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Abstract

The assumption of homogeneity of covariance matrices is the fundamental prerequisite of
a number of classical procedures in multivariate analysis. Despite its importance and long
history, however, this problem so far has not been completely settled beyond the traditional
and highly unrealistic context of multivariate Gaussian models. And the modified likelihood
ratio tests (MLRT) that are used in everyday practice are known to be highly sensitive to vio-
lations of Gaussian assumptions. In this paper, we provide a complete and systematic study of
the problem, and propose test statistics which, while preserving the optimality features of the
MLRT under multinormal assumptions, remain valid under unspecified elliptical densities with
finite fourth-order moments. As a first step, the Le Cam LAN approach is used for deriving
locally and asymptotically optimal testing procedures gb(f") for any specified m-tuple of radial
densities f = (f1,..., fm). Combined with an estimation of the m densities f1,..., fm, these
procedures can be used to construct adaptive tests for the problem. Adaptive tests however
typically require very large samples, and pseudo-Gaussian tests—namely, tests that are locally
and asymptotically optimal at Gaussian densities while remaining valid under a much broader
class of distributions—in general are preferable We therefore construct two pseudo Gaussian
modifications of the Gaussian version (b A ) of the optimal test ¢(" The ﬁrst one ¢ o 18 valid
under the class of homokurtic m-tuples f, while the validity of the second, (b N extends to the
heterokurtic ones, that is, to arbitrary m-tuples of elliptical distributions w1th finite fourth-
order moments. We moreover show that these tests are asymptotically equivalent to modified
Wald tests recently proposed by Schott (2001). This settles the optimality properties of the
latter. Our results however are much more informative than Schott’s. They also allow for
computing local powers, and for an ANOVA-type decomposition of the test statistics into two
mutually independent parts providing tests against subalternatives of scale and shape hetero-
geneity, respectively, thus supplying additional insight into the reasons why rejection occurs.
Reinforcing a result of Yanagihara et al. (2005), we further show why another approach, based
on bootstrapped critical values of the Gaussian MLRT statistic, although producing asymp-
totically valid pseudo-Gaussian tests, is highly unsatisfactory in this context. We also develop
optimal pseudo-Gaussian tests for scale homogeneity and for shape homogeneity, based on
the same methodology. Finally, the small-sample properties of the proposed procedures are
investigated via a Monte-Carlo study.
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1 Introduction.

1.1 Homogeneity of covariance matrices.

Denote by (Xi1,...,Xin,;), @ = 1,...,m a collection of m mutually independent samples of i.i.d.
random k-dimensional vectors with location parameters ; and covariance matrices X;. The as-
sumption Hg : X1 = ... = ¥, of covariance homogeneity is central to the theory and practice

of m-sample multivariate analysis, playing a major role in such models as multivariate m-sample
location (MANOVA), m-sample multiple-output regression (MANOCOVA) or multivariate dis-
criminant analysis. Testing for H( therefore is a problem of fundamental importance, and for
more than half a century has been a subject of continued interest in the statistical literature. The
same problem moreover is of intrinsic interest in such fields as psychometrics or genetics where,
for instance, the homogeneity of genetic covariance structure among species is a classical subject
of investigation; see Zhang and Boos (1992) for further reference.

The most classical test for this problem is the Gaussian likelihood ratio test qﬁ}ﬁ%T (Wilks 1932).
This test, which is based on the additional assumption that X;; ~ N3 (0;,%;), rejects Hg for small
values of
12 (Wi /na[ ™72 T S/ (11)

(W /n|n/2 s '
where n = Z;il n; is the total sample Size, Xz = nil Z;LZZI Xija Wz = Z;LZZI(XM —XZ)(XU —XZ'),,

and W := > 'W,. Even under Gaussian assumptions, this LRT is actually biased (see
Brown 1939 and Das Gupta 1969), and one therefore usually relies on the Bartlett (1937) modifi-

cation of the likelihood ratio test ‘151(\2)LRT= based on the asymptotically chi-square (under Gaussian

A=

assumptions) distribution of Ql(\Z)LRT := —2log A, where

T W /a2 T[S,

A= : =: :
|W /n|"/2 |S|7/2

, (1.2)

with n; := n; —1 and n := >/, n; = n —m. This MLRT has been shown to be unbiased
for K = 1 by Pitman (1939), in the multivariate two-sample case by Sugiura and Nagao (1968),
and by Perlman (1980) in the general case. Much is known today about this test: monotonicity
of the power function (Anderson and Das Gupta 1964, Das Gupta and Giri 1973), null and
non-null expansions (both for fixed and local alternatives) of the distributions of A or —2log A
(Sugiura 1973, Khatri and Srivastava 1974, Srivastava et al. 1978), exact distribution of A (Gupta
and Tang 1984), etc. All authors however insist on the extreme non-robustness to departures
from normality of both the LRT and the MLRT, which are not (asymptotically) valid even under
elliptical densities with finite fourth-order moments; see, in particular, Tyler (1983), Yanagihara
et al. (2005), and Gupta and Xu (2006).

This non-robustness to violations of normality assumptions places a severe limitation on the
applicability of (bI(ng and (bl(\ZI)JRT, but is not uncommon in the context. Similar problems arise with
most Gaussian likelihood ratio tests in multivariate analysis. In a classical reference, Muirhead
and Waternaux (1980) provide an in-depth study of the problem of turning standard Gaus-
sian tests about covariance matrices into pseudo-Gaussian ones remaining valid under elliptical
densities (possibly with adequate moment assumptions). They clearly distinguish some “easy”
cases—tests of sphericity, tests of equality of a subset of the characteristic roots of the covariance
matrix (i.e., subspace sphericity), tests of block-diagonality—and some “harder” ones, among
which the (apparently simpler) one-sample test of the hypothesis that the covariance matrix X



takes some given value Xy, the two-sample test of equality of covariance matrices, and the corre-
sponding m-sample test (based on (1.1) or (1.2)). For these “hard” cases, they conclude that “it
is not possible in the more general elliptical case to adjust the (Gaussian likelihood ratio) test so
that its limiting distribution agrees with that obtained under the normality assumption”; see also
Section 3 of Tyler (1983) and Shapiro and Browne (1987).

In particular, for the problem under study, a recent result of Yanagihara et al. (2005) es-
tablishes that, under homokurtic elliptical densities (when referring to homo- or heterokurticity,
we of course tacitly assume the existence of finite fourth-order moments), the asymptotic null

distribution of Q%RRT is that of

(l—i-lik){[l—i- Gl )}Yl—i-Yg}, (1.3)

2(1 + Rk
where Y7 and Y, are independent chi-square random variables with m — 1 and (m — 1)(k —
1)(k + 2)/2 degrees of freedom, respectively, and kj stands for the common kurtosis of the m
underlying elliptical distributions; see Section 5 for a definition. In the multinormal case, ki = 0,
and this yields the well-known Gaussian result that Q&%RT is asymptotically chi-square with
(m—1)k(k+1)/2 degrees of freedom under the null hypothesis; but for i # 0, (1.3) is no longer
chi-square (see also Gupta and Xu 2006).

The (14 ky) factor sitting in front of (1.3) is not uncommon in the context of likelihood ratio
testing for covariance matrices (see Theorem 1 of Shapiro and Browne (1987) for a general result

about this), and very easily is dealt with by dividing Ql(\;[LI)JRT by some consistent estimator (1+&y).
The presence of ki in the coefficient of Y7, however, is more problematic. Several attempts
therefore have been made (Zhang and Boos 1992, Goodnight and Schwartz 1997, recently followed
by Zhu et al. 2002) to bootstrap the MLRT test statistic, but also other measures of covariance
heterogeneity. The resampling method of Zhang and Boos (1992), in particular, reconstructs the

exact critical values of Ql(\;f)LRT, thus extending the asymptotic validity of the Gaussian MLRT to
a broad class of non-Gaussian densities, including non-elliptical ones. In the homokurtic elliptical
case, however, those bootstrapped critical values asymptotically coincide with those associated
with (1.3). One of the findings of this paper (delayed, for technical reasons, until Section 6.2)
is that this approach, while yielding perfectly valid pseudo-Gaussian tests, is nevertheless highly
unsatisfactory.

