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Summary: We are considering the problem of efficient inference on the shape matrix of an elliptic
distribution with unspecified location and either (a) fully specified radial density, (b) radial density
specified up to a scale parameter, or (c) completely unspecified radial density. Bickel in [1] has
shown that efficiencies under (b) and (c), while being strictly less than under (a), coincide: the
efficiency loss caused by an unspecified radial density thus is entirely due to the non-specification
of its scale (scale here is not necessarily measured by standard error, as second-order moments may
be infinite). Defining scale however requires the choice of a particularscale functional, a choice
which has an impact on efficiency bounds. We provide a closed form expression for this efficiency
loss, both in hypothesis testing and in point estimation, as a function of the standardized radial
density and the scale functional. We show that this loss is maximum at arbitrarily light tails whereas,
under arbitrarily heavy tails, it is arbitrarily close to zero: hence, under very heavy tails, ignoring
the scale (ignoring the exact density) asymptotically does not harm inference on shape. However,
the same loss is nil, irrespective of the standardized radial density, when the scale functional (in
dimensionk) is thek-th root of the scatter determinant.

1 Introduction

1.1 Scatter, scale, and shape

Denote by P(n)
θ,�, f1

the distribution of then-tuple ofk-dimensional observationsX(n) =
(X1, . . . , Xn), where, lettingd(x, θ; �) := [(x − θ)′ �−1(x − θ)]1/2, theXi ’s are i.i.d.
with commonelliptical density

x �→ ck, f1 |�|−1/2 f1(d(x, θ; �)). (1.1)

Thecenter of symmetry θ is ak-dimensional real vector, thescatter matrix � belongs to
the collectionSk of all symmetric positive definite realk×k matrices, thestandardized
radial density f1 : R+

0 −→ R
+
0 satisfiesµk−1, f1 := ∫∞

0 rk−1 f1(r) dr < ∞, andck, f1
is a normalization factor. To ensure identifiability of� andck, f1 × f1 without imposing

AMS 1991 subject classification:Primary: 62M15; Secondary: 62G35
Key words and phrases: Elliptical densities, shape matrices, local asymptotic normality, efficiency
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328 Hallin -- Paindaveine

any moment conditions, we require the radial densityf1 to bestandardized in such a way
that, writingdi(θ,�) for d(Xi, θ; �),

Medθ,�, f1

[
di(θ ,�)

] = 1, (1.2)

where Medθ,�, f1[di(θ ,�)] denotes the median ofdi(θ,�) under P(n)
θ,�, f1

. Note however
that f1, strictly speaking, is not a probability density (more precisely, it is not a density
with respect to the Lebesgue measure overR+), and does not even integrate to one.
Actually, under P(n)

θ,�, f1
, di(θ ,�) has densityr �→ f̃ 1k(r) := (µk−1, f1)

−1rk−1 f1(r),

r ∈ R+
0 . The class of all standardized radial densities will be denoted asF1:

F1 :=
{

f1 : R+
0 −→ R

+
0 :
∫ 1

0
rk−1 f1(r)dr =

∫ ∞

1
rk−1 f1(r)dr < ∞

}
.

Special instances of (1.1) are thek-variate multinormal distribution, with radial den-
sity f1(r) = φ1(r) := exp(−akr2/2), the k-variate Student distributions, with radial
densities (forν ∈ R+

0 degrees of freedom)f1(r) = f t
1,ν(r) := (1 + ak,νr2/ν)−(k+ν)/2,

and thek-variate power-exponential distributions, with radial densities of the formf1(r)
= f e

1,η(r) := exp(−bk,ηr2η), η ∈ R+
0 ; the positive constantsak, ak,ν, andbk,η are such

that f1 ∈ F1.
Now, let S : Sk → R

+
0 be ahomogeneous function (satisfyingS(λ�) = λS(�) for

all λ > 0), and define thescale parameterσ2
S := S(�) > 0 and theshape parameter

VS := �/S(�) ∈ VS
k , whereVS

k denotes the collection of matricesV in Sk satisfying

S(V) = 1. Clearly,di(θ , VS) under P(n)
θ,�, f1

has medianσS, and we therefore refer toS as
a scale functional.

Classical choices forS includeS(�) = �11 ([6], [5], [9], and [16]),S(�) = (tr �)/k
([4], [13], and [20]), andS(�) = |�|1/k ([3], [17], [18], and [19]). This leads to rewrit-
ing (1.1) as

x �→ ck, f1

σk
S |VS|1/2

f1

(
1

σS
d(x, θ; VS)

)
= ck, f

|VS|1/2 f
(
d(x, θ; VS)

)
, (1.3)

and P(n)

θ ,�, f1
as P(n)

θ,σ2
S ,VS, f1

or P(n)

θ ,VS, f , wherer �→ f(r) := fσ (r) := σ−1 f1(r/σ) ranges

over the class

F :=
{

f : R+
0 −→ R

+
0 :
∫ ∞

0
rk−1 f(r) dr < ∞

}
.

Irrespective of the choice ofS, this shape matrixVS is a normalized version of the
scatter matrix�—hence, under finite second-order moments, a normalized version of
the ordinary covariance matrix. Therefore,it is a parameter of crucial interest in most
standard multivariate analysis problems. Many problems in principal component analysis
(PCA) and canonical correlation analysis (CCA), and the problem of testing for sphericity,
among others, depend on shape rather than onthe scatter matrix: see, for instance, [2],
[6], [18]. Inference on shape in this context appears as an essential issue.
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Semiparametric inference for shape 329

Intuitively, the choice of a particular scale functional should not affect inference about
shape: irrespectively ofS, VS indeed is just a representative of the class of all matrices
that are proportional to�—a class that does not depend onS. This intuition is confirmed
by the fact (see Sections 4.2 and 5.4) that semiparametric efficiency bounds forVS do not
depend onS. However, a very subtle relation exists between parametric efficiencies for
VS, the underlying radial densityf , and the scale functionalS. The subject of this paper
is a study of that relation. A more detailed description of the problems we are considering
however requires a more precise definition of the parametric and semiparametric models
under study.

1.2 Shape: from parametric to semiparametric inference
Inference on shape, for any givenS, naturally takes place in parametric families of the
form

P
(n)
S; f :=

{
P(n)

θ,V, f : θ ∈ Rk, V ∈ VS
k

}
,

where the radial densityf ∈ F (hence, also the scaleσ , which is the unique solution
of
∫ σ

0 rk−1 f(r)dr = ∫∞
σ

rk−1 f(r)dr) is completely specified: call this case (a). Such full
specification off in practice is too much of an assumption, and the classical parametric
approach consists in specifyingf up to a scale parameter only, that is, specifyingf1. The
resulting family of densities, still of a parametric nature, is of the form (call this case (b))

P(n)
S; f1

:=
{
P(n)

θ,σ2,V, f1
: θ ∈ Rk, σ2 ∈ R+

0 , V ∈ VS
k

}
.

Specifying the radial density up to a scale parameter still may be unrealistic, and one may
prefer considering the same problems of inference onV in the semiparametric model
under whichf remains completely unspecified: call it case (c). The corresponding family
can be described either as

P(n)
S :=

{
P(n)

θ,V, f : θ ∈ Rk, V ∈ VS
k ; f ∈ F

}
=
⋃
f ∈F
P(n)

S; f

(call this case (c1)), or as

P
(n)
S :=

{
P(n)

θ,σ2,V, f1
: θ ∈ Rk, σ2 ∈ R+

0 , V ∈ VS
k ; f1 ∈ F1

}
=
⋃

f1∈F1

P
(n)
S; f1

(call this case (c2)). Although perfectly equivalent, cases (c1) and (c2) correspond to
distinct semiparametric descriptions of the same familyP(n)

S : in case (c1), the parameter
is (θ , V) ∈ Rk×VS

k , and the nonparametric nuisance isf ∈ F , whereas in case (c2), the
parameter is(θ , σ2, V) ∈ Rk×R+

0 ×VS
k , and the nonparametric nuisance isf1 ∈ F1. This,

as we shall see, leads to distinct definitions ofadaptivity. In all cases ((a), (b), and (c)),
thedi(θ; V)’s are i.i.d., with densitỹf (r) = σ−1 f̃ 1(r/σ) such that

∫ 1
0 f̃ 1(r)dr = 1/2.

