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Summary: We are considering the problem of efficient inference on the shape matrix of an elliptic
distribution with unspecified location and either (a) fully specified radial density, (b) radial density
specified up to a scale parameter, or (¢) completely unspecified radial density. Bickel in [1] has
shown that efficiencies under (b) and (c), while being strictly less than under (a), coincide: the
efficiency loss caused by an unspecified radial density thus is entirely due to the non-specification
of its scale (scale here is not necessarily measured by standard error, as second-order moments may
be infinite). Defining scale however requires the choice of a particatée functional, a choice

which has an impact on efficiency bounds. We provide a closed form expression for this efficiency
loss, both in hypothesis testing and in point estimation, as a function of the standardized radial
density and the scale functional. We show that this loss is maximum at arbitrarily light tails whereas,
under arbitrarily heavy tails, it is arbitrarily close to zero: hence, under very heavy tails, ignoring
the scale (ignoring the exact density) asymptotically does not harm inference on shape. However,
the same loss is nil, irrespective of the standardized radial density, when the scale functional (in
dimensiork) is thek-th root of the scatter determinant.

1 Introduction
1.1 Scatter, scale, and shape

Denote by lg”)z f, the distribution of then-tuple ofk-dimensional observation$™ =

(X1, ..., Xn), where, lettingd(x, 0; ¥) := [(x — 0) Z~1(x — 6)]Y/2, the X;’s are i.i.d.
with commonelliptical density

X > O 1, | Z|"Y2f1(d(x, 0; X)). (1.1)

Thecenter of symmetry 6 is ak-dimensional real vector, tteeatter matrix ¥ belongs to
the collectionSi of all symmetric positive definite re&lx k matrices, thestandardized
radial density f1 : Rf —> R satisfiesuk—1,1, := [;~ r*1fi(r)dr < oo, andey 1,

is a normalization factor. To ensure identifiability Bfandcy f, x f1 without imposing
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328 Hallin - Paindaveine

any moment conditions, we require the radial den§ijt{o bestandardized in such a way
that, writingd; (8, X) for d(Xj, 8; X),

Medy 5 1,[ci (0, )] = 1, 1.2)

where Med 3. 1,[di (8, )] denotes the median df(#, X) under Iﬁn Note however
that f1, strlctly speaking, is not a probability density (more preC|se]Iy it is not a density
with respect to the Lebesgue measure dR&), and does not even integrate to one.
Actually, under [gj)z,fl' di(0, 2) has densityr > 1, (1) = (uk_1.1,) (),

re ]Rar. The class of all standardized radial densities will be denotef as

1 00
Fp = {fl Ry — Ry : / r<=Lfi(rydr =/ rk=1f1(rdr < oo}.
0 1

Special instances of (1.1) are tkvariate multinormal distribution, with radial den-
sity f1(r) = ¢1(r) := exp(—axr2/2), the k-variate Student distributions, with radial
densities (fon € R{ degrees of freedomiy(r) = f} (1) := (14 ac,r?/v)-«/2,
and thek-variate power- exponential distributions, with radial densities of the forfn)
= f7 q () = exp(— by ,r 2,y e R ; the positive constant, ax ,, andby , are such
that f1 € F1.

Now, letS: Sk — RJ be ahomogeneous function (satisfyingS(AX) = 2X) for
all A > 0), and define thecale parameterré = X) > 0 and theshape parameter
Vs := X/SX) € Vk, Wherevf denotes the collection of matric&sin Si satisfying

SV) = 1. Clearly,d; (6, Vs) under If’"): f, has mediams, and we therefore refer t8as
ascale functional.

Classical choices foBincludeS(X) = X141 ([6], [5], [9], and [16]),S(X) = (tr X)/k
([4], [13], and [20]), andS(%) = |Z|VK ([3], [17], [18], and [19]). This leads to rewrit-
ing (1.1) as

Ck, f, o .
X et ( d(x. 6; VS)) = gz (. 0: V). (1.3)
n) n)
and F‘ x.f, 8S F‘ 0,02V

over the class

oty or Pf,”i,sf wherer — f(r) := f,(r) := o1 f1(r /o) ranges

o0
]—';:{f :]Rar—HRg:/ r"lf(r)dr<oo}.
0

Irrespective of the choice d§, this shape matri¥/s is a normalized version of the
scatter matrixx—hence, under finite second-order moments, a normalized version of
the ordinary covariance matrix. Therefoiis a parameter of crucial interest in most
standard multivariate analysis problems. Many problems in principal component anaIyS|
(PCA) and canonical correlation analysis (CCA), and the problem of testing for spher|C|ty
among others, depend on shape rather thatherscatter matrix: see, for instance, [2],
[6], [18]. Inference on shape in thcontext appears as an essential issue.
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Semiparametric inference for shape 329

Intuitively, the choice of a particular scale functional should not affect inference about
shape: irrespectively o, Vs indeed is just a representative of the class of all matrices
that are proportional t& —a class that does not depend®1T his intuition is confirmed
by the fact (see Sections 4.2 and 5.4) that semiparametric efficiency bouMgsffonot
depend orS. However, a very subtle relation exists between parametric efficiencies for
Vs, the underlying radial densit§, and the scale function& The subject of this paper
is a study of that relation. A more detailed description of the problems we are considering
however requires a more precise definition of the parametric and semiparametric models
under study.

1.2 Shape: from parametric to semiparametric inference

Inference on shape, for any giv&h naturally takes place in parametric families of the
form

(n) (n) k S
PO =[P 0 e RV e ],

where the radial density e F (hence, also the scate which is the unique solution

of [y r*=1fm)ydr = [>°rk=1f(r)dr) is completely specified: dathis case (a). Such full
specification off in practice is too much of an assumption, and the classical parametric
approach consists in specifyirfgup to a scale parameter only, that is, specifyfngThe
resulting family of densities, still of a parametric nature, is of the form (call this case (b))

P . {p(n)

k .2 o pt S
s, = |Ppozv.y, 0 ERYO eRO,Ver}.

Specifying the radial density up to a scale parameter still may be unrealistic, and one may
prefer considering the same problems of inferencé/an the semiparametric model
under whichf remains completely unspecified: call it case (c). The corresponding family
can be described either as

PP =[P 10 e RV eV feF| = | P
feF
(call this case (c1)), or as

,P(n) { P(n)

0,02V 11 10 e R, 0% e R,V € V; fle]-'l}z U P(S?)fl

fieF

(call this case (c2)). Although perfectly equivalent, cases (cl) and (c2) correspond to
distinct semiparametric descriptions of the same fam@: in case (c1), the parameter
is (8, V) € Rkx VS, and the nonparametric nuisancefig F, whereas in case (c2), the
parameter g0, o2, V) € R¥xRJ x5, and the nonparametric nuisancefise F1. This,
as we shall see, leads to distinct definitiongdéptivity. In all cases ((a), (b), and (c)),
thed;(9; V)'s are i.i.d., with densityf (r) = ¢ ~1f 1(r /o) such thatfo1 f(ndr =1/2.