Other Gaussian testing procedures also have been considered. Among them are the test (bNagao

proposed by Nagao (1973), and the Wald test ¢Schott of Schott (2001). The Nagao test is based
on a result by Sugiura (1969) stating that, under Gaussian assumptions, as n — oo,

. 3 ni/2
n_1/2(—2logA+2log%) (O 22)\ tr (T2 — ;)2 D (1.4)
where ¥ := 7" \;E;, with )\Z(") = n;/n and \; := lim, )\Z(-n). The Nagao test (bl(\?ggao then
rejects the null hypothesis for large values of
Qo = antr{ (8871 -1,)7. (1.5)
i=1

Schott’s Wald test (bézl)wtt is based on the vector ((vec(S; —S,,)), ..., (vec(Sm—1 — Sm))’), and
rejects the null hypothesis for large values of the statistic

QP = {ZA(” tr (887 Z A A M [8,8718,8 }} (1.6)

=1 4,4/ =1



where }\( := n;/n. Both QNa a0 and Q(Szl)mtt are to be compared with the quantiles of their
asymptotlcally chi-square (Wlth (m — 1)k(k 4+ 1)/2 degrees of freedom) null distribution under
Gaussian densities.

Whereas Nagao does not say much about the validity under non-Gaussian densities of qﬁl(\ﬁ)gao,
Schott stresses the fact that his test is no longer valid in that case, and accordingly proposes
(in his Sections 2.2 and 2.3) robustifying QS(S?Z%O“: into qbg(izlott* and gbggmtﬂ by using an adequate
estimate of the underlying asymptotic covariance matrix involved in his Wald statistic. The
robustified Schott test qﬁ(szl)ﬂott* rejects Hg for large values of

n

QSChott* = m{ Z)\(n) tr [(S S~ Z )\ )\(")tr[S S 1S & }} (17)
21 m)(&ﬁz ek + 2) {ZA Z Ay 8,8- ]tr[si,s—l}},

i,4'=1

the null distribution of which is still asymptotically chi-square with (m — 1)k(k + 1)/2 degrees
of freedom, but now under any homokurtic m-tuple of elliptical distributions. As for QS(S’Z%O“:T, it
allows for heterokurtic elliptical observations, and is based on

m

QSchottT {Zaltr S St Z Qv /a ) tr S S!S, S~ ]} (1.8)

+H{ZBZ trz [SZS Z TZ N tr S S ]tr[Si/S—l}}’

=1 i,1/=1

where
A0

m
A 2 2 : =\, Rk
0= =t = &, = — s ,
P21+ gy) Z; o Ty Ri) (k + 2)Fki +2)

and 732-12-/ = & Yy fy + (dup + &8 + kBip)(dwr + kBy), where p := —3/(a(& + kf3)) and § :=

A ;. The asymptotic null distribution of this heterokurtic test statistic coincides with that
of Qgglott*, but still requires each population to be elliptically symmetric with finite fourth-order
moments.

Apart from the bootstrapped versions of the MLRT, Schott’s robustified tests QS(SZ%IO“;* and
qbg(izlotﬁ[ are the first and, to the best of our knowledge, the only tests available in the literature
that do not require multinormality. Schott, however, apparently is not aware of any asymptotic
optimality of his tests (his methodology cannot provide any information about local powers; nor
does it provide any rationale for choosing, e.g., between QS(SZ%IO“;* and the bootstrapped versions
of the MLRT), while practitioners are not aware of the fact that QS(SZ%IO“;* and qbg(izlotﬁ[ are, except
for the bootstrapped MLRT, the only available tests which resist non-Gaussian assumptions.

Up to this point, the theory, for this seventy year old fundamental problem, is rather confus-
ing for applied statisticians, who are facing a choice of procedures (QSS;%T, (bootstrapped) ¢1(\;IL%RT7
(bNagao, qﬁschott, ...), the optimality features and respective performances of which are all but
clear, along with somewhat helpless warnings about their validity that fail to point at any defi-
nite recommendation. In the absence of any clear picture, everyday practice keeps defaulting to
the traditional ¢1(\Z)LRT= a procedure nobody would recommend ... It is high time, thus, to come up
with a complete and general picture of the situation, with clear directions allowing practitioners



to select a method they safely can rely on. Providing such a picture, with clear practical recom-
mendations, not only for testing homogeneity of covariances but also for the related problems of
scale and shape homogeneity, under the general assumption of heterokurtic elliptical symmetry,
is the objective of this paper.

1.2 Outline of the paper.

Sections 2 and 3 mainly introduce the notation and main assumptions, with a short discussion
of parametrization and invariance issues. Applying Le Cam’s local asymptotic normality (LAN)
methodology, we then derive (Sections 4.1 and 4.2) a locally and asymptotically optimal (at
any given, possibly heterokurtic m-tuple f = (f1,..., fm) of elliptical densities with finite Fisher
information) testing procedure QS;") for the problem. LAN not only allows for characterizing para-
metric optimality at given f; it also serves as the main tool in studying the behavior of Gaussian
test statistics under non-Gaussian densities. Particularizing f, Section 4.3 provides an explicit
form of the optimal Gaussian procedure (qﬁ(Nn), say). In Sections 5.1 (homokurtic case) and 5.2
(heterokurtic case), we solve the “hard” Muirhead and Waternaux (1980) problem of robustify-

ing qﬁ(Nn), then show (Section 5.3) that our robustifications qﬁ(Nni and (bﬁ\??[ (with test statistic QE\%
and QE\%) are asyniptotically equivalent to ¢g:;ilott* and ¢grcll)’10tt"" respectively. Moreover, our
homokurtic test statistic Q vx decomposes into a sum QH(n + Qﬁ* , Where Qﬁf(f) and Qﬁin)
are the asymptotically optimal test statistics against the Gaussian subalternatives of scale and
shape heterogeneity, respectively; a similar decomposition also holds for the heterokurtic QY/L%
In Section 5 3 we ﬁrst shovv that under the null and any distribution with finite fourth-order
moments, (bNagao, qﬁschott, QSLRT, (bi\iii)JRT all are asymptotically equivalent to qﬁ(Nn) and thus share
the same Gaussian optimality features, but also the same non-robustness against violations of
Gaussian assumptions. Then we considerably reinforce the Yanagihara et al. (2005) result (under
homokurtic ellipticity) by turning their convergence in distribution result (1.3) into a conver-
gence in probability result, where Y; and Y5 actually coincide with QH(n and Qﬁin). Whereas
our pseudo-Gaussian test statistic Q x under ellipticity reduces to an unweighted sum of the
two asymptotically independent chi-square test statistics Qj\lf(f) and Qﬁin) respectively detecting
scale and shape heterogeneity, the classical MLRT, in its bootstrapped version, is asymptotically

equivalent to a weighted linear combination of the same, with weights that do not correspond to
any sound decision-theoretic principle, and depend on the unknown underlying densities

This, in pI’lHClpie settles the problem: under Gaussian assumptions, ¢LRT, quLRT, qSNagao,
¢schott and <;5 v all are asymptotically equivalent. Under poss1b1y non-Gaussian but homokurtic
elliptical symmetry, the asymptotically equivalent <;5 vy and QSS chott Should be considered. Under

heterokurtic elliptical symmetry, only the asymptotically equivalent qﬁ(Nn}[ and ¢(82iiottf are valid.
Under elliptical symmetry but infinite moments of order four, the problem is still tractable via
the rank-based tests described in Hallin and Paindaveine (2008), provided however that the
m standardized radial densities coincide. Finally, under possibly non-elliptical densities with

finite fourth-order moments, bootstrapping (bﬁ\?i or qﬁ(Nn}[ (equivalently, (bé"d)wtt* or qﬁ(szl)nottir) is much

preferable to bootstrapping ¢1(\;ILI)JRT-



2 Main assumptions.

For the sake of convenience, we are collecting here the main assumptions to be used in the sequel.
As mentioned before, we throughout assume that all populations are elliptically symmetric. More
precisely, defining, for g > 2,

F1.= {h : R(')" — Rt Hhtg—1:h < oo} and F := {h e Fi . % = k}v

respectively, where g, :== [5° r*h(r) dr, we require the following.