What is to be meant byoptimal inference onV ∈ VS
k , at given P(n)

θ,V, f , as well as the

corresponding optimal performance (efficiency), depends on the model (the familyP
(n)
S; f ,

P
(n)
S; f1

, or P(n)
S ) adopted, which includes the choice of a scale functionalS. Clearly, for
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330 Hallin -- Paindaveine

given S, the optimal performance achievable inP(n)
S; f (case (a)), wheref is completely

specified, is highest (full parametric efficiency), followed by the performance inP(n)
S; f1

(case (b)), wheref is only partially specified (parametric efficiency in the presence
of unknown scale), and the performance inP(n)

S , where f is completely unspecified
(semiparametric efficiency).

It can be shown that, under mild regularity assumptions onf andS (ensuringlocal
asymptotic normality (LAN)),

(i) the location parameterθ has no influence on any of these efficiencies, which are the
same whetherθ is known or not; in practice, any root-n consistent estimatorθ (n) thus
safely can be substituted for an unspecifiedθ , whereas in theoretical developments,
we can assume without any loss of generality thatθ = 0 (see [6]);

(ii) at given S and f1, efficiencies inP(n)
S; f1

(parametric efficiency in the presence

of unknown scale) and inP(n)
S (semiparametric efficiency) coincide; the differ-

ence between full parametric efficiency and semiparametric efficiency at P(n)
θ,V, f

(V ∈ VS
k ) thus is entirely due to the non-specification of scale—a fact that was al-

ready established in [1] for the inverseV−1 of the shape matrix and a normalization
based on the trace; the same proof however holds for arbitrary (homogeneous) scale
functionals;

(iii) if adaptivity (at givenS) means that the semiparametric efficiency bounds (case (c))
for V and the parametric ones (in the presence of unknown scale: case (b)) coincide,
then (ii) implies that the model, as far asV is concerned, isadaptive, or thatV
is adaptively estimable, for any choice ofS; this property corresponds to the (c1)-
description ofP(n)

S —call it restricted adaptivity;

(iv) a stronger adaptivity property however has been established in [15], where it
is shown that iff the determinant-based scale functional is adopted (namely, iff
S(�) = |�|1/k), the semiparametric efficiency bounds (case (c)) forV and the para-
metricfull-efficiency ones (case (a)) coincide: even the non-specificationof the scale
here has no asymptotic cost when performing inference onV, with respect to which
the model is thusfully adaptive; this property corresponds to the (c2)-description
of P(n)

S ;

(v) for given S, parametric and semiparametric efficiencies at P(n)
θ,V, f (V ∈ VS

k ) do
not depend on the actual values ofθ andσ : it makes sense, thus, to speak about
f1-parametric efficiency in case (a), aboutf1-semiparametric efficiency in cases (b)
and (c) (see [15]).

Natural questions in this context are: how do thesef1-parametric andf1-semipara-
metric efficiencies compare to each other, that is, how large is, under givenf1 and S,
the cost of not knowing the scale (not knowingf at all) when performing inference on
shape? Are there density typesf1 for which this cost would be minimal or maximal or
zero? How does that cost depend on the definition of shape, that is, on the choice of
the scale functionalS (we know from [15] that this cost is nil for the determinant-based
normalization)? These are the questions we are addressing here.
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In the hypothesis testing context, efficiencies are measured in terms of local powers,
which depend on quadratics in the parametric and semiparametric information matrices
for V. Those information matrices, and answers to the above questions, are explicitly
provided in [6],for the scale functional S(�) = �11. Here, we extend the discussion to
arbitraryS. We then turn to point estimation, where performance are measured in terms of
asymptotic covariance matrices. These matrices, for efficient estimators, are theinverses
of the information matrices involved in local powers, which are rather complex; obtaining
their inverses under closed form (Lemma 5.2) is far from trivial. Those closed forms allow
for the desired efficiency comparisons; they also are required in the definition of optimal
test statistics for various related problems, such as testing the hypothesis of homogeneity
of scatter matrices: see [7].

The main conclusions of these efficiency comparisons are that efficiency losses, for any
given scale functionalS, are maximum at arbitrarily light tails whereas, under arbitrarily
heavy tails, they are arbitrarily close to zero. It follows that, under very heavy tails,
ignoring the scale (ignoring the exact density) asymptotically does not harm inference on
shape. Semiparametric efficiencies, on the other hand, only depend on the standardized
radial densityf1, not on the scale functionalS. Finally, the result of [15] indicating that
the efficiency loss is nil, irrespective off1, when the scale functional is thek-th root of
the scatter determinant, is confirmed.

1.3 Outline of the paper
The paper is organized as follows. Section 2 provides a local asymptotic normality (LAN)
result for an arbitrary scale functionalS, thus extending the earlier result obtained by [6]
for S(�) = �11. The resulting parametric and semiparametric information matrices are
derived in Section 3. The case of hypothesis testing problems is considered in Section 4,
where the differences between parametric efficiency and semiparametric efficiency, mea-
sured by the variations of the noncentrality parameters of optimal tests, are evaluated
as functions off1 and S. The same problem is considered, in Section 5, in the point
estimation context. Technical results are proved in the appendix.

2 LAN for general shape and scale
The following notation will be used. For anyk×k matrix A, let vecA denote thek2-
dimensional vector resulting from stacking the columns ofA on top of each other. IfA
moreover is symmetric, write vechA := (A11, (ve

◦
ch A)′)′ for the (K +1)-dimensional

vector (throughout,K := k(k + 1)/2 − 1) obtained by stacking the upper-triangular
elements ofA = (Ai j ): ve

◦
ch A thus stands for vechA deprived of its first componentA11.

On the scale functionalS we make the following assumption.

Assumption 2.1 The scale functional S : Sk → R
+
0

(i) is homogeneous(for all λ > 0, S(λ�) = λS(�)),

(ii) is differentiable, with ∂S
∂�11

(�) �= 0 for all � ∈ Sk, and

(iii) satisfies S(Ik) = 1, where Ik denotes the k×k identity matrix.
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332 Hallin -- Paindaveine

Clearly, one can also look at� �→ S(�) as a function of vech�: with a slight
abuse of notation, we indifferently writeS(�) or S(vech�) in the sequel, and denote
by ∇S(vech�) the gradient gradvech� S(vech�). Under Assumption 2.1,V11, for any
V = (Vi j ) ∈ VS

k , can be recovered from(ve
◦
ch V). This special role of�11 in Assump-

tion 2.1(ii) could have been played by any other entry of�. Assuming that some other
component of∇S is non-zero would allow, for instance, for dealing with scale function-
als such asS(�) = �22 or S(�) = (

∏k
i=2 �ii )

1/(k−1)—with appropriate redefinition of
the ve

◦
ch operator. As the extension of our results to such cases is trivial, we stick to

Assumption 2.1 in the sequel.
Now, for any � ∈ Sk and anyS satisfying Assumption 2.1, defineC�

S := C�
S,k

as the upper-triangulark×k matrix such that vechC�
S = ∇S(vech�), and letD�

S :=
(C�

S +(C�
S )′)/2. Clearly, for any symmetrick×k matrixv, (vecD�

S )′(vecv) = (vechC�
S )′

(vechv). DefineM�
S := M�

S,k as theK ×k2 matrix such that(M�
S )′(ve

◦
ch v) = vecv

for any symmetrick×k matrix v satisfying(∇S(vech�))′(vechv) = 0 (equivalently,
(vecD�

S )′(vecv) = 0, or tr(D�
S v) = 0). Finally, for any S and V ∈ VS

k , define
EV

k := tr((DV
S V)2). For S(�) = �11, S(�) = (tr �)/k, and S(�) = |�|1/k, one has

DS(�) = e1e′
1 (wheree1 denotes the first vector of the canonical basis ofR

k), D�
S = 1

k Ik,
andD�

S = 1
k |�|1/k�−1—henceEV

k = 1, EV
k = 1

k2 tr(V2), andEV
k = 1

k , respectively.
The scale functionalS, in the definition of the various parametric and semiparametric

modelsP(n)
S; f , P(n)

S; f1
, andP(n)

S (see Section 1.2) plays a role through the definition of the

shape-parameter spaceVS
k only. Important as it is, this role is somewhat indirect. For the

sake of clarity, we systematically, if artificially, emphasize it in the sequel, by writingVS

for V ∈ VS
k andσS for σ .

