically N (0,Ts; ;(8)).

Le Cam’s third Lemma then yields, for the serial and nonserial statistics (2.10) and (2.11),
the following asymptotic normality result under local alternatives.

Lemma 5.1 Assume that Assumption (C) and the assumptions of Proposition 5.1 hold, and let
7 — 7 = ((vec 0')', (vec v)', (vec 8)") as n — oo. Then, for all integers ¢, 0, the vector
(0172 (vee A )5 10)) ... (n — £+ 1)1 (vee Ay s 5 8))',

/

’ ~

~(n) "’(’R) /
(n - 1)1/2 (VeCFI;J;E,f(o)) P (n - 6)1/2 (VeCFE;J;E,f(e)) )
is asymptotically normal as n — oo, with mean 0 under H™ (0,%, f) and mean

( % Ck(Jm f)(IZm ® E_I)Uimn—wO(K:@,n ® Ik) Lén)] (Vecn/) ) (5 8)
& Cr(Ji; ) Di(J: ) ;0 (S @ B QY Po My ((vee)', (veed))' )

under H™ (0 + v(n)T™ 2, f), and covariance matriz

( LRR(W)) (K, 057 0 )
0 % ERU) ELBO)] e (EeT)] )

under both.

Proof. The proof follows along the same argument as in Lemma 4.1 in Garel and Hallin (1995).00
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Note that ,
Qio (K Rm K) & hj
0

>
Tim (Ko @ L)LY = | 5520 (K Ry K)ohy |, (5.9)
> %0

(K, R|€—j—1| K) ® hj

and that
ai(7;0) + by(7;60)

_ o vecy
=Q, "PgMy ( vecd > (5.10)

a;(1;0) +by(1;0)
(see Section 4 for the definitions of h;, a;, and b;); (5.9) and (5.10) allow for a direct comparison
between Lemma 5.1 and the corresponding univariate result (Proposition 4.3) in Hallin and
Puri (1994).

Test statistics for linear hypotheses on the parameter @ of the model defined in Section 3.1
typically are quadratic forms in T’ 57}) and AET}) Their distributions under local alternatives
are non-central chi-square, with noﬁ—centralitif parameters that are quadratic forms in (5.8).
As usual, the larger this non-centrality parameter, the higher the local powers. Consequently,
Lemma 5.1 provides an optimal (at radial density f) choice of the score functions Jy, £ =0,1,2
as functions of f. The optimal score functions will be those maximizing the shift in (5.8), or,
equivalently, maximizing the “covariances” Ci(Jy; f), £ = 0,1, and Dy (Jo; f): Jo = J1 = cpfoﬁk_l
and Jp = F;~'—see Hallin and Paindaveine (2004b) for details.

5.2 Proofs of Proposition 2.1 and Lemmas 4.1 and 4.2.

Proof of Proposition 2.1. (i) The result for the serial part is established in Proposition 2 of
Hallin and Paindaveine (2004a), where, however, Tyler (1987)’s estimator of scatter is used for 3;
one can easily check that the same proof holds for any estimate satisfying Assumption (B1).
The proof for the trend part follows along similar lines, and is left to the reader.

(ii) A closer look at the proof of (i) (see Proposition 2 of Hallin and Paindaveine (2004a))

shows that it only requires that the estimated ranks ]3%5”) be

(a) invariant under permutations and reflections (with respect to the origin in R¥) of the
residuals, and

(b) asymptotically equivalent to the “true” ranks, meaning that, for all ¢,

R /(n+1)] = [R™(Z)/(n+1)] + op(1) asn — oc.

Similarly, all estimators W§”) (for the signs) that
(c) satisfy Wﬁ")(slzl, ey Snly) = stWt(n)(Zl, ooy Ly) for all (sq,...,s,) € {—1,1}", and

(d) are asymptotically equivalent to the “true signs”, meaning that, for all ¢,

Wgn) = Ugn)(E) +op(1) asn— oo,
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successfully can be substituted for the pseudo-Mahalanobis signs in the proof of (i). This yields
the desired result since, from Section 2.3, it is clear that lift-interdirection ranks and absolute
interdirections do satisfy (a), (b), (c), and (d). O

Proof of Lemma 4.1. (i) Writing H? for H;(8 + v(n)r(™), we may write, in view of (3.6),

t—1

zp —2) = Y HIAD@LY - (B+n K x Z HA L)Y - 6%
i=0
t—1 ,
n-1/2 | p1/2 Z(Hn Z Hn,y(n (”) .y X}(ﬁ)@)
i=0
—n1/2 Z HPA ™ (L) n™' KM <" (5.11)
=0
where v (L) := S, 'yl(n)Li. Using the fact that n'/2 3%, ||H? — H;|| is bounded as n — oo