AsSUMPTION (A). The observations X;;, j = 1, ..., n; are mutually independent, with probability
density function

x o o S TV2 S <((x 0./ (x - oi))l/z) L i=1,...,m, (2.1)

for some k-dimensional vector 6; (location), some positive definite (k x k) covariance matrix X,
and some f; in the class F? of standardized radial densities.

Define (throughout, £'/2 stands for the symmetric root of £) the elliptical coordinates

23X - 6; _
U080 =~ G000 g 0,30 = 5720 -0 (22)
12; 7 (Xi; — 05)]
Under Assumption (A), the Uy;’s, j = 1,...,n;, ¢ = 1,...,m are ii.d. uniform over the unit

sphere in R¥, and the standardized elliptical distances d;; are independent of the U;;, with den-
sity fin(r) = (fte—1.5,) " 1r* =L fi(r) (justifying the terminology standardized radial density for f;)
and distribution function Fj;,. The condition that f; € F?2 is therefore equivalent to the finiteness
of d;;’s second-order moments, while f; € 77 implies that f; is standardized in such a way that
E[d?j (0;,%;)] = k, hence that ¥; = Var[X;;] is the covariance matrix in population . In the
sequel, we write f for the m-tuples of radial densities (f1,..., fm) € (F2)™.

Special instances of such densities are the k-variate multinormal distribution, with radial
density fi(r) = ¢(r) := exp(—r2/2), the k-variate Student distributions, with radial densities (for
v > 2 degrees of freedom) f;(r) := (1 + ay,,r?/v)~ /2 and the k-variate power-exponential
distributions, with radial densities of the form f;(r) := exp(—by,r?7), n € R{; the positive
constants ay, and by, are such that f; € FE

The derivation of locally and asymptotically optimal tests at radial densities f(= (f1,..., fm))
will be based on the uniform local and asymptotic normality (ULAN) of the model at given f.
This ULAN property—the statement of which requires some further preparation and is delayed to
Section 4.1—only holds under some further mild regularity conditions on f. More precisely, ULAN
(see Proposition 4.1 below) requires f to belong to (F2)™, where F2 stands for the collection of
absolutely continuous and a.e. positive densities f; € F# for which, letting ¢ fii=— fi /fi (with f;
the a.e.-derivative of f;), the integrals

1 N 1 -
T(f) = [ R ) du and G(£) = [ G )P W) du

are finite. The quantities Zy(f;) and J(f;) play the roles of radial Fisher information for loca-
tion and radial Fisher information for shape/scale in population i, respectively (see Hallin and
Paindaveine 2006a).

Although, for the sake of notational simplicity, we do not mention it explicitly, we actu-
ally consider sequences of statistical experiments, with triangular arrays of observations of the



form (XY{), ... ,Xin) ,Xgll), . ,X(") . ,X(") ... ,X(n) (my) indexed by the total sample size n,

e anp o Kb X
7

of sample sizes satisfy the following assumption.
(n)

%

where the sequences n

AssuMPTION (B). For alli=1,...,m, n;=n; ' — 00 as n — o0.

Note that this assumption is weaker than the corresponding classical assumption in (univariate
or multivariate) multisample problems, which requires that n;/n be bounded away from 0 and 1
for all i as n — oo. However, the following reinforcement of Assumption (B) is assumed to
hold (mainly, for notational comfort) in the derivation of asymptotic distributions under local
alternatives:

AsSUMPTION (B'). For alli = 1,...,m, A"

L= ngn)/n — X €(0,1), as n — oo.

3 Parametrization of elliptical families.

3.1 Covariance, scale, and shape.

Consider an observed n-tuple Xy,...,X,, of i.i.d. k-dimensional elliptical random vectors, with
location 6, covariance ¥ = (X;;), and radial density f(€ F?). The model for this observation
is generally parametrized by (0,%). The asymptotic study of this model is simplified if the
covariance ¥ is decomposed into a product 02V, where ¢ is a scale parameter (equivariant under
multiplication by a positive constant) and V a shape matriz (invariant under multiplication by a
positive constant). In the testing problem under study, this decomposition moreover corresponds
to a decomposition of the alternative into two “natural” subalternatives: heterogeneity of scale
and heterogeneity of shape, respectively. When ¢ is chosen as |2|1/ k this decomposition, as we
shall see, plays an essential role in the interpretation and asymptotic behavior of all tests statistics
considered, and induces (see Section 6.1) an ANOVA-type decomposition of the optimal ones.

Denoting by Si the collection of all £ x k symmetric positive definite real matrices, consider
a function S : Sy — Ry satisfying S(AXZ) = AS(X) for all A € R}, £ € S, and define scale and
shape as g5 := (S(£))"/? and Vg := £/5(Z), respectively. Clearly, Vg is the unique matrix in
Sk, which is proportional to £ and satisfies S(Vg) = 1: denote by Vi = {V € S : S(V) = 1}
the set of all possible shape matrices associated with S. Classical choices of S are

(i) S(¥) = %11 (considered in Randles 2000, Hettmansperger and Randles 2002, Hallin and
Paindaveine 2006a, and Hallin et al. 2006);

(ii) S(X) = k~1tr(E) (considered in Tyler 1987, Diimbgen 1998, and Ollila et al. 2004);

(ii) S(X) = |B|*/* (considered in Tatsuoka and Tyler 2000, Diimbgen and Tyler 2005, Salibidn-
Barrera et al. 2006, and Taskinen et al. 2006; under the terminology “generalized variance”,
this determinant-based measure of scale actually goes back to Wilks 1932).
In practice, all choices are essentially equivalent (see Hallin and Paindaveine 2006b). Paindav-
eine (2008) however shows that the information matrix for 6, og, and Vg is block-diagonal iff the
normalization S(X) = |Z|'/* is considered. This block-diagonality simplifies several arguments in
statistical inference, and we therefore throughout adopt it, simply writing V € V}, and o for the
resulting shape and scale.
The parameter in our problem then is the L-dimensional vector

9= ,,9,9,) =@0...,0,, O'%, .. ,O'?n, (veoch Vi),..., (Veoch Vi),

where L = mk(k + 3)/2 and vech V is defined by vechV =: ((V)11, (vech V)')" (that is, vech V
is vechV deprived of its first component (V)1): indeed, ¥; is entirely determined by ¢? and



vech (V;). Write © for the set R™* x (Rf)™ x (vech (V},))™ of admissible 4 values, and Pf;,l} for the
joint distribution of the n observations under parameter value 9 and standardized radial densities
f € (F2)™. In the sequel, however, we write Pf;_l; for the multinormal case (f = (¢,...,d)).

3.2 Invariance issues.

Denoting by M(YT) the vector space spanned by the columns of some L x r full-rank matrix T
(r < L), the null hypothesis of covariance homogeneity Hy : 02V = ... = 02,V,, can be written

as Ho : 9 € M(T), with

T, O 0 L. O 0
k(k+1
Y= o0 T, 0 |=]| 0 1, 0 , ko= % -1,  (3.1)
0 O TIH 0 O ]-m ® Ik)()
where 1,,, := (1,...,1)" € R™ and I; denotes the ¢-dimensional identity matrix.