For given S satisfying Assumption 2.1, the scatter parameter� (in vector form,
vech�), as in the introduction, decomposes into scale and shape through� = σ2

S VS,
whereσ2

S = S(�) and VS := �/S(�) ∈ VS
k . In vector form, dropping(VS)11, the

new parameter is thusϑS := (θ ′, σ2
S , (ve

◦
ch VS)

′)′ ∈ �S := Rk × R+
0 × ve

◦
ch VS

k . The
result below (see Theorem 2.1 in [15]) states that, under mild conditions, the families
of distributionsP(n)

S; f1
:= {P(n)

ϑ, f1
: ϑ ∈ �S} are locally asymptotically normal (LAN;

see [10]). Of course, LAN requires some regularity condition on the radial densityf1.
A minimal assumption is given in [6], where onlyS(�) = �11 is considered. Here, for
the sake of simplicity, we rather provide the following sufficient one.

Assumption 2.2 The standardized radial density f1 belongs to the subset F∗
1 of all ab-

solutely continuous functions f1 ∈ F1 such that, denoting by ḟ 1 their a.e.-derivative, and
letting ϕ f1 := − ḟ 1/ f1, the quantities Ik( f1) := ∫∞

0 (ϕ f1(r))
2 f̃ 1k(r) dr and Jk( f1) :=∫∞

0 r2(ϕ f1(r))
2 f̃ 1k(r) dr are finite.

This assumption is extremely mild, and does not imply any moment conditions;
Ik( f1) andJk( f1) can be interpreted as radial Fisher information for location and scale,
respectively. It can be checked that—provided thatk ≥ 2 (the problem under consideration
is void for k = 1)—Assumption 2.2 is satisfied at Gaussian densities, at all Student
densities (including the Cauchy ones), as well as at all power-exponential densities.
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Using the notation of the previous section, the corresponding radial Fisher information
values are given, for the Gaussian, the Student withν degrees of freedom, and the power-
exponential with parameterη, by

Ik(φ1) = ak k, Ik
(

f t
1,ν

) = ak,ν
k(k + ν)

k + ν + 2
, Ik

(
f e
1,η

) = 4η2bk,η

	
(4η+k−2

2η

)
	
( k

2η

) ,

and

Jk(φ1) = k(k + 2), Jk
(

f t
1,ν

) = k(k + 2)(k + ν)

k + ν + 2
, Jk

(
f e
1,η

) = k(k + 2η),

respectively, where	 stands for Euler’s Gamma function. For allk, inf f1∈F∗
1
Jk( f1) = k2

(see [6]), but nof1 in F∗
1 achieves this lower bound. However, it is achieved at arbitrarily

heavy tails, that is, asν → 0 andη → 0 in the classes ofk-variate Student and power-
exponential distributions, respectively.

The following notation is needed in the statement of LAN and will be used throughout
the paper. WriteV⊗2 for the Kronecker productV ⊗ V. Denoting bye
 the
-th vector of
the canonical basis ofRk, let Kk := ∑k

i, j=1(eie′
j) ⊗ (e je′

i) be thek2×k2 commutation

matrix, and putJk := ∑k
i, j=1(eie′

j) ⊗ (eie′
j) = (vecIk)(vecIk)

′. Also let Nk be such

thatNk(vecv) = (ve
◦
chv) for anyk×k matrix v. Finally, although any square rootV1/2

of V ∈ Sk (satisfyingV1/2(V1/2)′ = V) can be used in the results below (provided, of
course, it is used in a consistent way), we will use the symmetric root in order to save
superfluous primes. We then have the following LAN result (see [15] for a proof).

Proposition 2.3 Under Assumptions 2.1 and 2.2, the family P(n)
S; f1

= {P(n)
ϑS, f1

: ϑS ∈ �S}
is LAN. More precisely, for any ϑS = (θ ′, σ2

S , (ve
◦
chVS)

′)′ and any bounded sequence

τn ∈ Rk+K+1, we have, under P(n)
ϑS, f1

, as n → ∞,

(i) log
(

dP(n)

ϑS+n−1/2τ n, f1
/dP(n)

ϑS, f1

)
= τ ′

n�
(n)
ϑS, f1

− 1

2
τ ′

n�ϑS, f1τn + oP(1),

where, letting di := d(Xi, θ; VS) and Ui := V−1/2
S (Xi − θ)/di,

�
(n)
ϑS, f1

:=
((

�
(n)
ϑS, f1;1

)′
,�

(n)
ϑS, f1;2,

(
�

(n)
ϑS, f1;3

)′)′

with

�
(n)
ϑS, f1;1 := 1

σS
√

n

n∑
i=1

ϕ f1

(
di

σS

)
V−1/2

S Ui ,

�
(n)
ϑS, f1;2 := 1

2σ2
S
√

n

n∑
i=1

(
ϕ f1

(
di

σS

)
di

σS
− k

)
, (2.1)

and

�
(n)
ϑS, f1;3 := 1

2
√

n
MVS

S

(
V⊗2

S

)−1/2
n∑

i=1

vec
(

ϕ f1

(
di

σS

)
di

σS
UiU′

i − Ik

)
; (2.2)
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(ii) the central sequence�(n)
ϑS, f1

, still under P(n)
ϑS, f1

, is asymptotically normal with mean
zero and covariance matrix

�ϑS, f1 :=

 �ϑS, f1;11 0 0

0 	ϑS, f1;22 �′
ϑS, f1;32

0 �ϑS, f1;32 �ϑS, f1;33


 , (2.3)

where

�ϑS, f1;11 := Ik( f1)

kσ2
S

V−1,

	ϑS, f1;22 := Jk( f1) − k2

4σ4
S

, �ϑS, f1;32 := Jk( f1) − k2

4kσ2
S

MVS
S

(
vecV−1

S

)
,

and

�ϑS, f1;33 (2.4)

:= 1

4
MVS

S

(
V⊗2

S

)−1/2
[
Jk( f1)

k(k + 2)

(
Ik2 + Kk + Jk

)− Jk

](
V⊗2

S

)−1/2
(

MVS
S

)′
.

The block-diagonal structure of the information matrix (2.3) implies that the non-
specification of thelocation centreθ does not affect optimal parametric performances
when estimatingVS and/orσ2

S , or when performing tests about the same. More pre-
cisely, when estimatingVS for instance, the optimal asymptotic covariance matrix that
can be achieved (at P(n)

θ ,σ2
S ,VS, f1

) by an estimator ofVS is the same (namely,(�ϑS, f1;33)
−1)

in P(n)

S;σ2
S , f1

:=
{
P(n)

θ ,σ2
S ,VS, f1

: θ ∈ Rk, VS ∈ VS
k

}
as inP(n)

S;θ,σ2
S , f1

:=
{
P(n)

θ ,σ2
S ,VS, f1

: VS ∈ VS
k

}
.

Since this asymptotic covariance only depends onVS and f1, so does this optimal perfor-
mance.

On the contrary, a non-zero covariance�ϑS, f1;32 between the scale and shape parts of
the central sequences implies that the optimal parametric performance when estimatingVS

is affected by the non-specification of the scaleσS. The following result, which is proved
in [15], shows that there is an important exception to this rule.

Theorem 2.4 Let Assumptions 2.1 and 2.2 hold. Then �ϑS, f1;32 = 0 for all ϑS ∈ �S and
f1 ∈ F∗

1 iff S = Sd, where Sd(�) := |�|1/k.

This shows that the decomposition of scatter into scale and shape through the determi-
nant-based scale functional is, in a sense, canonical; the determinant-based scale func-
tional is the only one that guarantees orthogonality of the scale and shape parts of the
central sequence, and, consequently, full adaptivity in the estimation of shape. For any
other scale functionalS, the non-specification ofσS has a strictly positive cost when
estimatingVS. Our objective here is to quantify, both for hypothesis testing and point
estimation, this cost for eachf1 andS, by comparing the parametric efficiency bounds
under specified and unspecified scale (as already mentioned, the latter actually coincide
with the semiparametric efficiency bounds).
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3 Parametric and semiparametric efficiency bounds

The LAN result of Proposition 2.3 is about the “unspecified scale” modelP(n)
S; f1

, but

automatically entails LAN for the “specified scale” modelsP(n)
S; f , the information matrices

of which are obtained by deleting the row and the column corresponding toσ2
S in (2.3).

Parametric efficiency at P(n)
ϑS, f1

thus is characterized by theparametric information matrix

for shape �S; f1(V) := �ϑS, f1;33 in (2.4), which does not depend onσS nor onθ (whence
the notation).