What is to be meant bgptimal inference orV e Vks, at given Ifﬁ\)/ ¢» as well as the

corresponding optimal performance (efficiency), depends on the model (the ﬁgﬁuy
Pg')fl or P(n)) adopted, which includes the choice of a scale functiG&learly, for
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330 Hallin - Paindaveine

given S the optimal performance achievablemg') (case (a)), wherd is completely

specified, is highestf(ll parametric efficiency), followed by the performanceng')
(case (b)), wheref is only partially specified (parametric efficiency in the presence
of unknown scale), and the performanceﬂﬁ‘), where f is completely unspecified
(semiparametric efficiency).

It can be shown that, under mild regularity assumptiond and S (ensuringlocal
asymptotic normality (LAN)),

(i) the location paramet@rhas no influence on any of treesfficiencies, which are the
same whethdt is known or not; in practice, any rooteonsistent estimaté™ thus

safely can be substituted for an unspecitied/hereas in theoretical developments,
we can assume without any loss of generality that O (see [6]);

(i) at given S and f1, efficiencies mP(”) (parametric efficiency in the presence
of unknown scale) and IrPS) (semlparametric efficiency) coincide; the differ-
ence between full parametric efficiency and semiparametric efficienc:)%,\tf P
(Ve S) thus is entirely due to the non-specification of scale—a fact that was al-
ready estabhshed in [1] for the inverge ! of the shape matrix and a normalization

based on the trace; the same proof howéedds for arbitrary (homogeneous) scale
functionals;

(iii) if adaptivity (at givenS) means that the semiparametric efficiency bounds (case (c)) 2
for V and the parametric ones (in the presence of unknown scale: case (b)) COInCIde
then (ii) implies that the model, as far &sis concerned, isdaptive, or thatV
is adaptively estimable, for any choice ofS; this property corresponds to the (c1)-

description ofP{’—call it restricted adaptivity;

noK 10} aja11e siy3 ajnquysip pue Adods Aew no "mej JybrAdods uewsas Aq payasjoud si ajoiue siy|

(iv)

(v) for given S, parametric and semiparametric efficiencies %P vV e Vk) do

Natural questions in this context are: how do thésgarametric and1-semipara-
metric efficiencies compare to each other, that is, how large is, under @ivand S,
the cost of not knowing the scale (not knowiffigat all) when performing inference on
shape? Are there density typésfor which this cost would be minimal or maximal or
zero? How does that cost depend on the definition of shape, that is, on the choice of;
the scale functionab (we know from [15] that this cost is nil for the determinant-based
normalization)? These are the questions we are addressing here.

a stronger adaptivity property however has been established in [15], where it
is shown that iff the determinant-based scale functional is adopted (namely, iff *
S(X) = |2|Y/%), the semiparametric efficiency bounds (case (c)Yfand the para-
metricfull-efficiency ones (case (a)) coincide: even the non-specification of the scale
here has no asymptotic cost efperforming inference owi, with respect to which

the r(n)odel is thugully adaptive; this property corresponds to the (c2)-description
of P&

not depend on the actual valueséofindo: it makes sense, thus, to speak about
f1-parametric efficiency in case (a), about; -semiparametric efficiency in cases (b)
and (c) (see [15]).
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Semiparametric inference for shape 331

In the hypothesis testing context, efficiencies are measured in terms of local powers,
which depend on quadratics in the pararicednd semiparametric information matrices
for V. Those information matrices, and answers to the above questions, are explicitly
provided in [6],for the scale functional S(X) = X11. Here, we extend the discussion to
arbitraryS. We then turn to point estimation, wheperformance are measured in terms of
asymptotic covariance matrices. Thesdnioas, for efficient estimators, are thwerses
of the information matrices involved in local powers, which are rather complex; obtaining
their inverses under closed form (Lemma 5.2) is far from trivial. Those closed forms allow
for the desired efficiency comparisons; they also are required in the definition of optimal
test statistics for various related problems, such as testing the hypothesis of homogeneity
of scatter matrices: see [7].

The main conclusions of these efficiency caripons are that efficiency losses, for any
given scale functiondb, are maximum at arbitrarily light tails whereas, under arbitrarily
heavy tails, they are arbitrarily close to zero. It follows that, under very heavy tails,
ignoring the scale (ignoring the exact density) asymptotically does not harm inference on
shape. Semiparametric efficiencies, on the other hand, only depend on the standardized
radial densityf;, not on the scale function& Finally, the result of [15] indicating that
the efficiency loss is nil, irrespective df, when the scale functional is tieth root of
the scatter determinant, is confirmed.

1.3 Outline of the paper

The paper is organized as follows. Section 2 provides a local asymptotic normality (LAN)
result for an arbitrary scale functiongl thus extending the earlier result obtained by [6]

for X) = ¥11. The resulting parametric and semiparametric information matrices are
derived in Section 3. The case of hypothesis testing problems is considered in Section 4,
where the differences between parametric efficiency and semiparametric efficiency, mea-
sured by the variations of the noncentrality parameters of optimal tests, are evaluated
as functions off; and S. The same problem is considered, in Section 5, in the point
estimation context. Technical results are proved in the appendix.

2 LAN for general shape and scale

The following notation will be used. For arkyx k matrix A, let vecA denote thek?-
dimensional vector resulting from stacking the column#ain top of each other. IA
moreover is symmetric, write veéh:= (A1, (vech A)')’ for the (K +1)-dimensional
vector (throughoutK := k(k 4+ 1)/2 — 1) obtained by stacking the upper-triangular
elements oA = (Ajj): vech A thus stands for veoh deprived of its first componer; 1.

On the scale function& we make the following assumption.

Assumption 2.1 The scale functional S: Sk — RJ
(i) ishomogeneoufor all A > 0, S(AX) = ASX)),
(i) isdifferentiable, with a%—‘j‘l():) # Ofor all £ € S, and
(iii) satisfies S(Ix) = 1, where I, denotesthe k x k identity matrix.
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Clearly, one can also look & +— S(X) as a function of vecl: with a slight
abuse of notation, we indifferently writ§(X) or S(vechX) in the sequel, and denote
by VS(vechX) the gradient grag. s S(vechX). Under Assumption 2.1y14, for any
V = (Vij) € Vks, can be recovered frortvech V). This special role of11 in Assump-
tion 2.1(ii) could have been played by any other entrfofAssuming that some other
component oV Sis non-zero would allow, for instance, for dealing with scale function-
als such as(X) = T or ST) = ([T, i)Y *D—with appropriate redefinition of
the veh operator. As the extension of our results to such cases is trivial, we stick to
Assumption 2.1 in the sequel.