This hypothesis is invariant under the group of affine transformations of the observations,
which generates the parametric families P-g-n} = Ugem(r) {Pé"])c} More precisely, this group is
the group G™F . of transformations of the form X;j — AXi;; + b;, where A is a full-rank (k x k)
matrix and B := (by,...,b,,) a (k x m) matrix. Associated with G"™F . is the group G™* o of
transformations 9 — gzzg () of the parameter space, where

gan®) = (A1 +b1), .., (A, +by), [A o, AP o7,

(véch (AV,A")Y /|A /¥, ..., (vech (AV,,, A) /| A /¥’

Clearly, Hy is invariant under G"™* o—meaning that gZ’g (M(Y)) = M(Y) for all gZ’g. There-
fore, it is reasonable to restrict to affine-invariant tests of Ho. Beyond their distribution-freeness
with respect to the 8;’s and the common null values o and V of the scale and shape parameters,
affine-invariant test statistics (that is, statistics @ such that Q(AXy; + by,... AX,,p,, + b)) =
Q(Xi1,..., Xmn,,) for all A by, ..., by,) yield tests that are coordinate-free.

4 Locally asymptotically optimal tests.

4.1 Uniform local asymptotic normality (ULAN).

As mentioned in Section 1, we plan to develop tests that are optimal at correctly specified
densities, in the sense of Le Cam’s asymptotic theory of statistical experiments. In this section,
we provide the uniform local asymptotic normality (ULAN) result (with respect to location, scale,
and shape parameters, for fixed f = (f1,..., fin)) on which optimality will be based.

Writing

B0 = @ 95 9y = 000 62 2 (vech VMY (vech VY'Y
for an arbitrary sequence of L-dimensional parameter values in ©, consider sequences of “local
alternatives” 9 4+ n=1/2pM ™) where

() — (T(")/,T(")/ (N)’)/ _ (tg")’,. gy sf(")

} n T I AN ,...,sz,g"),(ve%hvgn))',...,(veochvgg))')'



(n)

is such that sup, 7("'7(") < oo and where, denoting by A™ = (A
matrix with A" = ()\Z(n))_l/2 (see Section 2),

i)

) the (m x m) diagonal

s 0 o AW o1, 0 0
vWe=1 o W o |:= 0 NG, 0 (4.1)
o o v\ 0 0 AM®I,

(under Assumption (B), we also write v for lim, .o, ™). Clearly, these local alternatives

do not involve (Vgn)

VZ(") + ni_l/zvl(") remain (up to o(ni_l/2)’s) within the family Vj, of shape matrices: this leads
to defining (vgn))n in such a way that tr[(Vgn))_lvgn)] =0,4i=1,...,m, which entails |VZ(") +
n;1/2v§") |VE =1+ o(ni_l/z) (see Hallin and Paindaveine 2006b, Section 4).

The following notation will be used throughout. Let diag(B1, Ba,...,B,,) stand for the block-
diagonal matrix with diagonal blocks By, Bo,...,B,,. Write V&2 for the Kronecker product
V ® V. Denoting by e, the ¢th vector of the canonical basis of R¥, let also K}, := Zﬁjzl(eieg) ®
(eje}) be the k? x k* commutation matriz, and put Jj, := (vecIj)(vec I1)". Define M(V) as the
(ko x k?) matrix such that (My(V)) (vechv) = (vecv) for any symmetric k x k matrix v such
that tr(V~lv) = 0. As shown in Paindaveine (2008; Lemma 4.2(v)), M(V)(vec V™1) = 0 for
all V € V.. Let further

1
H (V) := m

Ji1, ¢ = 1,...,m. It is natural, though, to see that the perturbed shapes

M (V) [Tz + K] (V®2)_1 (M (V))'.

Finally, for f = (f17 R fm) € (fg)mv write zl(f) = diag(zk(fl)a s 7Ik(fm))7 @(f) =
diag(Ti(f1), - Ti(fm)), and Li(f) = diag(Le(f1), -, Lx(fm)), where Li(fi) = Ti(fi) — k.
We then have the following ULAN result; the proof follows along the same lines as in Theorem 2.1
(which deals with the case m = 1 of one population) of Paindaveine (2008) and hence is omitted.

Proposition 4.1 Assume that (A) and (B) hold, and that f(= (f1,..., fm)) € (F2)™. Then the
family P](cn) = {ng}w € O} is ULAN, with central sequence

1,1 1,1 1,1
Ay, Ay Roiy Boj
Ay = Ae(;f])” = Aé’j}f ’ Aé;f = : ) Ag;f = : ) Agff = : )
I, u, i,
Biyy Agly Agly' By
where (with dij = d,](QZ,VZ) and Uij = U,](QZ,VZ))
—1/2 Uz —1/2 g
. : d.: 179 . n Ao\ dis
AI’_Z — n; _ <ﬂ> V. / U, AH.J P < _ <ﬂ> vy k,‘) 7
3 f o; jgl (pfz o 7 ) 9 f 20,7? ]:Zl (pfz o o
III7i [ n'l . ®2 _1/2 di di . . /
Aglj = = M(Vi) (ve?) ]z:jl or (1) e (U,
1=1,...,m, and full-rank block-diagonal information matriz
F'l?;f = diag(ré;fvrg;ﬁrg;lf)v (42)

where, defining g := diag(o1,...,0m), V= diag(Vy,..., V), and H(V) = diag(Hg(V1),. ..,
Hi(V,)), we let



and
Lyl = (Te(f) ® I,) Hp (V).

More precisely, for any I = 19+O(n_1/2) and any bounded sequence 7™ | we have, under p)

9 7
(n) — (n)
Aﬂ(")+n*1/2u(”)'r(n)/z9(”);f = log (den>+n 1/2(n) 7(n), f/dPﬂ(n) f)
1
= (@"YAR,, — 5 ) Tey™ top(1)

19('”) f 2
L
and Aﬂ(n);f — N(0,Ty.f), as n — oo.

Via a redefinition of ¥; and f; (such as in Hallin and Paindaveine 2008), this ULAN result,
which, since the problem of covariance homogeneity is void in the absence of second-order mo-
ments, we state for f € (F2)™, is actually valid under f € (F,)™, where F, is defined in the
same way as F2 except that finite second-order moments are not required. The null hypothesis
of covariance homogeneity then is extended into a null hypothesis of scatter homogeneity.

4.2 Locally asymptotically optimal tests.

The classical theory of hypothesis testing in Gaussian shifts (see Section 11.9 of Le Cam 1986)
provides the general form for locally asymptotically optimal (namely, most stringent) tests of
hypotheses in ULAN models. Such tests, for a null hypothesis of the form 4 € M(Y), should be
based on the asymptotically chi-square null distribution of

Qpr} = Ag Ty [T proj(Cy 7 (™) =17 Ty P Ay, (4.3)

(with 9 replaced by an appropriate estimator 19; see Assumption (C) below), where proj(A) =
A[A’A]7TA’, for any full tank (L x7) (r < L) matrix A, is the matrix projecting R* onto M(A).
Whenever Ly. , v(") and T all happen to be block-diagonal, which is the case in our problem, this
projection matrix clearly is also block-diagonal, with diagonal blocks proj((T'y. f)l/ 2 (uﬁ”))—l‘r 1)
proj((Fg;f)l/Q(ugln))_l'rg) and proj((T'y!; )1/2(1/%)) 17 ,;) denoting projections in R™* R™ and
R™k0 respectively. Since moreover M ((T 9 f)l/ 2 (uﬁ”))—l‘r ;) = R™ we have proj((T. f)l/ 2
(uE"’)—l‘rI) = I, so that Qg;])c reduces to
Q= (Ag,p) (L5 )2 [T = proj(Tg ) 2(Wi)) 1) | ()1 /2Ag,
+(AF) T [T proj(T) > i) L) | Tf) A%
= Qg + Qi (4.4)

where A{g; s does not play any role; note that Qg_(f nd QIH(n are locally and asymptotically
optimal for testing H(()n) 19 € M(T) against subalternatives of the form