Now, in the more realistic setup whereθ , σ2
S , and f1 remain unspecified and play the

role of a nuisance, LAN and the convergence of local experiments to the Gaussian shift
experiments(

�2
�3

)
∼ N

((
	ϑS, f1;22 �′

ϑS, f1;32
�ϑS, f1;32 �ϑS, f1;33

)(
τ2
τ3

)
,

(
	ϑS, f1;22 �′

ϑS, f1;32
�ϑS, f1;32 �ϑS, f1;33

))
(3.1)

(where(τ2, τ
′
3)

′ ∈ Rk(k+1)/2), imply that locally optimal inference on shape should be
based on the residual of the regression (in (3.1)) of�3 with respect to�2 (that is,
�3−�ϑS, f1;32	

−1
ϑS, f1;22�2), computed at�(n)

ϑS, f1;3 and�
(n)
ϑS, f1;2. The resultingf1-efficient

central sequence for shape is then

�
(n)∗
ϑS, f1;3 := �

(n)
ϑS, f1;3 − �ϑS, f1;32	

−1
ϑS, f1;22�

(n)
ϑS, f1;2

= 1

2
√

n
MVS

S

(
V⊗2

S

)−1/2
n∑

i=1

ψ f1

(
di

σS

)
di

σS
vec

(
UiU′

i − 1

k
Ik

)
,

which (unlike the original central sequence for shape; compare with�
(n)
ϑS, f1;3 in (2.2))

remains centered under∪g1∈F1P(n)
ϑS,g1

. This efficient central sequence under P(n)
ϑS, f1

is

asymptotically normal, with mean zero and covariance (thesemiparametrically efficient
Fisher information for shape under radial densityf1)

�∗
S; f1

(VS) = �ϑS, f1;33 − �ϑS, f1;32	
−1
ϑS, f1;22�

′
ϑS, f1;32 (3.2)

= Jk( f1)

4k(k + 2)
MVS

S

(
V⊗2

S

)−1/2
[

Ik2 + Kk − 2

k
Jk

](
V⊗2

S

)−1/2
(

MVS
S

)′
.

Clearly, Lemma A.1(iv) entails that, forS(�) = |�|1/k, one has�∗
S; f1

(VS) = �S; f1(VS)

and

�
(n)∗
ϑS, f1;3 = �

(n)
ϑS, f1;3 = 1

2
√

n
MVS

S

(
V⊗2

S

)−1/2
n∑

i=1

ψ f1

(
di

σS

)
di

σS
vec
(
UiU′

i

)
,

and Theorem 2.4 shows that this definition of scale/shape is the only one for which
parametric and semiparametric efficiency bounds do coincide (actually, it is the only
parametrization for which�(n)∗

ϑS, f1;3 and�
(n)
ϑS, f1;3 are equal up tooP(1)) terms.

The efficient Fisher information for shape�∗
S; f1

(VS) provides the semiparametric

efficiency bound atf1. More precisely, a testφ(n) (with asymptotic levelα ∈ (0, 1)) of
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336 Hallin -- Paindaveine

H
(n)
0 : ve

◦
chVS = ve

◦
chV0

S against H(n)
1 : ve

◦
chVS �= ve

◦
chV0

S is said to be
f1-semiparametrically optimal iff, along any sequence of local alternatives of the form
H(n)

1 : ve
◦
chVS = (ve

◦
chV0

S ) + n−1/2τ, the power ofφ(n) tends to

1 − �K

(
�−1

K (1 − α) ; τ ′ �∗
S; f1

(
V0

S

)
τ
)

where�
( · ; c) stands for the distribution function of a noncentral chi-square variable
with 
 degrees of freedom and noncentrality parameterc, and�
( · ) := �
( · ; 0).

Similarly, an estimatorV(n)
S of VS ∈ VS

k is said to bef1-semiparametrically efficient
iff, for all ϑS ∈ �S,

n1/2ve
◦
ch
(

V(n)
S − VS

)
L−→ N

(
0,
(
�∗

S; f1
(VS)

)−1
)

, (3.3)

under P(n)
ϑS, f1

, asn → ∞. Bickel ([1, Example 4]) has shown that thisf1-semiparametric
efficiency coincides with parametric efficiency underf1 and unspecifiedσS.

4 Hypothesis testing
In this section, we consider in further detail the testing problem

H
(n)
0 : ve

◦
chVS = ve

◦
chV0

S versus H
(n)
1 : ve

◦
chVS �= ve

◦
chV0

S , (4.1)

whereVS, V0
S ∈ VS

k (V0
S fixed). A testφ(n) (with asymptotic levelα ∈ (0, 1)) is said to be

f1-parametrically optimal (resp.,f1-semiparametrically optimal) iff, along any sequence
of local alternatives of the formH(n)

1 : ve
◦
chVS = (ve

◦
chV0

S ) + n−1/2τ , the asymptotic
power ofφ(n) is

1 − �K

(
�−1

K (1 − α) ; τ ′G τ
)
, (4.2)

whereG := �S; f1(V
0
S ) (resp.,G := �∗

S; f1
(V0

S )).
Of course, the testing problem (4.1) is equivalent to

H(n)
0 : VS = V0

S versus H(n)
1 : VS �= V0

S ,

whereVS, V0
S ∈ VS

k ; the sequence of alternatives ve
◦
chVS = (ve

◦
chV0

S ) + n−1/2τ also
naturally writesVS = V0

S + n−1/2v(n), where the entry(v(n))11 is defined in such a way
that S(V0

S + n−1/2v(n)) = 1 for all n (other entries are determined by(ve
◦
ch v(n)) = τ ,

and do not depend onn). Since

0 = S
(
V0

S + n−1/2v(n)
)− S

(
V0

S

) = n−1/2[∇S
(
vechV0

S

)]′(vechv(n)
)+ o

(
n−1/2)

asn → ∞, we have

0 = lim
n→∞

[∇S
(
vechV0

S

)]′(vechv(n)
) = ∂S

∂�11

(
V0

S

)
lim

n→∞
(
v(n)
)
11 +

(
ve

◦
ch C

V0
S

S

)′
τ ,

so that Assumption 2.1 guarantees that limn→∞(v(n))11, hence alsov := limn→∞(v(n)),
exist. This shows that sequences of local alternatives under matrix form must satisfy

[∇S
(
vechV0

S

)]′
(vechv) =

(
vecD

V0
S

S

)′
(vecv) = tr

(
D

V0
S

S v
)

= 0. (4.3)
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4.1 The cost of unspecified scale
We now evaluate, for any given scale functionalS, the difference between the local
powers in (4.2) associated with parametrically and semiparametrically optimal tests, re-
spectively. More precisely, we measure the efficiency loss by comparing the noncentrality
parametersτ ′ �S; f1(V

0
S ) τ andτ ′ �∗

S; f1
(V0

S ) τ .

Theorem 4.1 Let Assumptions 2.1 and 2.2 hold. Then, τ ′ �S; f1(V
0
S ) τ and

τ ′ �∗
S; f1

(V0
S ) τ are given by

Jk( f1)

2k(k + 2)
tr
(((

V0
S

)−1v
)2
)

+ Jk( f1) − k(k + 2)

4k(k + 2)

(
tr
((

V0
S

)−1v
))2

(4.4)

and

Jk( f1)

2k(k + 2)

{
tr

(((
V0

S

)−1v
)2
)

− 1

k

(
tr
((

V0
S

)−1v
))2

}
, (4.5)

respectively.

Hence, a measure of the loss due to the unspecified scaleσS is the difference

δS; f1

(
V0

S , v
) = τ ′[�S; f1

(
V0

S

)− �∗
S; f1

(
V0

S

)]
τ = Jk( f1) − k2

4k2

(
tr
((

V0
S

)−1v
))2

between the noncentrality parameters in (4.4) and (4.5). Another measure of the same
loss, with interpretation in terms of asymptotic relative efficiency, hence in observation
numbers, is the ratio ARES; f1(V

0
S , v) of (4.5) to (4.4).

The differenceδS; f1(V
0
S , v) of course is always nonnegative (recall indeed that

inf f1∈F∗
1
Jk( f1) = k2), whereas the ratio is always smaller than or equal to one. It

follows from (4.3) that, forS(�) = |�|1/k, the loss is nil:δS; f1(V
0
S , v) = 0 for all V0

S , v,
and f1. Theorem 2.4 moreover shows that this definition of scale/shape is the only one
for which this holds. Note however that, forS(�) = (tr �)/k, no loss is incurred when
testing for sphericity: indeed,δS; f1(Ik, v) = 0 for all v and f1.