Now, for any = € Sk and anyS satisfying Assumption 2.1, defin@g := Cg,
as the upper-triangulderx k matrix such that vecﬁé = V§vechy), and IetD’Sz =
(CE+(CZ%))/2. Clearly, for any symmetrie<k matrixv, (vecDZ)’ (vecv) = (vechC%)’
(vechv). DefineMg := MZ, as theK x k? matrix such thatMg)'(vechv) = vecv
for any symmetridk x k matrix v satisfying(VS(vechX))’(vechv) = 0 (equivalently,
(vecDI) (vecv) = 0, or tr(DEv) = 0). Finally, for anyS andV e V2, define
& ==tr((DLV)?). For SX) = 11, S(T) = (tr¥)/k, and(E) = [Z|¥, one has
Ds(X) = e1€] (wheree; denotes the first vector of the canonical basigf D’S: = %I ks
andD% = |z |*z~2—hencety = 1,&/ = 5tr(V?), andgy = ¢, respectively.

The scale functiond, in the definition of the various parametric and semiparametric
modeISPg:)f, P(S”)fl andP(Sn) (see Section 1.2) plays a role through the definition of the

shape-parameter spa)zé only. Important as it is, this role is somewhat indirect. For the
sake of clarity, we systematically, if artifadly, emphasize it in the sequel, by writiMg
for V e W} andos for o.

For given S satisfying Assumption 2.1, the scatter parameée(in vector form,
vechX), as in the introduction, decomposes into scale and shape thmughaszvs,
wheresZ = S(T) andVs := £/SX) € V2. In vector form, droppingVs)11, the
new parameter is thugs := (8', 02, (vech Vs))' € @s = RK x R} x vech V. The
result below (see Theorem 2.1 in [15]) states that, under mild conditions, the families
of distributionsP} = {Py’; : # € @s} arelocally asymptotically normal (LAN;
see [10]). Of course, LAN requires some regularity condition on the radial defsity
A minimal assumption is given in [6], where on§X) = X1 is considered. Here, for
the sake of simplicity, we rather provide the following sufficient one.

Assumption 2.2 The standardized radial density f; belongs to the subset 77 of all ab-
solutely continuousfunctions f1 € F; suchthat, denotingby f ; their a.e.-derivative, and
letting ¢, := —f 1/ f1, the quantities Zi(f1) := 5" (@1, (1)) 1 (r) dr and Ji(f1) :=
Jo7 r2(@1,(0))%f 14 (r) dr arefinite.

This assumption is extremely mild, and does not imply any moment conditions;
Ik (f1) and Jk( f1) can be interpreted as radial Fisher information for location and scale,
respectively. It can be checked that—provided knat2 (the problem under consideration
is void for k = 1)—Assumption 2.2 is satisfied at Gaussian densities, at all Student
densities (including the Cauchy ones), as well as at all power-exponential densities.
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Semiparametric inference for shape 333

Using the notation of the previous section, the corresponding radial Fisher information
values are given, for the Gaussian, the Student witegrees of freedom, and the power-
exponential with parameter, by

An+k—2
k(k + (=)
Ti(¢1) = akk,  Ti(f],) = ak, ﬁ Ti(1f,) = 4n’bky F(z) ,
2
and !
k(k+2)(k+
Tk(p1) = kk+2), J(fy,)= % Jk(ff,) = kk+2n),

respectively, wher€ stands for Euler's Gamma function. Forlalinf fyer; Jk( f1) = k2
(see [6]), but nofy in 77 achieves this lower bound. However, it is achieved at arbitrarily
heavy tails, that is, a8 — 0 andn — 0 in the classes df-variate Student and power-
exponential distributions, respectively.

The following notation is reded in the statement of LAN and will be used throughout
the paper. Writd/®? for the Kronecker produdf ® V. Denoting bye, the ¢-th vector of
the canonical basis @, letKy := Z:szl(eiefj) ® (ej€) be thek? x k? commutation

matrix, and putJx := Z:szl(ae(j) ® (ae’j) = (veclk)(vecly)'. Also let N be such

thatNk(vecv) = (vechv) for anyk x k matrixv. Finally, although any square rogt/2

of V e S (satisfyingV1/2(V/2) = V) can be used in the results below (provided, of
course, it is used in a consistent way), we will use the symmetric root in order to save
superfluous primes. We then have the following LAN result (see [15] for a proof).

Proposition 2.3 Under Assumptions 2.1 and 2.2, the family Pé?)fl = {P(,,'z i, 1 Us € Og}
is LAN. More precisdly, for any #s = (¢’, 052, (vechVs)')’ and any bounded sequence
7n € R¥K+1 we have, under P,(,Z f, @SN — 00,

. 1
0) log (de,”S)Jrn,l/szfl/de,'z fl) = rgA;”S{ f1— 5131“195, f,7n +0p(D),

where, letting di := d(X;, 8; Vs) and U; := Vg 2(Xi — 6)/di,

!/
™ (A ) AD m Y
Aﬂs, f1- ((Aﬂs, f1;l) ’ Al?s, fi;2 (Aﬂs, f1;3) >

with n
o 1 di\,,~1/2,
Aﬂs, fr1 = —US m L Ot <0_8> Vs 77U,
1 n d d
) L) =
A® dyd ) 2.1
s, f1;2 2052 n ; (wfl (GS> 0s ) e
and
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(ii) the central sequencA(,,rz 7 till under sz 17 is asymptotically normal with mean

zero and covariance matrix

Iy 111 O 0
Ty f, i= 0  Tasiu22 Ty 30 |- (2.3)
0  Tyg 32 Tog ;33
where Lty
A PRy |
Lyg fy:11 = koé V7,
Jk(f1) — K2 Jk(f) — K2 1
Tos fp22:= ———5—, Tag32:= ———5—Mg°(vecVg™),
4og 4kO’S
and
Tyg 11:33 (2.4)
1 ve e-1/2 Jk(f1) ®2\—1/2(y Vs’
= ZMSS(VS ) m(lk2+Kk+Jk)_Jk (VS ) (MS> .

The block-diagonal structure of the information matrix (2.3) implies that the non-
specification of thdocation centreéd does not affect optimal parametric performances
when estimatingvs and/orosz, or when performing tests about the same. More pre-
cisely, when estimatinys for instance, the optimal asymptotic covariance matrix that

can be achieved (ag'%sz Ve fl) by an estimator o¥/s is the same (namelyT s t,; 3379

in P(S?GSZ’ 0= {P((:isz,vs, f 0 € RK, Vs e Vks} as inP(S?;’USZ’ 0= {ng;sz’vs’ f Vs € Vks}
Since this asymptotic covariance only depend¥gand f1, so does this optimal perfor-
mance.