(see Lemma 4.3 in Garel and Hallin 1995), it can be easily checked that the sums of the norms of
the matrix coefficients of [n'/2 S2I23 (HP — H;)A(L) — Y15 HPy(™(L)] are uniformly bounded
(for n sufficiently large). Consequently,

t—1

ef") = [n'/2>_(H] — H ZH (Y - B'x")

=0

is a stationary process with finite variance. Therefore, maxj<;<p Hegn)H is op(n'/?).
For the non-random term in (5.11), using the same type of arguments as above, it is easily
seen that

t—1

—-1/2 n A () (n) g () 5 (7). —-1/2 (n)! 1 (n)
s [ A () KN < O )

Now, note that
KO 5] = K (D)2 < [|K]| () (D) ~x )2

A

v {5 [ 5 ]|

which, in view of (3.3), is o(n!/ 2) as n — oo, uniformly in ¢. The result follows.

1 is trivially results from , and from the chain of inequalities (for all ¢t = ;M
Thi 11 Its £ df he ch f1i li f 11 1,.
dp — df| < |=7V2(zZp - ZD))| < |27V |27 - 2 < 1B max [|Z — zZ7|.

(ili) Working along the same lines as in the proof of Lemma 2 of Hallin and Paindav-
eine (2004a), we obtain that U} — UP||Tip-. < (2/€) [E7V2||[|Z) — 29|, which, in view

of (i), yields the first statement. To establish the second one, note that

P(IUF ~ U2 > 8] < P [|[UF ~ U fjps.) > 6] + Pldf <]
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Since the second term can be made as small as possible by choosing a suitable e, the result
follows from the first part of (iii). O

Proof of Lemma 4.2. Letting H™ (L) := Y% HPL!, we have, from equation (3.6),
Z = HO(L)ACH(D)[Y[" = (B+n~"PKn™) x{"] and 2§ = H(L)A(L)[Y}" - Bx"] = &,
so that

Zr = H™ (L) AM™(L)G(L)B(L) e, — n~Y2H™ (L)AM (L) n™ K™ %™

where the ¢;’s are i.i.d. with the probability density function f given in (2.1). Consequently,
the process {Z} := Z* — Eo[Z}],t € Z} (here, and in the sequel, expectation Eq is taken under
H(™)(6,%, f)) satisfies the infinite order linear difference equation

e}
z; = H"(L)AM(L)G(L)B(L)e, = Y E{e_.
j=0

Let al(n) =302 \|E§n)\| It follows from Theorem 2.1 in Pham and Tran (1985) that, if
1) J1f(x+A) = f(x)]dx < KA,
(ii) [ ||x||° f(x) dx < oo, for some § > 0,
(i) =520 HEgn)H <00, 2272 Eg-n)zj # 0, for all |z| <1, and

(iv) 2250 (™)) < oo,

then, {Z,t € Z} is absolutely regular, with mixing rates 5 (j) < KZ[’ij(al("))‘s/(H‘s).
We check that Conditions (i)-(iv) hold here. Denoting by ||.||2 the L?-norm and by Df/Q
the quadratic mean gradient of f 12 we have

/ fx+A) = fx)dx < |f2C+A) = fPONRIFZC+A) + 20

220+ A) = 202

< 202+ A) = F20) - A'DFY(0)]2 + 2 |ADFY2()]l2
)

IN

IN

< 2((1/k) Ty A'STIA) 2 £ 2| A DS |2,

where we used Lemma 2.2(i) in Garel and Hallin (1995) to bound the first term. Since the
quadratic mean gradient is in L?(R¥), Condition (i) is satisfied. Of course, Assumption (A1’)
implies that Condition (ii) is satisfied with § = 2.

It follows from Assumption (D2) that (HE§”) ||) is exponentially decreasing to zero in j (for
fixed n), so that the first part of Condition (iii) clearly holds (note that the second part of
Condition (iii) directly follows from Assumption (D2)). It is then a simple exercise to check that
the sequence (ozl(n)) is also exponentially decreasing to zero in j (still for fixed n). Consequently,
Condition (iv) is satisfied, and Pham and Tran (1985)’s Theorem 2.1 applies.

As above, the exponential decrease in [ of the (al(n))’s implies the exponential decrease in j
of the mixing rates (") (j) of the associated absolutely regular process. The uniformity in n
of the exponential decrease of 5™ (7) is obtained, as in the univariate case, by showing (as in
Kreiss (1987), Lemma 6.1) that the above bounds on the norms ||E§n) || hold uniformly in n (for
sufficiently large n). O
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