Irrespective of the definition of scale/shape, the differenceδS; f1(V
0
S , v) converges

to zero for allV0
S and v when the Fisher information for scale/shapeJk( f1) tends to

its infimum k2, which occurs at arbitrarily heavy tails, that is, asν → 0 andη → 0
in the classes ofk-variate Student and power-exponential distributions, respectively.
On the contrary, the same differenceδS; f1(V

0
S , v) (unless of course tr

(
(V0

S )−1v
) = 0)

becomes arbitrarily large whenJk( f1) tends to infinity, that is, under arbitrarily light
tails—for instance, asη → ∞ in the class ofk-variate power-exponential distributions.
Whether this means that the corresponding losstends to infinity is a matter of definition;
a rapid calculation shows that asymptotic relative efficiencies, under the same conditions,
converge to

inf
f1∈F∗

1

ARES; f1

(
V0

S , v
) =

tr

(((
V0

S

)−1v
)2
)

− 1
k

(
tr
((

V0
S

)−1v
))2

tr

(((
V0

S

)−1v
)2
)

+ 1
2

(
tr
((

V0
S

)−1v
))2

.
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4.2 Comparisons between the various S-local powers
Efficiency losses in Section 4.1 all are considered for afixed scale functional S, and
various density typesf1. The null hypothesis in (4.1) also can be written, inP(n)

T ; f orP(n)
T ,

asH(n)
0 : VT = V0

T , for any other scale functionalT �= S, whereV0
T = V0

S /T(V0
S ). In this

section, we show that while the parametrically optimal performances associated withS
andT may be quite different, the semiparametrically optimal ones, at anyf1, all are the
same—hence coincide with the parametrically optimal performance for the determinant-
based scale functional, which therefore can be considered as the “least favorable” one.

To be more specific, we consider the semiparametric performance that can be
achieved when testingH(n)

0 : ve
◦
chVS = ve

◦
chV0

S against local alternatives of the form

ve
◦
chVS = ve

◦
chV0

S + n−1/2τS = ve
◦
ch
(

V0
S + n−1/2v(n)

S

)
, (4.6)

where(v(n)
S )11 is such thatV0

S + n−1/2v(n)
S is an (S-)shape matrix, which implies—as

in (4.3)—that tr
(
D

V0
S

S vS
) = 0 (with vS := limn→∞ v(n)

S ). This performance, which is
measured by the noncentrality parameterτ ′

S�
∗
S; f1

(V0
S ) τ S, is to be compared with the

semiparametrically optimal one obtained when testingH(n)
0 : ve

◦
chVT = (ve

◦
chV0

T ),
whereV0

T = V0
S /T(V0

S ), against local alternatives of the form

ve
◦
chVT = ve

◦
chV0

T + n−1/2τT = ve
◦
ch
(

V0
T + n−1/2v(n)

T

)
, (4.7)

whereτT and v(n)
T are such that the local alternatives (4.6) and (4.7) coincide. This

requires that

ve
◦
ch
(

V0
T + n−1/2v(n)

T

)
= ve

◦
ch


 V0

S + n−1/2v(n)
S

T
(

V0
S + n−1/2v(n)

S

)

+ o

(
n−1/2), (4.8)

where tr
(
D

V0
T

T vT
) = 0, with vT := limn→∞(v(n)

T ) (again a consequence of the fact

that (v(n)
T )11 is chosen in such a way thatV0

T + n−1/2v(n)
T is a T -shape matrix). The

resulting semiparametric performance is then measured bythe noncentrality parame-
ter τ ′

T �∗
T ; f1

(V0
T ) τ T . The following result shows that, as announced, the semiparametric

performances forVS andVT do coincide.

Theorem 4.2 Let Assumptions 2.1 and 2.2 hold. Then, with the same notation as above,

(i) the quantities V0
T , v(n)

T , and τ T are, in terms of V0
S and vS,

V0
T = V0

S /T
(
V0

S

)
, τ T = (ve

◦
ch vT

)
, and

vT = 1
T(V0

S )

[
vS −

(
tr
(

D
V0

T
T vS

))
V0

T

]
.

(4.9)

(ii) The S- and T-semiparametric performances do coincide, that is,

τ ′
S�

∗
S; f1

(
V0

S

)
τ S = τ ′

T �∗
T ; f1

(
V0

T

)
τ T

at any f1 ∈ F∗
1 .

See the appendix for the proof.
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5 Point estimation
5.1 Some definitions and a key lemma

An estimatorV(n)
S of VS ∈ VS

k is said to bef1-parametrically efficient (resp., f1-semi-
parametrically efficient) iff, for all ϑS = (θ ′, σ2

S , (ve
◦
chVS)

′)′ ∈ �S, we have

n1/2ve
◦
ch
(

V(n)
S − VS

)
L−→ N

(
0, G−1), (5.1)

under P(n)
ϑS, f1

, asn → ∞, with G := �S; f1(VS) (resp.,G := �∗
S; f1

(VS)), or, in terms of
vecVS, iff

n1/2vec
(

V(n)
S − VS

)
L−→ N

(
0,
(

MVS
S

)′
G−1MVS

S

)
, (5.2)

under P(n)
ϑS, f1

, asn → ∞. This result (5.2) for the vec form follows from the following
lemma.

Lemma 5.1 Let Assumption 2.1 hold. Then, under P(n)
ϑS, f1

,

n1/2vec
(

V(n)
S − VS

)
= n1/2

(
MVS

S

)′
ve

◦
ch
(

V(n)
S − VS

)
+ oP(1) as n → ∞.

In this section, we provide—for any scale functionalS—an explicit (MVS
S -free) expres-

sion for the asymptotic covariance in (5.2), allowing for a comparison with the asymptotic
covariance matrix achievable in the more realistic unspecified scale setup, that is, in the
family P(n)

S; f1
:= {P(n)

θ,σ2
S ,VS, f1

, θ ∈ Rk, σ2
S ∈ R+

0 , VS ∈ VS
k }—a performance that coincides

(as shown in [1]) with thef1-semiparametric one, achievable inP(n)
S .

Let

QVS
k;r,s := PVS

k

{
r
[
Ik2 + Kk

](
V⊗2

S

)+ s
(
vecVS)

(
vecVS

)′}(PVS
k

)′
, (5.3)

where

PVS
k := Ik2 − 1

E
VS
k

(
V⊗2

S

) (
vecDVS

S

)(
vecDVS

S

)′
. (5.4)

The following lemma constitutes the key result in the derivation of an explicit expression
of the asymptotic covariance matrix in (5.2) (see the appendix for the proof).

Lemma 5.2 Let VS ∈ VS
k and a, b ∈ R such that a �= 0 and b �= (2a + bk)EVS

k . Then,

(i)

{
1

4
MVS

S

(
V⊗2

S

)−1/2
[
a(Ik2 + Kk) + bJk

](
V⊗2

S

)−1/2
(

MVS
S

)′}−1

(5.5)

= NkQVS
k;A,BN′

k,

with A := a−1 and B := 2a−1bEVS
k /(b − (2a + bk)EVS

k );

(ii) for all r, s ∈ R,
(
MVS

S

)′NkQVS
k;r,s = QVS

k;r,s = QVS
k;r,sN′

kMVS
S .
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5.2 Parametric and semiparametric performances
Lemma 5.2 and (5.2) directly yield the following result.

Proposition 5.3 Let Assumptions 2.1 and 2.2 hold. Then, the asymptotic (under P(n)
ϑS, f1

,
as n → ∞) covariance matrix of (the vecform of) f1-parametrically efficient estimators
of VS is, for all ϑS = (θ ′, σ2

S , (ve
◦
chVS)

′)′ ∈ �S,

(
MVS

S

)′(
�S; f1(VS)

)−1MVS
S = k(k + 2)

Jk( f1)
QVS

k;1,2M
VS
k, f1

, (5.6)

where

MVS
k, f1

:= (Jk( f1) − k(k + 2))EVS
k

Jk( f1) − k(k + 2) − (k + 2)(Jk( f1) − k2)EVS
k

. (5.7)

Note that, sinceJk( f1) ≥ k2, the quantityMVS
k, f1

in (5.7) satisfies

−EVS
k /
(
(k + 2)EVS

k − 1
) ≤MVS

k, f1
≤ EVS

k . (5.8)

These lower and upper bounds forMVS
k, f1

are achieved, for instance, within the class of
k-variate power-exponential densitiesf e

1,η, by lettingη → ∞ andη → 0, respectively.