On the contrary, a non-zero covariarltg, .32 between the scale and shape parts of
the central sequences implies that the optimal parametric performance when estifgating
is affected by the non-specification of the saaleThe following result, which is proved
in [15], shows that there is an important exception to this rule.

Theorem 2.4 Let Assumptions2.1and 2.2 hold. Then 'y 1,.32 = Ofor all #s € @sand
f1 € 7} iff S= S, where (%) := [TV

This shows that the decomposition of scatter into scale and shape through the determ
nant-based scale functional is, in a sense, canonical; the determinant-based scale fun
tional is the only one that guaranteeshmgonality of the scale and shape parts of the
central sequence, and, consequently, full adaptivity in the estimation of shape. For any.
other scale functiona$, the non-specification afs has a strictly positive cost when
estimatingVs. Our objective here is to quantify, both for hypothesis testing and point
estimation, this cost for eacfi and S, by comparing the parametric efficiency bounds
under specified and unspecified scale (as already mentioned, the latter actually coincid
with the semiparametric efficiency bounds).
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Semiparametric inference for shape 335

3 Parametric and semiparametric efficiency bounds

The LAN result of Proposition 2.3 is about the “unspecified scale” m@(@l, but

automatically entails LAN for the “specified scale” modﬁg) , the information matrices
of which are obtained by deleting the row and the column correspondiaf@itm(z.S).
Parametric efficiency atf,Eg f, thus is characterized by tiparametric information matrix

for shapeTI's; 1, (V) := I'yg 1,:331N (2.4), which does not depend egnor oné (whence
the notation).
Now, in the more realistic setup Whe?eosz, and f; remain unspecified and play the
role of a nuisance, LAN and the convergence of local experiments to the Gaussian shift
experiments

(Az) N (( Tys f1:22 Ty f1;32> ( ) ) ( Ts 11,22 Tyg 1,30 )) (3.1)
Az Ty .32 g 1133/ \ T3 Ty £,:32 g £1:33
(where(z, 73)" € Rk+D/2) imply that locally optimal inference on shape should be

based on the residual of the regression (in (3.1)Agfwith respect toA, (that is,
A3 —Tyg 1,320, £, 22A2) computed aA(,,") f1: 3andAf§f'S)f .o~ The resultingf; -efficient

central %quence%or shapeis then

(WES _ AM -1 (n)
Aos, f1;3 *= Aos f:3 Lys, f1'32r195 f1; 22A1}s f1;2

_ 1 MYs(vg2) V2 di ) di ;1
_Zf (VS Zw( ) vec(UU I(Ik>,

which (unlike the original central sequence for shape; compareA‘nfu“Qlfl;3 in (2.2))

remains centered undergleflP,,S’gl. This efficient central sequence undé,PS’Ff’1 is

asymptotically normal, with mean zero and covariance gdn@parametrically efficient
Fisher information for shape under radial densityf;)

T 1,(Vs) = Tyg 133 — Tog 13:320 5 ¢ 0o p 130 (3.2)
J(f) v o\—1/2 2 N—1/2 [y rVs)/
= == MS((VE | Kk — =Jdk|(VE MSS) .
Akt 2 s (Ve T et K | (VeE) (W)

Clearly, Lemma A.1(iv) entails that, f&X) = | X|/%, one had'g ¢, (Vs) = T's 1,(Vs)
and

1
(n) " _1/2
Aﬂs*fl 3=Ay 3= 2\/— Z v <_) —veo(U Ui),

and Theorem 2.4 shows that this definition of scale/shape is the only one for which
parametric and semiparametric efficiency bounds do coincide (actually, it is the only
parametrization for Wh|ctA(”)* 3 andA(”) paare equal up top(1)) terms.

The efficient Fisher |nformat|on for shaﬂ% 1, (Vs) provides the semiparametric

efficiency bound atf;. More precisely, a test™ (with asymptotic levelx € (0, 1)) of
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M. ve — vech\?© i m . Y chyO i i
Hy :vechVs=vechVg against #;  : vechVs # vechVg is said to be

f1-semiparametrically optimal iff, along any sequence of local alternatives of the form
1" : vechVs = (vechVQ) + n~%/2, the power o™ tends to

1- W (Wt — ) 7T (V) 7)

whereW,(-; ¢) stands for the distribution function of a noncentral chi-square variable

with ¢ degrees of freedom and noncentrality parametandW,(-) := W, (-; 0).
Similarly, an estimatové”) of Vs € Vks is said to bef;-semiparametrically efficient
iff, for all #s € Og,

n/2vech (vg‘) - vs) AN (0, (rg fl(vs))l> , (3.3)

under Ifg;)’ f,1 @SN — 00. Bickel ([1, Example 4]) has shown that this-semiparametric
efficiency coincides with parametric efficiency undgrand unspecifieds.

4 Hypothesistesting
In this section, we consider in further detail the testing problem

#" :vechVs = vechvd  versus  #" : vechVs # vechVe, (4.1)
whereVs, V& € V2 (V2 fixed). A testp™ (with asymptotic leved e (0, 1)) is said to be
f1-parametrically optimal (resp.,f1-semiparametrically optimal ) iff, along any sequence
of local alternatives of the for\” : vechVs = (vechVQ) + n~1/2z, the asymptotic
power ofgp™ is

1— Wy (\Dgl(l—a); 7'G T), (4.2)

whereG := I's 1, (V) (resp.G :=T'% ¢ (V).
Of course, the testing problem (4.1) is equivalent to

H :Vs=VE  versus AV :Vs# WV

whereVs, V& e VS, the sequence of alternativesohd/s = (vechV9) + n~2z also
naturally writesVs = V2 4+ n~%2v(™, where the entryv(™)1 is defined in such a way
that (V2 + n=/2v(M) = 1 for all n (other entries are determined byech v(V) = z,
and do not depend am. Since

0= S(VS+nY2v™) — 5(vQ) = nV2[vS(vechvQ)] (vechv™) + o(n~/?)
asn — oo, we have
BS . o 0 /

(V) lim (v),, + (vech C\és) T,

— i 0\7 M) —
0= nIl_)mOO [VS(vechvg)] (vechv!™) = 5 im_
so that Assumption 2.1 guarantees thatlim, (v(M)11, hence als@ := limy,_, o (v(M),
exist. This shows that sequences of local alternatives under matrix form must satisfy

0

[vS(vechvd)]' (vechv) = <vecD\S/5> (vecv) = tr (D\S/gv> =0. (4.3)
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4.1 The cost of unspecified scale

We now evaluate, for any given scale functioi&lthe difference between the local
powers in (4.2) associated with parametrically and semiparametrically optimal tests, re-
spectively. More precisely, we measure the efficiency loss by comparing the noncentrality
parameters’ I's;1,(VQ) T andt' Tg (V) .