U{PS B = . =i 8 ¢ M(X)} and (J{PGua = .. = O 9 ¢ M(T)}, (45)
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that is, against scale and shape heterogeneity, respectively. Defining jk(")( fH=>r, )\Z(-n) Ti(fi)
and E_,(g")(f) = )\Z(")Ek(f,-), and writing C(™) = (CZ-(Z-T,L)) for the (m x m) matrix with entries
clm = ()\Z("))\Z(-,n))lﬂ, it is easy to check that

H(n — (ALY - 1 n big
Q5 = (a4, {10 [(Lalr) o © 1} 83

and
1

T
Let d;j := d;;(0;, V), U;j := U;;(0;, V) and o be associated with the null parameter value
¥ € M(Y). Then, by using the inversion formula

Qa" = @i (@)™ - g e v | Ay,

(M (V)Y (Hu(V) "ML (V) = k(k +2)(VE?) 2 [T + K — %Jk] (VEH2 (46)

(see Lemma 5.2 in Hallin and Paindaveine 2006b), one easily obtains

QY = i [nzﬁlkllfz) £(” ] i i (sﬁfz< U> b )<<,0fi, (dz;j’> dZTJ - k:>

1,0'=1 j=1j=1
m ng 1y dl dl dZ . di/ ] 1
Z [ _ }ZZ Y e "5’ '<_]>(70fi/< j><(U,UZ])2——>
—~ n,jk f, njk s o o k
= Q{; NS Q’”(" , (4.7)
where ¢; » = 1 if i = ¢’ and 0 otherwise. As ¥ remains unspecified under the null, we will

need replacing it with some estimate. For this purpose, the traditional LAN approach generally

assumes the existence of 9 := 19(”) satisfying

AssuMPTION (C). The sequence of estimators ('{9(n), n € N) is

(n)

(C1) constrained: ng ['{9 € M(Y)] =1 for all n, ¥ € M(Y), and g € (F3)™

n)

(C2) n1/2(V(”))_l—consistent: for all 9 € M(T), nl/z(u("))_l('@(
under Uge(]_‘f)m{Pg?;};
(C3) locally asymptotically discrete: for all @ € M(T) and all ¢ > 0, there exists M = M(c) >0

such that the number of possible values of 3™ in balls of the form {t € RL: /2| (»(™) - (t—

9)|| < ¢} is bounded by M, uniformly as n — oo, and

(C4) affine-equivariant: denoting by 19(n)

—19) = Op(1l), as n — o0,

(A, B) the value of '{9(n) computed from the transformed

sample AX;i+b;, 7 =1,...,n;,1=1,...,m, '{9(n)(A,B) = gZ:g(@( ), for all gAB e Gk,

There are many possible choices for 9. Using the same notation as in (1.1), a possible choice is

9= (X, X, [S|Y41,, 17, @ (vech (S/]S['%))') . (48)

mrTm

This estimator—which is the natural estimator in the Gaussian or pseudo-Gaussian context—
clearly statisfies (C1), (C2), and (C4). After adequate discretization, it also would satisfy (C3).
However, (C3) is a purely technical requirement, with little practical implications (for fixed sample

11



size, any estimator indeed can be considered part of a locally asymptotically discrete sequence).
Moreover, the highly regular form of (4.8) makes (C3) unnecessary when considering Gaussian
or pseudo-Gaussian tests: see the comments after Lemma 5.2.

The locally asymptotically optimal test QS;") of covariance homogeneity, in the parametric

ULAN famlly Pf = {P ‘19 € O} then consists in rejecting the null hypothesis whenever

Q ;o= Q exceeds the (1 — «) quantile of the chi-square distribution with (m — 1)(ko + 1)
degrees of freedom Such tests can be combined with an adequate estimate f f(n) = ( fl("), ce f,S? ))
of the radial density (see Liebscher 2005) in order to build, in the spirit of Section 6.2 of Hallin and
Paindaveine (2004), adaptive tests qﬁ )
m-tuple f satisfying appropriate regularity conditions. Adaptive tests however typically require
very large samples, and we will not pursue along that line. For moderate sample sizes, indeed,
better results can be expected from pseudo-Gaussian tests—namely, tests that are asymptotically

that are uniformly locally asymptotically optimal at any

equivalent, under Gaussian conditions, to the Gaussian version ¢§\7) of the optimal tests gbgcn) but,
contrary to qﬁ(Nn), remain valid under a broad class of non-Gaussian densities.

The derivation of the optimal test gb}m only requires the family P}n) to be ULAN, and therefore
could have been made for any f € (F,)™, yielding optimal tests for scatter homogeneity (see the
comment at the end of Section 4.1). We nevertheless restrict to f € (F2)™, since turning Gaussian
tests into pseudo-Gaussian ones requires second-, actually fourth-order moment assumptions.

4.3 Locally asymptotically optimal Gaussian tests.

In this section, we describe in more details the Gaussian version qﬁ(Nn) of the optimal tests qﬁgfn)

derived in Section 4.2, that is, the one obtained under the assumption that each population is

multinormal (f = (¢,...,¢)). Writing d;; = d;;(0;, V), U;; := U;;(0;, V) for the quantities
~ N ~/ o. A

computed from 9 := (84,...,0,,,6°1’ .1/ ® (vech V)’)’, the Gaussian test statistic

QY =Q fzj [ ——] ijnz{ ( k><djg —k:> (4.9)

j=14'=1
d2d? . 1
+ ; 1’5’ ((U/ U, )2 . k) } QII(n +Qj1<;

can be rewritten as

1<z<2’<m
where
; N 2
;10 1 1T & o 1 A )
= T \~4 di: | — | — ds
QN,Z,Z (nl + n; ) { 2k l( jgl 2]) (ni, ng (] 1

2

1
Z a2 jivec ( Z/j/U % Ik) }

}

H Zdvec(U,]U i)} [

1n(n 11 (n)
- QN: ! + QN,Z,Z
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is the test statistic obtained in the two-sample case (for populations i and i'); see Um and
Randles (1998) for a similar decomposition in MANOVA problems. Most importantly, when the
Gaussian estimator ¥ in (4.8) is used, one has

tr[STL(S; — 8y)] = <i i@) - ( ! nz CZ?';") (4.11)

n; =1 g N §=1 g
and
1
tr [(S™H(S; — Si))?] — - tr? [STH(S; — Sy)] (4.12)
5 2
1o 2] | 1 & d2 N 1
T j= 7 j’Zl

so that the Gaussian test statistic reduces to the very simple form

Q= > (mtn)Qy. with Q) =5t
P i W 2(ng +ny)

We show in Theorem 5.4 that this Qf\?) asymptotically coincides with the MLRT test statistic
QI(\ZI)JRT, the Nagao statistic QI(\?anO, and Schott’s original test statistic Qéncl)lott'

tr[(S7H(Si = 8¢))?]. (4.13)

5 Optimal pseudo-Gaussian tests.

The Gaussian test QS(N") of the previous section is unfortunately valid at the multinormal only. In
this section, we turn this test into a pseudo-Gaussian one, that is, we extend its validity to a
broad class of distributions in such a way that its optimality properties at the multinormal are not
affected. We actually define two pseudo-Gaussian procedures. The first one (¢(Nni; homokurtic
case, see Section 5.1) requires the m populations to share the same kurtosis, whereas the second
one (qﬁ(Nn}[; heterokurtic case, see Section 5.2) is valid even under kurtosis heterogeneity. In all
cases, of course, finite fourth-order moments are needed.