As an illustration, we now provide an estimatorV(n)
S,N that isφ1-parametrically effi-

cient, that is, parametrically efficient in the multinormal case with specified scale. Under
P(n)

ϑS,φ1
, the regular sample covariance matrix�(n) := (n − 1)−1∑n

i=1(Xi − X̄)(Xi − X̄)′

(with X̄ := n−1∑n
i=1 Xi ) is consistent for�k := a−1

k σ2
S VS (whereak was defined in

Section 1.1). Actually, it is easy to show that

n1/2vec
(
�(n) − �k

) L−→ N
(
0,
[
Ik2 + Kk

](
�⊗2

k

))
,

under P(n)
ϑS,φ1

, asn → ∞. If the scale parameterσ2
S = ak S(�k) is known, one can define

the estimator of shape

V(n)
S,N := �(n)

S(�k)
− 1

Ek(V
∗(n)
S,N )

(
S
(
�(n)

)
S(�k)

− 1
)

V∗(n)
S,N D

V∗(n)
S,N

S V∗(n)
S,N (5.9)

= V∗(n)
S,N +

(
S
(
�(n)

)
S(�k)

− 1
){

V∗(n)
S,N − 1

Ek
(
V∗(n)

S,N

)V∗(n)
S,N D

V∗(n)
S,N

S V∗(n)
S,N

}
,

whereV∗(n)
S,N := �(n)/S(�(n)) does not take advantage from the specified scale. The

differenceV(n)
S,N − V∗(n)

S,N can be interpreted as the improvement (in the estimation ofVS)
that can be achieved when knowing the value of the scaleσS; indeed, as we will show,
V(n)

S,N (resp.,V∗(n)
S,N ) is parametrically efficient in the multinormal case with specified

(resp., unspecified) scale. That such an improvement is possible is intuitively clear from
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the non-diagonal form of the information matrix in (2.3). However, in the particular case
whereS(�) = |�|1/k, that information matrix is block-diagonal and no improvement can
be expected; actually, one easily checks thatV(n)

S,N = V∗(n)
S,N for this choice ofS.

Now, let us show that the estimatorV(n)
S,N in (5.9) is indeed parametrically efficient in

the multinormal case with specified scale. Applying Slutzky’s Lemma, we obtain, under⋃
θ

{
P(n)

θ ,σ2
S ,VS,φ1

}
,

n1/2vec
(

V(n)
S,N − VS

)
= 1

S(�k)
PVS

k

[
n1/2vec

(
�(n) − �k

)]
+ oP(1)

L−→ N
(

0, QVS
k;1,0

)
,

asn → ∞. The resulting asymptotic covariance matrixQVS
k;1,0 is the value of the asymp-

totic covariance matrix in (5.6) at normal radial densities (f1 = φ1), which establishes
theφ1-parametric efficiency ofV(n)

S,N .
Using Lemma 5.2 again, we obtain

Proposition 5.4 Let Assumptions 2.1 and 2.2 hold. Then, the asymptotic (under P(n)
ϑS, f1

,
as n → ∞) covariance matrix of (the vec form of) f1-semiparametrically efficient
estimators of VS is, for all ϑS = (θ ′, σ2

S , (ve
◦
chVS)

′)′ ∈ �S,

(
MVS

S

)′(
�∗

S; f1
(VS)

)−1MVS
S = k(k + 2)

Jk( f1)
QVS

k;1,2E
VS
k

, (5.10)

where QVS
k;r,s is defined in (5.3).

Most estimators of shapeV(n), once properly normalized intoV(n)
S := V(n)/S

(
V(n)

)
,

are such that vecV(n)
S has an asymptotic covariance matrix (at P(n)

ϑ, f1
) of the form

λk, f1 × QVS

k;1,2E
VS
k

, for someλk, f1 > 0; see, e.g., [2], [11], [13], or [20]. The ratio

k(k + 2)/[Jk( f1)λk, f1] then can be used as a measure of their relative efficiency with
respect to the semiparametric efficiency bound atf1.

We conclude this section by showing thatV∗(n)
S,N = �(n)/S(�(n)), as announced above,

is parametrically efficient in the multinormal case with unspecified scale (atf1 = φ1),
hence semiparametrically efficient at the same. Slutzky’s Lemma yields

n1/2vec
(

V∗(n)
S,N −VS

)
= 1

S(�k)

[
Ik2 −(vecVS)

(
vecDVS

S

)′][
n1/2vec

(
�(n)−�k

)]+ oP(1)

L−→ N

(
0,
[
Ik2 −(vecVS)

(
vecDVS

S

)′][
Ik2 +Kk

]

× (V⊗2
S

)[
Ik2 −(vecVS)

(
vecDVS

S

)′]′)
,



T
h
is
 a
rtic

le
 is
 p
ro
te
c
te
d
 b
y
 G
e
rm

a
n
 c
o
p
y
rig

h
t la

w
. Y

o
u
 m

a
y
 c
o
p
y
 a
n
d
 d
is
trib

u
te
 th

is
 a
rtic

le
 fo

r y
o
u
r p

e
rs
o
n
a
l u

s
e
 o
n
ly
. O

th
e
r u

s
e
 is
 o
n
ly
 a
llo

w
e
d
 w
ith

 w
ritte

n
 p
e
rm

is
s
io
n
 b
y
 th

e
 c
o
p
y
rig

h
t h

o
ld
e
r. 

342 Hallin -- Paindaveine

under
⋃

θ

{
P(n)

θ,σ2
S ,VS,φ1

}
, asn → ∞, where the asymptotic covariance matrix, after stan-

dard algebra, reduces toQVS

k;1,2E
VS
k

, which is the value, atf1 = φ1, of the asymptotic

covariance matrix in (5.10). The semiparametric efficiency ofV∗(n)
S,N in the multinormal

case follows.

5.3 The cost of unspecified scale
We now are able to compare the asymptotic performances off1-parametrically and
f1-semiparametrically efficient estimators for shape, and to quantify the correspond-
ing efficiency losses. The main result of this paper is stated in the next theorem; see
the appendix for the proof. In order to improve readability, we write AVar[S(n)] and
ACov[S(n), T (n)] for the asymptotic variance ofS(n) and asymptotic covariance ofS(n)

andT (n), respectively.

Theorem 5.5 Let Assumptions 2.1 and 2.2 hold. Then, under
⋃

θ

⋃
σS

{
P(n)

θ,σ2
S ,VS, f1

}
, for

any f1-parametrically efficient (resp., f1-semiparametrically efficient) estimator V(n)
S of

VS,

ACov
[
n1/2(V(n)

S − VS
)

i j , n1/2(V(n)
S − VS

)
rs

]

= k(k + 2)

Jk( f1)



(

(VS)ir (VS) js + (VS)is(VS) jr − 2

E
VS
k

(
VSDVS

S VS

)
i j

(
VSDVS

S VS

)
rs

)

+ 2GVS
k, f1

(
VS − 1

EVS
k

VSDVS
S VS

)
i j

(
VS − 1

EVS
k

VSDVS
S VS

)
rs


 , (5.11)

with GVS
k, f1

=MVS
k, f1

(resp., GVS
k, f1

= EVS
k ).

A measure of the efficiency loss due to an unspecified scale when estimating the
shape is provided by the differences betweenthe semiparametrically and parametrically
optimal values in (5.11), namely

2k(k + 2)

Jk( f1)

(
EVS

k −MVS
k, f1

)(
VS − 1

EVS
k

VSDVS
S VS

)
i j

(
VS − 1

EVS
k

VSDVS
S VS

)
rs

. (5.12)

For S(�) = |�|1/k, EVS
k VS = VSDVS

S VS for all VS, so that no loss of efficiency is incurred:
again, thek-th root of the determinant is the only scale functional for which this holds
uniformly in VS. ForS(�) = (tr �)/k, no loss is encountered atVS = Ik—a result which
is the estimation counterpart of the result on testing for sphericity.