Theorem 4.1 Let Assumptions 2.1 and 2.2 hold. Then, T/r&fl(vg)r and
' T ¢ (V) T aregiven by

Jk(f1) on-1\2\ = Jk(f1) —k(k+2) -1 \\2
Kkt " <<(VS) v) ) T Akt 2) (r (&) (4.4)

ot e (97)) - £ (r (7)), (45)

and

respectively.

Hence, a measure of the loss due to the unspecified ggal¢he difference

651 (V&v) = 7[5y (VQ) — T 1, (V)] 7 = %&;kz (tr ((Vg)*lv))z

between the noncentrality parameters in (4.4) and (4.5). Another measure of the same
loss, with interpretation in terms of asymptotic relative efficiency, hence in observation
numbers, is the ratio ARgfl(V& v) of (4.5) to (4.4).

The differencess; fl(Vg,V) of course is always nonnegative (recall indeed that
inf freFy Jk(f1) = k?), whereas the ratio is always smaller than or equal to one. It
follows from (4.3) that, foIS(2) = |X|Y/X, the loss is nilsg ,(V2, v) = 0 for all V&, v,
and f1. Theorem 2.4 moreover shows that this definition of scale/shape is the only one
for which this holds. Note however that, f&X) = (tr ¥)/k, no loss is incurred when
testing for sphericity: indeeds; 1, (Ik, v) = 0 for all v and fy.

Irrespective of the definition of scale/shape, the differez?g;el(vg, V) converges
to zero for aIIVéJ andv when the Fisher inform#on for scale/shapeik( f1) tends to
its infimum k2, which occurs at arbitrarily heavy tails, that is, as> 0 andy — 0
in the classes ok-variate Student and power-exponential distributions, respectively.
On the contrary, the same differen&gfl(vg, V) (unless of course (I(Vg)*lv) = 0)
becomes arbitrarily large whefk(f1) tends to infinity, that is, under arbitrarily light
tails—for instance, ag — oo in the class ok-variate power-exponential distributions.
Whether this means that the corresponding tesds to infinity is a matter of definition;

a rapid calculation shows thatyamsptotic relative efficiencies, under the same conditions,

converge to
w (7)) = £ (r (v V)
ir ((<vg)—1v)2) +1(r (V7))

~l=

inf AREs ,(V3, V) =
fle}'i‘

“1ap|oy ybrAdos ayy Aq uoissiwiad uapum yym pamoje Ajuo si asn JayjQ "Ajuo asn jeuosiad InoA 1o} ajone siyy anquisip pue Ados Aew no A mej JybrAdos uewsas) £q pajosjoud si 9ja1ue siyL



338 Hallin - Paindaveine

4.2 Comparisons between the various S-local powers

Efficiency losses in Section 4.1 all are considered fdixed scale functional S, and
various density type$;. The null hypothesisin (4.1) also can be Writtera?ija‘i")f orPM,
asH{" : Vr = V2, for any other scale functional # S whereV? = V/T(VQ). In this
section, we show that while the parametrically optimal performances associatel with
andT may be quite different, the sen@i@metrically optimal ones, at arfy, all are the
same—hence coincide with the parametrically optimal performance for the determinant-s.
based scale functional, which therefore can be considered as the “least favorable” one.

To be more specific, we consider the seanametric performance that can be

achieved when testirg)" : vechVs = vechV against local alternatives of the form

vechVs = vechV& + n~Y/2¢g = vech (VéJ + n_l/zvé")) , (4.6)

where (v{")11 is such that + n=/2,{" is an (S)shape matrix, which implies—as
0

in (4.3)—that tr(D\S/Svs) = 0 (with vs := limp_ oo vé”)). This performance, which is

measured by the noncentrality parameter's fl(Vg) Ts, is to be compared with the

semiparametrically optimal one obtained when tesﬂféﬂ) . vechVr = (ve°chV$),

whereV? = V&/T(vQ), against local alternatives of the form

vechVr = vechV? + n~Y2z1 = vech <V$ + n_1/2v§")) : (4.7)

wherezT and v§”) are such that the local alternatives (4.6) and (4.7) coincide. This
requires that

v+ n 3

o 0 n—1/2,M\ _ ye& ~1/2
vech (VT+n vy ) vech T(V°+n*l/2v(”)> +o(n~%?), (4.8)
S S
0
where tr(D\T/TvT) = 0, with vy := Iimn_)oo(vén)) (again a consequence of the fact

that (W)11 is chosen in such a way th& + n-%2." is a T-shape matrix). The

resulting semiparametric fermance is then measured tiye noncentrality parame-
ter IT. fl(VTQ) 771. The following result shows that, as announced, the semiparametric
performances fo¥s andVt do coincide.
Theorem 4.2 Let Assumptions 2.1 and 2.2 hold. Then, with the same notation as above,
(i) thequantitiesV2, W™, and 77 are, in termsof V2 and vs,

VO =VvT(VY), 7= (vechvr), and

V20 (4.9)
VT = T(\]}g) |:VS— (tr (DTTVS>> V-Ic—)i| o

(ii) The S and T-semiparametric performances do coincide, that is,

teTs 1, (V) Ts = t4T5. ¢ (V) 77

atany f1 e 7.
See the appendix for the proof.
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5 Point estimation
5.1 Somedefinitionsand a key lemma

An estimator\/é”) of Vg € Vks is said to befi-parametrically efficient (resp., f1-semi-
parametrically efficient) iff, for all #s = (@', osz, (vechVs))’ € ®s, we have

n'/2vech (V& - Vs) —= A(0,G7Y), (5.1)

under I{’QH, asn — oo, with G := I's 1, (Vs) (resp.,G := l“g; fl(VS))' or, in terms of
vecVs, iff

n2vec(VE" ~ Vs) 5 N(0, (M) G7IME), (5.2)

under I?,”S) f,» @sn — oo. This result (5.2) for the vec form follows from the following
lemma.

Lemma5.1 Let Assumption 2.1 hold. Then, under Pf,rg £

/ o
nt/ zvec(vén) - Vs> =nY 2(M \S/S> vech (Vg‘)— Vs> +o0p(1) asn — oco.

Inthis section, we provide—for any scale functio8atan explicit (M \és-free) expres-
sion for the asymptotic covariance in (5.2), allowing for a comparison with the asymptotic
covariance matrix achievable in the moealistic unspecified saalsetup, that is, in the

ilv ™ . p™ k 52 S inci
family Pg’y = {Po,ag,vs, 10 €RY 05 € R{ . Vs € V2}—a performance that coincides
(as shown in [1]) with thef1-semiparametric one, achievableﬂ’é").

Let

A
Q\k/;sns = P?(/S{r [lkz + Kk] (VE?) + s (veeVs) (Vec,\/s)’} <P¥5> , (5.3)
where
Vs | 1 e2 v Vs)/
PYS = o — e (v?) (vecD¥®) (veeD¥) . (5.4)

The following lemma constitutes the key result in the derivation of an explicit expression
of the asymptotic covariance matrix in (5.2) (see the appendix for the proof).