In order to be more specific, we 1ntroduce the followmg notation. For any ¢ = (g1,...,9m) €
(FH™, write Ei(g;) := Eﬁ;gb[d4 0..%;)] = fo u))*du and Cy(g;) := Ex(g:) — k*. Then,
following e.g. Anderson (2003; see page 54), we deﬁne the kurtosis of the ith elliptic population
under PI(;L; as ki(g;) := (k(k+2))"'Er(g;) — 1 ; note that no population-specific standardization
of this kurtosis measure is required since Ey.,, [d2 (6;,%;)] = k for all i. For Gaussian densities,

Ex(¢) = k(k + 2), Ck(¢) = 2k, and ki(¢) = 0. With this notation, ¢NT will be valid under any
g € (FH)™, whereas ¢ N?k will require the underlying g to belong to the homokurtic subset (F: 4)h0m0
of (FfH™ contalmng m-tuples of densities for which x(g;) (equivalently, Ex(g;) or Cx(g;)) does not
depend on ¢ = 1,...,m. In both cases, it is crucial to characterize the asymptotic behavior under
non-Gaussian densities of (the scale and shape components of) the Gaussian central sequence,
which we denote by Ay.;. This behavior is described in the following lemma (see the appendix
for the proof).

Lemma 5.1 Assume that (A) and (B) hold, and that g € (F{)™. Then, for anyd, ((Ag.)', (Agls)")
1s asymptotically normal with mean zero and mean

( §£_4 T )
k‘(k’ + Q)Hk(z) Tm
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under P1(9,) and P( ")

9tn—1/2p (g’ respectively, and covariance matriz (under both)

1
T4, = diag(Ty", %) = diag (1 Culg)a ™, (Exlg) © Ti,) H,m) ,

where Ey(g) = diag(Ex(g1),-- ., Ex(gm)) and Ci(g) = diag(Cr(g1),--.,Cr(gm)) (the claim un-
der Pz(942 —1/2,n)p further requires that g € (F2)™, where Fa = F2 N FL).

In order to control for the non-specification of 9 in the Gaussian central sequence under arbitrary
g € (FH)™, we will need the following asymptotic linearity result (see the appendix for a proof).

Lemma 5.2 Assume that (A), (B), (C1), and (C2) hold, and that g € (F})™. Then, for any
9 € M(Y), under ng, as n — oo,

(i) AL~ AF,+ o ) 2@ —B,) = op(1), and
(i6) AL — Mg+ k(k + 2)[L, @ Hy(V)] 0) 01 2@ — ) = op(1),

where o and V stand for the common null values of the scale and shape parameters under 9.

Note that the highly regular form of the Gaussian central sequences for shape and scale allows
for skipping the unpleasant discreteness Assumption (C3).

5.1 From Gaussian tests to pseudo-Gaussian: homokurtic case.

The most natural idea to obtaln a g-valid (valid under g € (F})™ transformation of qﬁ(Nn) is to

homo )

replace I'y.4 with I‘ﬁ; " in Q > that is, to consider

QY = QY= Ay (T )T [T—proj(Ty )2 (XY )Ry, (1)

As we show in the proof of Theorem 5.1 below, this indeed provides a valid pseudo-Gaussian test
under kurtosis homogeneity, that is, under g € (F})" For any such g, standard algebra yields

homo*
g(n) _ A N\ DI AL Jiis g,HI m g, (n g,m(n
Qs (Af?xﬁ) Pf9'¢* A3;¢ + (A&; ) P A = Q.+ QW (5.2)

where (02 and V still stand for the common null values of the scale and shape parameters under 9,
Ck(g1), Ex(g1), etc. for the common values, under g € (F{) . of the Ck(gi)’s, etc.),

Pg’ no_ 40t 1
%0 () Ey(g1)

With dij, ﬂij, and ¢ as in (4.9), this test statistic can be reformulated as
m d2 d2, /
(n) 1,0
o = =[Sl (# H)(F

Q=1 j=1j/=1
k(k+2) dl2]d22’j’ IS 9 1
U002 - =) b
2B (g ot (00007 )

L, —C™] and P§J = L, —C™]® H, (V)™  (53)

or
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n 1 n
Qj]\;*) = E Z (nl +ny )Q%’* ji,4"0 (54)

1<i<i’<m
with
1 1 1 ng 1 n; 2

gn) _ _nminy 1 (_ d?)—(— dﬁ,-,)
Nt = g &4{@(99[ w2 ) Gy 2

k(k+2)||[[1 & 1 ) 2

’\2 A ~
2E,(q1) [n_l ;dijvec (UijU;j_E )] |:Tll/ /z:ld /Vec( ”,U ka)} }

o) L gm(n)
_ QN*ZZ’ +QN*22 :

If the estimator 9 in (4.8) is used, this can still be written as

g(n) _ _Miny 215-1(S._S., k(k +2) PSS -8 2] L 2 1§ 1(S. S,
Q/\/*,z,z - n; + ny {Ck(gl) t [S (Sl Si )}—’_ 2Ek(gl) t [(S (SZ Si )) } L t [S (SZ Si )]‘| }
__Tuny 1 LSS — S))2] — ki (91) 21s-1(S: — S,
a n; + N 2(1 + /ik(gl)) {t [(S (SZ SZ )) ] (k + 2)%%(91) + 2 k [S (SZ SZ )] }

Of course, at the multinormal case (¢ = (¢, ..., ¢)), Q%Z) coincides with Q(Nn) given in (4.13).
Clearly, in order to obtain a genuine test statistic QE(/L) (that is, a random variable that
is

(n)

asymptotically equivalent to Q N* , it is sufficient to replace kj(g1) with a consistent (under Pﬂ_ o

does not depend on g anymore) which nevertheless, under any Pg; (with g € (FHP

homo )

€ (FH" ..) estimator &y such as /%]gn) = (k(k +2))"t(n? iy 25 d4 (X;,S)) — 1. The
resultmg pseudo-Gaussian test gbﬁ(}i rejects the null hypothesis (at asymptotic level «) as soon as
m _ 1 oW 2 5.5
Qui =~ Y (it n) Qi > X1y (ko + 1)1 (5.5)
1<i<i’<m
where
~(n)
NN 1 _ R —
Q. ., = {tr (S71(S; —8i))?] — ——F 2 [STI(S; — Sy) };

AT g i 91 4 A0 | 1= (k +2)a" +2 | }

the notation Qj\l/'(: ) Qﬁ* ; QX/’(: il Qﬁirz » Will be used in similar fashion when /{é ") is substituted

Hn
9-11(n) , etc.

for ki(g1) in QY

This test statlstlc is clearly affine-invariant. The following theorem summarizes its asymptotic
properties; see (ii) and (iii) for its pseudo-Gaussian nature. For the sake of simplicity, asymptotic
powers are expressed under Assumption (B’) and perturbations 7(") satisfying lim,,_, o v 7" =

vt(¢ M(T)), with
VpTp = (3%/\/)‘_7 e ,Sgn/\/m) and vy Ty = ((VeChvl /\/_7 - VeCth /\/_

For any such 7 and any ¥ € M(Y) (still with common values 0 and V of the scale and shape
parameters), let

1 . n n >\z/\z’ 822 82/ 2
rg = ngngo{(fg))/gm —c™)] 751)} = - <\/A_ - \/ZA_) (5.6)
1<i<i’<m ¢ v
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and

rge = 2k(k+2) lim {(Tﬁﬁ))’[[lm ] ®Hk(v)} T%)}
i il 2
B 1<z’§<m)\i)\i/ " [(V_l(\;/\_i - \;)\_Z,)) }; (5.7)

recall that tr(V~1v;) = 0 for all i (see the comments before Proposition 4.1).
Theorem 5.1 Assume that (A), (B), (C1), and (C2) hold. Then,

(i) Q(an is asymptotically chi-square with (m — 1)(ko + 1) degrees of freedom under Uge ()

Ugezsm {PQ(;_L;}, and (provided that (B) is reinforced into (B’)) asymptotically noncentral
chi-square, still with (m — 1)(ko + 1) degrees of freedom but with noncentrality parameter
k2 i Ay ( s2 ) k(k + 2) 1/ Vi v 2

CEE + NAgtr | (V™ — .
Ck(gl) 1<i§<m o \/)\—z Vil 2Ek(gl) 1<i§<m [( (\/)\_z 1/)\1-/)) }
k II 1 T

RIS 5.8

T+ 2rrlg) +2 07 20+ ) (5:8)

under P1(942n 127 with 9 € M(Y), vt = lim,_o v ¢ M(T), and g €

(f4)homo’ where (‘7:4)homo : (f4)homo (fjll) )

(ii) the sequence of tests qﬁNn* has asymptotic size o under Uge pory Uge(zaym {PI(;L;};

homo

; (n) : : (n)

(iii) the pseudo-Gaussian tests ¢/\7* are asymptotically equivalent, under Jgc M(T){PJ; ¢} and
under contiguous alternatives, to the optimal parametric Gaussian tests QS(N") based on (4.13);
hence, the sequence qﬁ(Nn) s locally and asymptotically most stringent, still at asymptotic

level o, for Uge pm(r) Uge(f4) {Pf;;} against alternatives of the form Uggar {Pﬁ ¢}

homo

The proof is given in the appendix.