An alternative way of measuring efficiency losses is in terms of AREs, that is, in terms
of ratios rather than differences. Entrywise ratios of asymptotic covariance matrices how-
ever do not make much sense. Therefore, we rather consider the performances achieved
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in the estimation of linear functionals of theVS’s. To be more specific, assume we want
to estimate(vecv)′(vecVS), wherev is some fixed symmetrick×k matrix. Denote by
V(n)

S andV∗(n)
S , respectively, somef1-parametrically andf1-semiparametrically efficient

estimators of shape. It readily follows from Propositions 5.3 and 5.4 that the asymptotic
variances ofn1/2(vecv)′(vecV(n)

S ) andn1/2(vecv)′(vecV∗(n)
S ) are

k(k + 2)

Jk( f1)
(vecv)′ QVS

k;1,2M
VS
k, f1

(vecv) and
k(k + 2)

Jk( f1)
(vecv)′ QVS

k;1,2E
VS
k

(vecv),

respectively, so that

(vecv)′ QVS

k;1,2M
VS
k, f1

(vecv)

(vecv)′ QVS

k;1,2E
VS
k

(vecv)
= 1 −

(vecv)′
(

QVS

k;1,2E
VS
k

− QVS

k;1,2M
VS
k, f1

)
(vecv)

(vecv)′ QVS

k;1,2E
VS
k

(vecv)

can be considered as a measure of asymptotic relative efficiency. Since

0 < EVS
k −MVS

k, f1

=
(k + 2)

(
Jk( f1) − k2

)(
E

VS
k

)2

(k + 2)
(
Jk( f1) − k2

)
E

VS
k − (Jk( f1) − k(k + 2))

≤
(k + 2)

(
E

VS
k

)2

(k + 2)E
VS
k − 1

,

the efficiency loss vanishes iff the Fisher information for scale/shapeJk( f1) tends to
its infimum k2, which occurs at arbitrarily heavy tails, that is, asν → 0 andη → 0
in the classes ofk-variate Student and power-exponential distributions, respectively. On
the contrary, the efficiency loss is maximal whenJk( f1) goes to infinity, that is under
arbitrarily light tails, namely, asη → ∞ in the classes ofk-variate power-exponential
distributions.

5.4 Comparisons between the various S-efficiencies
Similarly as in Section 4.2, we now proceed toshow that semiparametric efficiencies do
not depend on the scale functionalS. To be more specific, Proposition 5.4 shows that, if
V∗(n)

S is a f1-semiparametrically efficient estimators ofVS,

n1/2vec
(

V∗(n)
S − VS

)
L−→ N

(
0,

k(k + 2)

Jk( f1)
QVS

k;1,2E
VS
k

)
,

as n → ∞, under P(n)
ϑS, f1

(as usual,ϑS = (θ ′, σ2
S , (ve

◦
chVS)

′)′ ∈ �S). If the scale
functionalT is used instead ofS, the quantity to be estimated under the corresponding
distribution inP(n)

T , namely P(n)
ϑT , f1

, where

ϑT =
(
θ ′, σ2

T ,
(
ve

◦
chVT

)′)′ =
(
θ ′, T(VS),

(
ve

◦
chVS

)′
/T(VS)

)′ ∈ �T ,
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is clearlyVT = VS/T(VS). An obvious estimator forVT isV∗(n)
T = V∗(n)

S /T(V∗(n)
S ). Using

Slutzky’s Lemma, we obtain that

n1/2vec
(

V∗(n)
T −VT

)
= 1

T(VS)

[
Ik2 −(vecVT )

(
vecDVS

T

)′][
n1/2vec

(
V∗(n)

S − VS

)]
+ oP(1)

L−→ N

(
0,

k(k + 2)

Jk( f1)(T(VS))2

[
Ik2 −(vecVT )

(
vecDVS

T

)′]

×QVS

k;1,2E
VS
k

[
Ik2 −(vecVT )

(
vecDVS

T

)′]′)
, (5.13)

under P(n)
ϑT , f1

, asn → ∞. Painful, though standard, computations show that the asymptotic

covariance matrix in (5.13) reduces tok(k+2)
Jk( f1)

QVT

k;1,2E
VT
k

, which shows (Proposition 5.4

again) thatV∗(n)
T = V∗(n)

S /T(V∗(n)
S ) is f1-semiparametrically efficient forVT at P(n)

ϑT , f1
, as

n → ∞. This clearly is an evidence that semiparametric efficiency bounds do not depend
on the choice of the scale functional.

A Appendix
In this final section, we prove Lemmas 5.1 and 5.2, as well as Theorems 4.1, 4.2, and 5.5.

For any S satisfying Assumption 2.1, consider the mappingV S
11 : ve

◦
ch Sk → R

defined byS((V S
11(ve

◦
chV), (ve

◦
chV)′)′) = 1, the existence of which—locally around

anyVS ∈ VS
k —is guaranteed by Assumption 2.1 and the implicit function Theorem. We

will need the following result, which states some important properties ofMVS
S andDVS

S .

Lemma A.1 Let S satisfy Assumption 2.1 and fix VS ∈ VS
k . Let also Pk be the (K +1)×k2

matrix such that P′
k(vechv) = vecv for any symmetric k×k matrix v. Then,

(i) MVS
S = (∇V S

11(ve
◦
chVS)

... IK )Pk;

(ii) DVS
S = DλVS

S for all λ > 0;

(iii) tr (DVS
S VS) = S(VS) = 1;

(iv) denoting by kerA the null space of a matrix A, (kerMVS
S ) ∩ (vecSk) =

{λ(vecDVS
S ) : λ ∈ R};

(v) EVS
k ≥ 1/k.

Proof of Lemma A.1: Parts (i)–(iv) are proved in Lemmas 4.1 and 4.2 of [15]. Let
λ(VS) = (λ1(VS), . . . , λk(VS))

′, where theλi(VS)’s are the eigenvalues of the symmetric
matrix V1/2

S DVS
S V1/2

S (the ordering of components inλ(VS) is irrelevant in the sequel).

Part (iii) of the lemma shows that1′
kλ(VS) = tr (V1/2

S DVS
S V1/2

S ) = tr (DVS
S VS) = 1, where

1k := (1, . . . , 1)′ ∈ Rk.
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Part (v) follows since the Cauchy–Schwarz inequality yields 1= (1′
kλ(VS))

2 ≤
k (λ(VS))

′λ(VS) = k × tr((V1/2
S DVS

S V1/2
S )2) = k EVS

k . �

Proof of Theorem 4.1: The noncentrality parametersτ ′�S; f1(V
0
S )τ andτ ′�∗

S; f1
(V0

S )τ

to be computed are given by

(
ve

◦
ch v

)′MV0
S

S

((
V0

S

))−1/2
[
a(Ik2 + Kk) + bJk

]((
V0

S

))−1/2
(

M
V0

S
S

)′ (
ve

◦
ch v

)
, (A.1)

with (a, b) =
(
Jk( f1)

4k(k+2)
,
Jk( f1)

4k(k+2)
− 1

4

)
and(a, b) =

(
Jk( f1)

4k(k+2)
,− Jk( f1)

2k2(k+2)

)
, respectively.

Now, from (4.3) and the definition ofMVS
S , note that(M

V0
S

S )′(ve
◦
ch v) = (vecv).

Hence, by using that vec(ABC) = (C′ ⊗ A) (vecB), (vecA)′(vecB) = tr (A′B), and
Kk(vecA) = (vecA′), equation (A.1) can easily be rewritten as(

vec
((

V0
S

)−1/2v
(
V0

S

)−1/2
))′ [

a(Ik2 + Kk) + bJk

] (
vec

((
V0

S

)−1/2v
(
V0

S

)−1/2
))

= 2a

(
tr
((

V0
S

)−1v
)2
)

+ b
(
tr
((

V0
S

)−1v
))2

,

which establishes the result. �

Proof of Theorem 4.2: (i) Clearly, the null hypothesisH0 : VS = V0
S translates, in the

T -parametrization, intoH0 : VT = V0
T , whereV0

T = V0
S /T(V0

S ). Now, considering local
alternatives,

ve
◦
ch
(

V0
S+n−1/2v(n)

S

T(V0
S+n−1/2v(n)

S )

)
− ve

◦
ch
(
V0

T

)

= ve
◦
ch

(
V0

S + n−1/2v(n)
S − V0

S

T
(
V0

S + n−1/2v(n)
S

) +
[

1

T
(
V0

S + n−1/2v(n)
S

) − 1

T
(
V0

S

)
]

V0
S

)

= n−1/2

T
(
V0

S

)ve
◦
ch

(
v(n)

S − n1/2

T
(
V0

S

) (T
(
V0

S + n−1/2v(n)
S

)− T
(
V0

S

))
V0

S

)
+ o
(
n−1/2).