Lemma5.2 Let Vs € VSanda, b € R suchthat a # 0and b # (2a+ bk)&,'S. Then,
: 1 —1/2 -1/2 Nt
(i) {ZM\S’S(vg?Z) Platie + Ko + b (v€2) AME) } (5.5)
= NiQica gNic
with A := a1 and B := 2a~1b&YS/(b — (2a + bK)E'S);
(iforalir,seR, (M) NQ,=Qu =Qrs NME.

k;r,s k;r,s
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5.2 Parametric and semiparametric performances
Lemma 5.2 and (5.2) directly yield the following result.

Proposition 5.3 Let Assumptions 2.1 and 2.2 hold. Then, the asymptotic (under ng 7
asn — oo) covariance matrix of (thevecformof) fi-parametrically efficient estimators
of Vsis, for all #s = (0’, o2, (vechVs)) € Os,

Vs ! —1,,Vs k(k+ 2) Vs
(MS) (rS; fl(VS)) MS = T(f0) Qk?l’Zstfl’ (5.6)
where
(Jk(f1) — k(k + 2)&8
M, = ! k . (5.7)

Ji(f1) = kk+2) — (k+2)(Jk(f1) — kD&
Note that, sinceZk( f1) > Kk?, the quantity/\/ll\(/’sfl in (5.7) satisfies
—&5/(k+28°-1) = M5 <& (5.8)

These lower and upper bounds t&{xsfl are achieved, for instance, within the class of
k-variate power-exponential densitiéﬁn, by lettingn — oo andn — 0, respectively.

As an illustration, we now provide an estimamg‘j{/ that is¢1-parametrically effi-
cient, that is, parametrically efficient in the multinormal case with specified scale. Under

P(,,”S)’(m, the regular sample covariance matBX" := (n — 1)*12” 1 (X — X)(Xi —X)’

(with X := n=1 Y"1, X;) is consistent foiZy := a, 'o&Vs (whereax was defined in
Section 1.1). Actually, it is easy to show that

Y2vedz™ — x) N N(O. [l + K] (Z§2).

under If’”) , asn — oo. If the scale parameteé ax S(Xk) is known, one can define
the esnmator of shape

=™ 1 z® Ve
Ve, = (5( ) 1>V*(")DSSVV*(”) (5.9)

S(Zk) Sk(v*(”) S(Zk)
— V*(n) + S(Z(n)) 1 V*(n) 1 V*(n) D S’\/ V*(n)
S SN & (V*(n)) S
where VT .= £™/S=™) does not take advantage from the specified scale. The

dlfferenceV(n) V*(”) can be interpreted as the improvement (in the estimatiofspf

that can be ach|eved when knowing the value of the segléndeed, as we will show,
(n) v (resp. V*(n)) is parametrically efficient in the multinormal case with specified
(resp unspecmed) scale. That such an ioepment is possible is intuitively clear from
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the non-diagonal form of the information matrix in (2.3). However, in the particular case
whereS(X) = |Z|l/k that information matrix is block-diagonal and no improvement can
be expected; actually, one easily checks Wg‘x/{/ V*(n) for this choice ofS

Now, let us show that the esumaMéN in (5.9)is mdeed parametrically efficientin
the multinormal case with specified scaleplying Slutzky’s Lenma, we obtain, under

(n)
Us { 0,02.Vs, ¢1}

vec(V(”) — ) S(; 5 Py [ l/zveo():(") — Zk)} + op(1)

= N(0.Qi50)

asn — oo. The resulting asymptotic covariance ma@;((l o Is the value of the asymp-
totic covariance matrix in (5.6) at normal radial densitiés £ ¢1), which establishes
the ¢1-parametric efficiency o¥/g (”)

Using Lemma 5.2 again, we obtain

Proposition 5.4 Let Assumptions 2.1 and 2.2 hold. Then, the asymptotic (under Pf,s) 7
asn — oo) covariance matrix of (the vec form of) fi-semiparametrically efficient
estimators of Vsis, for all ¥s= (@', aS, (vechVs)') € Osg,

k(k+2
(MVS>( 3f1(Vs)) -1 vs_ k+2)

Jk(f1)

QYs (5.10)

k1,25'S’

where Qi ¢ is defined in (5.3).

Most estimators of shapé(™, once properly normalized intgl” := Vv ®/S(v(™),
are such that vé¢(") has an asymptotic covariance matrix (#)ﬁ) of the form
A £y X Q Vs 126" for someix, > O; see, e.g., [2], [11], [13], or [20]. The ratio
k(k + 2)/[jk( fl)xk f,] then can be used as a measure of their relative efficiency with
respect to the semiparametric efficiency boundhat

We conclude this section by showing th@w = ¥ /g% ™) asannounced above,

is parametrically efficient in the multinormal case with unspecified scald;(at ¢1),
hence semiparametrically efficient at the same. Slutzky’s Lemma yields

vec(V*(”) —Vs)

= % [I 2 — (vedVs) (vecD\éS” [nl/ 2veq(x M- Ek)] + op(1)

—£> N(O, [| e — (veVs) (vecD\S/S>/] [| k+K k]

x (V?z) [I 12— (vedVs) (vecD\S/S)/]/>,
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(M)
underU‘g{P‘9 "2 Vs on

dard algebra, reduces t@:sl o which is the value, af; = ¢1, of the asymptotic

s £C
covariance matrix in (5.10). The semiparametric efficiency’@(ﬂ) in the multinormal
case follows.

} ash — oo, where the asymptotic covariance matrix, after stan-

5.3 Thecost of unspecified scale

We now are able to compare the asymptotic performancef -@arametrically and
f1-semiparametrically efficient estimators for shape, and to quantify the correspond-:
ing efficiency losses. The main result ofghpaper is stated in the next theorem; see
the appendix for the proof. In order to improve readability, we write A8é¥] and
ACov[S™, T™] for the asymptotic variance &™ and asymptotic covariance &"
andT™, respectively.