5.2 From Gaussian tests to pseudo-Gaussian: heterokurtic case.

As announced, our main goal is to define a pseudo-Gaussian extension gbﬁ\% of QS(N"), which is valid
at any g = (g1,...,9m) € (F1)™, with possible kurtosis heterogeneity across populations, while

maintaining the optimality properties of QS(N")

at the multinormal. This goal is not achieved by
the homokurtic pseudo-Gaussian test (bf\??k defined in the previous section, since it turns out that

QE\% under heterokurticity is no longer (asymptotically) distribution-free (this is established in
the appendix, just before the proof of Theorem 5.2).
As an alternative test statistic, we propose (after due estimation of ¥)

Q4 = Apy (Th,) 72T = proj((Tg,,)~/2w™)~17) | (T5,,) /2 Ag.g, (5.9)

which is obtained from Qg(;i/* in (5.1) by replacing (I'j, ¢)1/ 2 with (T, ¢)_1/ 2 in the projection
matrix. The motivation for this choice is twofold:

(a) unlike Q%Z , the statistic Q%:f) = QZ(X;T remains asymptotically distribution-free under
heterokurticity (see the proof of Theorem 5.2);
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(b) under homokurticity (g € (F$)I.0), the test based on Q%T and the test based on Q%) (n)
coincide asymptotically (we skip the formal proof of this claim, which easily follows from
the algebra of projection matrices, since the same claim readily follows from the explicit
expressions for Qf\%) below).

In order to derive such explicit expressions for Q%?), define the weighted harmonic means

i (9) = [y N (Crlga) )7 amd B (g) =[S0 A (Bi(92)) 1] Tt is then easy to
check that

g(n) ._ ~H9(n) )i g,17 I o g, 11T A III g,11(n) g,m1(n)
QY = Q. = (A )P@TA@ (A{,;)PMA = QN+,

where (02 and V still stand for the common null values of the scale and shape parameters under 9),

Pyl =10 { (Culo) ' [Ln ~ E7 (9 €V (Culo)) ]}
and

Pyt — {(Eu(o) ' [tn — B (9) O (E1l9) ]} o (. (V)

compare with (5.3). With d;;, Uj;, and 6 as in (4.9), this test statistic can be reformulated as

m = (n) ng Myl 72
g(n) _ Oiif Cy < ZJ ) (du . )
QNT N Z { an gz Ck gz } Z Z 62 "

i1 miCk(gi) j=1j/=1

Kk r2) 5 B(g) gy
Z: [mEk G " TR B ) 2 2 g <(UUUZ"J"> _E>’

j=1j'=1

which, along the same steps as in the derivation of (4.10), and using (4.11) and (4.12), can be
written as (if the estimator ¥ in (4.8) is used)

D ¢ (9)
Qg( ) 2 N {k—trz SI(s, — S, .

2B (9:) Ex (i) {tr [(S7(Si — Si)?*] — %tr2 [S7Y(S; — Si/)}] } .

Letting Cy7(9) = [m25—(Chl9:) ™" + 72— (Cilgr) 7170 Bu(9) = [ (Br(gi) ™ +
S (Br(g) Y A (9) = [ (k(0)) T+ e k(o) T and k(L (g) =

kk(gi)kk(gi)/ R,gnl)l,( ), this may be written, in terms of pairwise “quadratic contrasts”, as

~(n) f(n)
n 1 ( ) J1(n) E ( ) g,111(n)
A== (ni+ny>[ - QN + = QUi | (5.11)
" <iSiem i (9) B4 (9)
where
e O (g)
g,11( ngnge ki, i 2 ra—1
= tre ST (S; — Sy
Q/\/'T,z,z ni + ng Ck(gz)Ck(gz’) [ ( )]
NNy 1

- o) tr® [STH(Si — Sy)]
Mg + Ny k‘(k? + Q)Kk;i,i’ (g) + 2k
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and

. ning k(k+ DB @) [ [
Qs = oo 2B B G [tr[(s H(8i—8y))°] - -t [S 1(Si—&-»]}

N 1 [ —1 2 1 2 1q-1
- tr [(S™H(Si — Si))?] — — tr? [STH(S;i — Sy)] |
ni Ny 2(1 4 /i,(c?i)J/(g)) k

It clearly follows from (5.11) that, as announced in the beginning of this subsection,
Q%:f) = Q/g\;t:) under homokurticity (g € (F{)",.). In particular, at the multinormal case,

Qf\%) = Qf\}z) = QS\?). Also note that the two-sample test statistic for populations ¢ and 7’ is
precisely

Q%’?;)i,z . Q?\}'ITI,Z,Z’ + Q.g/’\}'ITHZ(TZL (512)
(n)
o Ry
UL 1(n) {tr [(S7H(S; — Su))?] — ’“’z’;)(g ) tr® [S71(S; — Sy)] }
N 21+ Ky (9)) (K + 2)mp;;.30(9) +2

Again, in order to obtain a genuine test statistic Q(NnL it is sufficient to replace, in (5.11), Fx(gi)

and Cy(g;) with consistent (under Pff;, g € (F})™) estimators EA',(JLZ) and CA’IEZ.), i=1,...,m. An
obvious choice is Eli Z) =t fal dfj (X;,S) and Clif? = EA,(;LZ) —k?. The pseudo-Gaussian test qﬁ(Nni

then rejects the null hypothesis (at asymptotic level «) as soon as Qﬁ\ﬁ > X%m 1)(k0 +1); Where

1 a’
IH

Q NT stands for the statistic resulting from this substitution; the notation Q NT , Q NT , Q NT

QJI\I;T ! will be used in similar fashion when population fourth-order moments are replaced with

consistent estimates in Q% ITI(") etc. The following theorem summarizes the asymptotic properties

of the resulting test (see the appendix for the proof).

17'77'

Theorem 5.2 Assume that (A), (B), (C1), and (C2) hold. Then,

(i) Q(Nn?r is asymptotically chi-square with (m — 1)(ko + 1) degrees of freedom under Uge pq(r)

Uge(f{;)m{P,(;_L;}, and (provided that (B) is reinforced into (B')) asymptotically noncentral
chi-square, still with (m — 1)(ko 4+ 1) degrees of freedom but with noncentrality parameter

Ck( ) AiA < 32, )2
. Y 5.13
1<z§<m Ci(9:)Cr(gir) o* oYYy ( )
k(k + 2) Ek(g) 1 V; Vi 2
I N\ tr [(V _
2 1<i§<m Ey(9i)Ex(gir) [( (\/)\—Z v )) }
- Z Crl9) k iy ( 52 - 52 >2

E (g) 1 _ V; V! 2
1<i<i'<m Ek;ji’(g) 2(1 + Fpgiir(9)) Aiky B [(V 1(\/)\7 B —)\Z)) }

+
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under wazn 2y g7 with 9 ENM(T) v1 = lim, oo v7™ ¢ M(T), and g € (FH™
where, Ci(g), Ex(g), Ck;mr(g), E.ii(9), and K, (g) stand for the limiting values, as
n — oo, under Assumption (B’), of é,g")(g), E,(gn)(g), é,g?ll(g), ENI(!?Z,(Q), and m,g?i)7i,(g),

respectively;

(ii) the sequence of tests qﬁ(Nn}[ has asymptotic size o under Uge pq(r) Uge(]:il)m {ng;};

(iii) the pseudo-Gaussian tests qﬁ(Nn}[ are asymptotically equivalent, under |Jgc M(T){ng;} and
under contiguous alternatives, to the optimal parametric Gaussian tests QS(N") based on (4.13);

hence, the sequence (bﬁ\%)[ 1s locally and asymptotically most stringent, still at asymptotic

level a, for Uge m(r) Uge(]:;i)m{Pg?;} against alternatives of the form U%M(T){Pg;;}.