(A.2)

Since Lemma A.1(ii) yields

n1/2(T(V0
S + n−1/2v(n)

S

)− T
(
V0

S

)) =
[
∇T
(
vechV0

S

)]′ (
vechv(n)

S

)+ o(1)

= tr
(

D
V0

S
T v(n)

S

)
+ o(1) = tr

(
D

V0
T

T vS

)
+ o(1)

asn → ∞, equality (4.9) follows from (4.8) and (A.2). Note that Lemma A.1(iii) entails

that tr
(
D

V0
T

T vT
) = 0.
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(ii) The last remark in the proof of (i) and the definition ofM
V0

T
T imply that the noncentrality

parameterτ ′
T �∗

T ; f1
(V0

T ) τT is given by

Jk( f1)

4k(k + 2)

(
ve

◦
ch vT

)′MV0
T

T

((
V0

T

))−1/2
[
Ik2 + Kk − 2

k
Jk

]
(A.3)

×((V0
T

))−1/2
(

M
V0

T
T

)′ (
ve

◦
ch vT

)

= Jk( f1)

4k(k + 2)
(vecvT )′

((
V0

T

))−1/2
[
Ik2 + Kk − 2

k
Jk

]((
V0

T

))−1/2
(vecvT ).

Hence, by using (4.9), the identity vec(ABC) = (C′ ⊗ A)(vecB), and the fact that
[Ik2 + Kk − 2

k Jk](vecIk) = 0, this noncentrality parameter can be written as

Jk( f1)

4k(k + 2)

1(
T
(
V0

S

))2 (vecvS)
′((V0

T

))−1/2
[
Ik2 + Kk − 2

k
Jk

]((
V0

T

))−1/2
(vecvS)

= Jk( f1)

4k(k + 2)
(vecvS)

′((V0
S

))−1/2
[
Ik2 + Kk − 2

k
Jk

]((
V0

S

))−1/2
(vecvS)

= Jk( f1)

4k(k + 2)
(vecvS)

′MV0
S

S

((
V0

S

))−1/2
[
Ik2 + Kk − 2

k
Jk

]

×((V0
S

))−1/2
(

M
V0

S
S

)′
(vecvS), (A.4)

which is the noncentrality parameterτ ′
S�

∗
S; f1

(V0
S ) τ S associated with theS-parametri-

zation (in order to obtain (A.4), we used the definition ofMVS
S and the fact that

tr
(
D

V0
S

S vS
) = 0). �

Proof of Lemma 5.1: The delta method yields, under P(n)
ϑ, f1

, asn → ∞,

n1/2vec
(
V(n)

S − VS
)

= n1/2P′
kvech

(
V(n)

S − VS
)

= n1/2P′
k

(
V S

11

(
ve

◦
chV(n)

S

)− V S
11

(
ve

◦
chVS

)
,
(
ve

◦
ch
(
V(n)

S − VS
))′)′

= n1/2P′
k

( [∇V S
11

(
ve

◦
chVS

)]′
IK

)
ve

◦
ch
(
V(n)

S − VS
)+ oP(1).

The result then follows from Part (i) of Lemma A.1. �
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Proof of Lemma 5.2: (i) Write �a,b for the matrix in braces in the left-hand side of (5.5).
Using part (ii) of the lemma (as we shall see, the proof of (ii) does not require (i)) and
the identitiesK2

k = Ik2, KkJk = Kk = JkKk, J2
k = kJk, vec(ABC) = (C′ ⊗ A) (vecB),

(vecA)′(vecB) = tr (A′B), Kk(A ⊗ B) = (B ⊗ A)Kk, Kk(vecA) = vec(A′) (holding
for all k×k matricesA, B, andC), lengthy but straightforward calculations yield

�a,b

(
NkQVS

k;r,sN′
k

)
= ar

2
Mk

[
Ik2 + Kk

]
N′

k + 1

4

(
2as + 2br + bks − bs

E
VS
k

)

× MVS
S

(
vecV−1

S

)[
vec
(

V−1
S − 1

E
VS
k

DVS
S

)]′(
V⊗2

S

)
N′

k.

Now, since

(a) MVS
S (vecDVS

S ) = 0 (see Lemma A.1(iv)),

(b) MVS
S Kk = MVS

S (since, for all symmetrick×k matrix w, (vecDVS
S )′(vecw) = 0

implies thatKk(M
VS
S )′(ve

◦
ch w) = Kk(vecw) = vecw = (MVS

S )′(ve
◦
ch w)), and

(c) MVS
S N′

k = IK (sinceNk(M
VS
S )′(ve

◦
ch w) = Nk(vecw) = ve

◦
ch w for all symmetric

k×k matrix w such that(vecDVS
S )′(vecw) = 0),

we obtain thatNkQVS
k;A,BN′

k is a right-inverse of�a,b. Since bothNkQVS
k;A,BN′

k and�a,b

are symmetric, this right-inverse is also a left-inverse.
(ii) Since QVS

k;r,s is symmetric, it is clearly sufficient to prove thatM′
kNkQVS

k;r,s
= QVS

k;r,s. It follows from the definition ofQVS
k;r,s (see (5.3)) that it is sufficient to show

that

M′
kNkPVS

k

[
Ik2 + Kk

] = PVS
k

[
Ik2 + Kk

]
(A.5)

and

M′
kNkPVS

k (vecVS) = PVS
k (vecVS). (A.6)

But, lettingEi j := eie′
j + e je′

i and using the fact thatDVS
S = 1

2

∑k
i, j=1(D

VS
S )i j Ei j , we

have

PVS
k

[
Ik2 + Kk

] = Ik2 + Kk − 2

EVS
k

(
V⊗2

S

) (
vecDVS

S

)(
vecDVS

S

)′

= 1

2

k∑
i, j=1

(
vecEi j

)(
vecEi j

)′ − 2

E
VS
k

(
vec
(

VS DVS
S VS

))(
vecDVS

S

)′

=
k∑

i, j=1

vec


1

2
Ei j −

(
DVS

S

)
i j

EVS
k

VS DVS
S VS


(vecEi j

)′
,
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where

tr


1

2
DVS

S Ei j −

(
DVS

S

)
i j

E
VS
k

(
DVS

S VS

)2




= 1

2
tr
(

e′
j D

VS
S ei

)
+ 1

2
tr
(

e′
iD

VS
S e j

)
−
(

DVS
S

)
i j

= 0.

This establishes (A.5) sinceM′
kNk(vecw) = (vecw) for all symmetrick×k matrix w

satisfying tr(DVS
S w) = 0. As for (A.6), it follows in a similar way from noting that

PVS
k (vecVS) = (vecVS) − 1

EVS
k

(
V⊗2

S

) (
vecDVS

S

)

= vec

(
VS − 1

E
VS
k

VS DVS
S VS

)
,

where tr

(
DVS

S VS − 1

E
VS
k

(
DVS

S VS
)2) = 0. �

Proof of Theorem 5.5: Clearly, if n1/2vec(V(n)
S − VS) is asymptotically multinormal

with mean zero and covariance matrixH, one has

ACov
[
n1/2(V(n)

S − VS
)

i j , n1/2(V(n)
S − VS

)
rs

] = (vec
(
eie′

j

))′ H vec
(
ere′

s

)
.

The result then follows from standard computations by using Propositions 5.3 and 5.4.�
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[4] L. Dümbgen. On Tyler’sM-functional of scatter in high dimension.Annals of the
Institue of Statistical Mathematics, 50:471–491, 1998.

[5] M. Hallin, H. Oja, and D. Paindaveine. Semiparametrically efficient rank-based
inference for shape: II. OptimalR-estimation of shape.Annals of Statistics, to
appear, 34, 2006.

[6] M. Hallin and D. Paindaveine. Semiparametrically efficient rank-based inference
for shape: I. Optimal rank-based tests for sphericity.Annals of Statistics, to appear,
34, 2006.

[7] M. Hallin and D. Paindaveine. Optimal rank-based tests for homogeneity of scatter.
Submitted, 2006.

[8] M. Hallin and B. J. M. Werker. Semiparametric efficiency, distribution-freeness, and
invariance.Bernoulli, 9:55–65, 2003.

[9] T. P. Hettmansperger and R. H. Randles. Apractical affine equivariant multivariate
median.Biometrika, 89:851–860, 2002.

[10] L. Le Cam.Asymptotic Methods in Statistical Decision Theory. Springer-Verlag,
New York, 1986.
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