Theorem 5.5 Let Assumptions 2.1 and 2.2 hold. Then, under (g [y {P((’”()T2 Ve 1
any fr-parametrically efficient (resp., f1-semiparametrically efficient) estimator Vén) of
Vs,

}, for

ACov[nY2(V{Y — Vs) .,

1] nl/Z(Vén) - Vs)rs]

*Kjuo asn jeuosiad 1noA 1oy ajo1pe siyy anquysip pue Adod Aew noj Me| buAdos uewsas £q pajosjoud si 9jaiue sy

Kk + 2 2
- ((VS)ir(VS) o+ (V0 — gz (VDEVs), (VaDEVS) )
+2G)s iv DSV Vs — = vepYsv. (5.11)
k, f1 SVS slg Vs S EVS SVg VS s .
k i k rs
with G5, = MS, (resp., 6,5, = &),

JUo s1 8sh Jayj0

A measure of the efficiency loss due to an unspecified scale when estimating the
shape is provided by the differences betwdensemiparametritig and parametrically
optimal values in (5.11), namely

2K(k+2) ( 1. v ) ( 1
M Vs — — VsDSVs Vs— —VsDSVs | . (5.12)
k k, f \ S Vi, S
S Jk(f) ( 1> £° i &2

rs

For®) = |x|VkK, €|YSV3 = VSD\S/;SVS forall Vs, so that no loss of efficiency is incurred:
again, thek-th root of the determinant is the only scale functional for which this holds
uniformly inVs. For S(X) = (tr X)/k, no loss is encountered¥dg = |x—a result which
is the estimation counterpart of the result on testing for sphericity.

An alternative way of measuring efficiency losses is in terms of ARES, thatis, interms g
of ratios rather than differences. Entrywise ratios of asymptotic covariance matrices how-2
ever do not make much sense. Therefore, weeraconsider the performances achieved
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in the estimation of linear functionals of th&'s. To be more specific, assume we want
to estimate(vecv)’(vecVs), wherev is some fixed symmetrik x k matrix. Denote by

Vén) andV*(n) respectively, soméq-parametrically and1-semiparametrically efficient
esumators of shape. It readily follows from Propositions 5.3 and 5.4 that the asymptotic

variances ofi’/2(vecv)' (vecVy") andn/2(vecv)' (vecVi ™) are

ktk+2) (vecv)’ QVS vs (vecv) and kk+2)

2% (vecv) QS vecv),
K k1205, At ¢ )Qk;l,z,skvs( )

respectively, so that

(vecv)' Q" cLanls (VEV) (vecv)’ (QV,S e QS v ) (vecv)
1

S .
v, _, k1,26, ki1.2M S

Vs
(vecv)’ Q Vs ve(Vecv) (vecv)' Q ve (VECV)
k1,25 k1,26, S

can be considered as a measure of aggiigrelative efficiency. Since
O < gk Mk f

2 2
(k+ 2)(J(fo) — K?) (5.2’ S) K+ 2) (5;’ S)
= < ,
K+ 2)(J(f1) — k) &/S — (Tk(f1) —k(k+2) ~ (k+2&° -1

the efficiency loss vanishes iff the dfier information ér scale/shapei(f1) tends to

its infimum k2, which occurs at arbitrarily heavy tails, that is, as> 0 andy — 0

in the classes df-variate Student and power-exponential distributions, respectively. On
the contrary, the efficiency loss is maximal whéi( f1) goes to infinity, that is under
arbitrarily light tails, namely, ag — oo in the classes ok-variate power-exponential
distributions.

5.4 Comparisons between the various S-efficiencies

Similarly as in Section 4.2, we now proceedstoow that semiparametric efficiencies do
not depend on the scale functior&lTo be more specific, Proposition 5.4 shows that, if
Vg(”) is a f1-semiparametrically efficient estimators\é¢,

k(k+2)
1/2 vED o) £ Vs
n vec( S s) — N (0, (D Qk;l,zgl‘(’s ,

asn — oo, under I?,” f, (as usualgs = (@, as,(vecth) ) € @g). If the scale

functionalT is used lnstead df, the quantity to be estimated under the corresponding
distribution inP{", namely If;”T) 7 where

pr = (0', 2, (véchvr)') = (8, T(vo), (vechVs) /T(Vs)) € O,
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is clearlyVr = Vs/T(Vs). An obvious estimator fovy is Vi ™ = VE™ /T(vE™). Using
Slutzky’s Lemma, we obtain that

Y 2vec<v}k ™ _ VT>

R P Vs\' || 41/2 #(n)
= Tve [lkz (vec,VT)<vecDTS> ][n vec(VS Vsﬂ + op(1)

N N(O M[I 12 — (VedvT) (vecD\T/S)/]

" Jk(f1)(T(Vs))?
Q Vs [ (ved/T)<vecD )]/> (5.13)
underl?“,”T) f,» &SN — o0. Painful, though standard, computations show that the asymptotic

covariance matrix in (5.13) reduces %‘%QVT [ which shows (Proposition 5.4

again) thavs"™ = vi™ /TvE™) is f1- semlparametncally efficient forr at P ,g 1, @S
o

n — oo. ThIS clearly is an evidence that semiparametric efficiency bounds do not depend
on the choice of the scale functional.
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A Appendix
In this final section, we prove Lemmas 5.1 and 5.2, as well as Theorems 4.1, 4.2, and 5.5

For any S satisfying Assumption 2.1, consider the mappvﬁ s vechs® - R
defined byS((Vlsl(véchV), (vechV))") = 1, the existence of which—locally around
anyVs € vks—is guaranteed by Assumption 2.1 and the implicit function Theorem. We
will need the following result, which states some important propertimgﬁandD\éS

LemmaA.1 Let Ssatisfy Assumption 2.1 andfix Vs € V5. Let also Py bethe (K + 1) xk?
matrix such that P, (vechv) = vecv for any symmetric kx k matrix v. Then,

ano.

(i) M (VV (vecth) I k)Px;
(ii) D\S{ —Dy/Sforal 1 > 0;
(iii) r(D&Vs) = SVg) = 1
(iv) denoting by kerA the null space of a matrix A, (kerM\éS) N (vecSk) =
{/\(vecD\S/S) (A € R}
V) &°= 1/k.

Proof of Lemma A.1: Parts (i)—(iv) are proved in Lemmas 4.1 and 4.2 of [15]. Let
A(Vs) = M1(Vs), ..., Ak(Vs))', where thei; (Vs)'s are the eigenvalues of the symmetric
matrix Vl/zDVSVl/2 (the ordering of components (Vs) is irrelevant in the sequel).
Part (iii) of the lemma shows thafA (Vs) = tr (Vl/2 SVé/z) = tr(D\éSVS) = 1, where
Lo:=(1,...,1) e RK

“1ap|oy ybuAdos ayy Aq uoissiwiad uapum yym pamoje Ajuo si asn JayjQ "Ajuo asn jeuosiad



Semiparametric inference for shape 345

Part (v) follows since the Cauchy—Schwarz inequality yields- 1(1{(X(Vs))2 <
K(A(Vs))A(Vs) = k x tr((Ve/*D¥VE*?) = kg's. O

Proof of Theorem 4.1: The noncentrality parametetsI's, fl(Vg)r and r’l‘g fl(vg)r
to be computed are given by

0
VS

(veich ) M2 (V) atie + Kio + b3 (V) 2 (m v ) (véchv), (A1)

; _ ( K(f)  K(fy) 1 _  J(fy) Jk(f1) i
with (a, b) = ( k(K +12), k(K +12) — Z) and(a, b) = ( k(K +12), —52 (k+12)>’ respectively.

0
Now, from (4.3) and the definition df/l\és, note that(M\S/S)’(vé’ch V) = (vecv).
Hence, by using that vé&BC) = (C’' ® A) (vecB), (vecA)’'(vecB) = tr (A’B), and
Kk(vecA) = (vecA’), equation (A.1) can easily be rewritten as

(VEC ((Vg)*l/zv (Vg)*l/2>>/ [a(l e+ Ki) + ka] (VEC ((Vg)fl/zv (Vg)il/z))

—2a (tr ((vg)_lv)2> +b (tr ((vg)‘lv))z,

which establishes the result. O

Proof of Theorem 4.2: (i) Clearly, the null hypothesi#& : Vs = Vg translates, in the
T-parametrization, inté{o : Vr = V2, whereV? = V&/T(V). Now, considering local
alternatives,

0, n— (n)
vech Ll/z\ls(m — vech (V_(I_))
T(v2+n-2ydY)

o (Vg l2yM 0 1 1
=vech< S q S (n)s—i— b O o Vg
T(V3+n-1/2vg") T(V2 + n1/2yg) T(VQ)
~1/2
n

1/2
g m N ey i
B mvech (Vsn 4 T(VQ) (T(Vg +n ") — T(VS)) VS) +o(n"12).

(A.2)
Since Lemma A.1(ii) yields
nY2(T(V+nY2y{") - T(V)) = [VT(vechvg)]/ (vechd™) + o(2)

0 0
=tr (D\Tlsvé”)) +0o(1) =tr (D\T/Tvs> +0(1)

ash — oo, equality (4.9) follows from (4.8) and (A.2). Note that Lemma A.1(iii) entails

that tr(D¥$vT) =0.
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0
(i) The lastremarkin the proof of (i) and the definitiori‘vz‘lt\FT imply that the noncentrality
parametelt’Tl‘; fl(V?) 7T IS given by

Jk(f1)

O o 2
Ik (veenvi) MY (V)2 [le + Kic = 23] (A.3)

k
()2 (M) (ehvr)

_ Jk(h)

/ — 2 _
= akr Ve (VD) P2l + Ki— 3] (V) vecvr),

k

Hence, by using (4.9), the identity v\@BC) = (C' ® A)(vecB), and the fact that
[le + Kk — %Jk](veclk) = 0, this noncentrality parameter can be written as

Jk(f1) 1 Y ON—1/ 2 o\ 12
e () e ki 2 () oo

Jk(fD) ) - ) )
= m(vecvs) (V) 1/2[|k2 + Kk — EJK]((VS)) V2(ecve)
j (f ) , VO . 2
= ack s 2 e M (V) [le + K — k]

X ((Vg))_l/2 <M \ég)/ (vecvs), (A.4)

which is the noncentrality parametegl”é; fl(Vg) T s associated with th&parametri-
zation (in order to obtain (A.4), we used the definition I\zif\‘éS and the fact that

tr (D\égvs) =0). O

Proof of Lemma 5.1: The delta method yields, undeﬁﬁ’l, asn — oo,

nY/2veq V" - Vs)
= n¥2pjyech(V{" — Vs)

/2P (VS (vechVY) — Vi (vechVs). (vech (V- V))')’

S o /
— n'2p, ( [VV11(‘I";°hVS)] ) vech (V" — Vs) + op(D).

The result then follows from Part (i) of Lemma A.1. O
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Proof of Lemma5.2: (i) Write I's p for the matrix in braces in the left-hand side of (5.5).
Using part (ii) of the lemma (as we shall see, the proof of (ii) does not require (i)) and
the identitiesKﬁ = lie2, Kk = Kk = JkKK, Jﬁ = kJk, vec(ABC) = (C' ® A) (vecB),
(vecA) (vecB) = tr (A'B), Kk(A ® B) = (B ® A)Ky, Kk(vecA) = vec(A’) (holding

for all kx k matricesA, B, andC), lengthy but straightforward calculations yield

bs
Fa,b(NkQ?(/;?st() > Mk[lkZ + Kk]Nk + - (2as+ 2br + bks — ;)
k

x Mg (vecvg?)|veq( Vs — 5—\1,5 D\S’S)]/(vg@Z)N;(.
k
Now, since

(a) M\és(vecD\éS) = 0 (see Lemma A.1(iv)),

(b) M\éSKk = M\S/S (since, for all symmetrid x k matrix w, (vecD\S/S)’(vecw) =0
implies thatk k(M\és)/(véch w) = K(vecw) = vecw = (M \S/S)’(vé’ch w)), and

(c) MVSN’ Ik (sinceNk(M\S/S)’(véch w) = Nk(vecw) = vech w for all symmetric
kx k matrixw such thal(vecD\S/S)’(vecw) =0),

we obtain thaNka A sNi is a right-inverse of"5 . Since botH\IkQ\k/:SA.BN[( andT 3 p
are symmetrlc this right-inverse is also a left-inverse. o

(i) Since ris is symmetric, it is clearly sufficient to prove thal; NkarS

= Qk e It follows from the definition onk = (see (5.3)) that it is sufficient to show
that

MiNPYS[1e + Ki] = Pe[lie + Ki] (A.5)
and
M NkPyS(vecVs) = P)/S(vecVs). (A.6)

But, lettingEjj := ae( + ej€ and using the fact thzﬂ)S =3 Z, j= l(DS )ijEij, we
have

PyS[lie + Ki] = e + Kk — i (V&) (vecD\éS) (vecD\éS)/
k

N %Xk: (vecEi; ) (vecEij)" — % (vec(Vs D\S/SVs)) (vecD\éS)/

\Y
(Ds®);;
gVs

k
= ) vec %Eij — VsDESVs | (vecE;;)',
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where

1 (D\S/S) 2
tr | ZDLSE;; — L (DVSV
5-s 5;/3 S S)

1 V. 1 V. V.
- Etr(efj Dssa) + Etr(e{DSSe,-) - (DSS)”_ —0.
This establishes (A.5) sindd| Nx(vecw) = (vecw) for all symmetrick x k matrix w
satisfying t(D\éSW) = 0. As for (A.6), it follows in a similar way from noting that

P/S(vecVs) = (vecVs) — 5_\1/5 (VE?) (vecD )
k

1
vec<Vs - Vs D\éSVs)
2

2
where t(D\S/SVS - ;\l,s (D\S/SVS) ) =0. )

Proof of Theorem 5.5: Clearly, if n/ 2vec(Vé”) — Vg) is asymptotically multinormal
with mean zero and covariance matki one has

n'/2(Vg" ~ Vs) ] = (vec(ei€))) H vec(erel).

The result then follows from standard cpuatations by using Propositions 5.3 and 514.

ACov[n"2(Vg” = V),
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