5.3 Relation between the optimal Gaussian test qu((}) and other Gaussian tests.

In this section, we provide some results on the comparison between our tests and the tests available
in the literature. These results are derived in Hallin and Paindaveine (2007), where we refer to

for the proofs. We start with the strong links between our optimal tests qﬁ(Nn), gbj(\%, and qﬁ(Nn}[ and
Schott (2001)’s tests gbézzlott, ¢géilott*’ and ¢géilotw as defined in the introduction.

Theorem 5.3 The Schott tests ¢Schott’ qSSChott*, and gbggmtﬂ are obtained from the optimal tests

¢§\7), (Nni, and ¢/\/T’ respectively, in the same way the modified likelihood ratio test ¢i\:i)LRT 18

obtained from the likelz’hood ratio test qbggT—that 18, they follow from replacing n;, n, S;, and S
n qﬁ(n , ng*, and (b by n;, n, S:, and S, respectively.

This replacement obviously has no impact on asymptotics, so that Theorems 5.1 and 5.2
also apply to ¢g:;ilott* and qS(S’Z%lottT, respectively. This not only establishes the exact optimal-
ity properties of Schott’s tests, but also provides their local powers, which do not follow from
Schott’s original derivation. Similarly, Theorem 5.4 below also applies to ‘b(SZiiottv which yields the
optimality and (in)validity properties of the latter.

Now, despite the equivalence results of Theorem 5.3, our optimal tests dominate Schott’s in
the following respects. First of all, the structure of our optimal test statistics makes them readily
interpretable as measures of covariance heterogeneity (compare, e.g., Q(S?:l)ﬂott'f with Qﬁ\%) More

importantly, in view of the decompositions of () X/L into scale and shape contributions (QX/TL and

Q/I\I;(n)) into pairwise comparisons (QS(/L)Z /), or into pairwise scale and shape comparisons (Q /{/(1: o

and Qj{; i '), qﬁ > by providing further insight into the reasons for eventual rejection, allows for
a substantially more refined analysis than ¢Schott (see the discussion in Section 6.1). Similarly,
gbﬁ\??k, and ¢§\7J)r, in view of the corresponding decompositions, are much more informative than

¢éﬁﬁott* and ¢(S7Z%lotﬁ, respectively.
The relation of our optimal tests to other Gaussian tests in the literature—the LRT/MLRT

tests based on QijiiT = —2log A and Ql(\ZI)JRT = —2log A (see (1.1) and (1.2), respectively), Schott’s
original test (bézl)wtt based on QSZhott (see (1.6)), the original” Gaussian most stringent test qﬁ(Nn)

based on QS\?) (see (4.13)), and the Nagao (1973) test qﬁNagaO based on QI(\?anO given in (1.5)—is
less obvious. The following result establishes the asymptotic equivalence, under the null and any
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distribution with finite fourth-order moments (including the non-elliptical ones)—hence also under
the corresponding local alternatives—of all these statistics with the optimal Gaussian one Q(Nn)
(which entails their optimality in the Le Cam sense at the multinormal), and explains why none
of them qualify as pseudo-Gaussian procedures. Part (ii) reinforces the result (1.3) (restricted to
QI%)JRT and convergence in distribution) of Yanagihara et al. (2005).

Theorem 5.4 (i) Under the null and any distribution with finite fourth-order moments, Q(L%)T,
QMLRT, QSchott’ QI(\?ano and the Gaussian most stringent test statistics QE(/L) all are asymptotically

equivalent in probability (hence all share Q(Nn) s (in)validity and Gaussian optimality properties).

(ii) For any g € (F{)7 . the same five statistics, under UﬁeM(T){Pg?;}, all are asymptoti-
cally equivalent in probability to

ke (g1) 1(n) mr(n
(14wl |1+ g QA + Qi } (5.14)

where QH(" QY an) op(1) and Qﬁ* Q/g\}m(") +op(1) (see (5.2)) asymptotically are inde-
pendent chi-square random variables, with (m —1) and (m —1)kg degrees of freedom, respectively.

Clearly, the null distribution of (5.14) is not asymptotically chi-square unless k(g1) = 0, that
is, when ¢; and hence all g;’s have Gaussian kurtosis—in which case the five test statistics are
asymptotically equivalent to the pseudo-Gaussian one Q( QH(n + Qﬁin)

6 Subalternatives, subhypotheses, and the bootstrapped MLRT.

6.1 Subalternatives and subhypotheses.

Subalternatives of scale and shape heterogeneity naturally enter into the picture via the block-
diagonal structure of the information matrix. This block-diagonal structure indeed induces an

ANOVA-type decomposition of the optimal test statistics Qgcn) into Q;n) = Q}I(n)—l-Q}H(n) (whether

all computed at 9 or '{9; see (4.4)), where Q?(") and Q?I(n) are locally and asymptotically optimal
against subalternatives of scale and shape heterogeneity, respectively (see (4.5)). The chi-square
p-values of these two asymptotically independent components thus provide an evaluation of the
respective contributions of scale and shape heterogeneity in an eventual rejection of Hé"), hence
an interesting insight into the reasons why rejection occurs. Further study of the statistics
Q}I(n) and Q}H(n) (with pairwise decompositions on the model of (4.10)) moreover would allow for
pairwise conclusions, in the traditional spirit of analysis of variance multiple-comparison methods.
These conclusions readily extend to the pseudo-Gaussian procedures gbﬁ(}i and (JSE\T/% described in
Sections 5.1 and 5.2, respectively.

The same decomposition of covariances into scale and shape similarly leads to considering the

subhypotheses Hf : 01 = ... = oy, and H' : V1 = ... = V,,, of scale homogeneity and shape
homogeneity. Here again, Q?(n) and Q}H(n) provide locally asymptotically optimal tests, provided
however that the constraints on 9 are relaxed appropriatedly. More precisely, using the natural

Gaussian constrained estimator

Dseale == (X4, ..., X IS|V*1! | (vech (S1/|S11YF)), ..., (vech (Sim/|Sm| %)Y,
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n)

the optimal pseudo-Gaussian test for scale homogeneity qﬁf\ﬁle( rejects H{ (at asymptotic level «)

whenever .
scale(n n n scale(n
Q " _E Z (nl—l_n’/) (C( /Clgzz)QN'Tzz >Xm L;l—a (61)
1<i<i’<m

where

scale(n) n 3 ngng k |SZ|1/k— |SZ/|1/k 2

Q 12 i QH( Z i (05'3&10) = { }
At M ni+ i (k4 2)&{"), + 2 S|/

Similarly, when testing for shape homogeneity, the natural Gaussian constrained estimator is
ﬂshapo = ( X ,17 B ,X;n, ‘Sl‘l/ka sy ‘Sm‘l/ka 1;77, ® (VeoCh (S/‘Sll/k)),)la
and the optimal pseudo-Gaussian test qﬁj\}}? e(n) rejects H{" (still at asymptotic level ) whenever

shape(n) 1 n shape(n
Q ' = E Z (nl + ni/) (E( )/El(mz )QNTIz z( > X(m Dko;l—a (6'2)

1<i<i’<m
where, letting V := S/|S|/* and V; := S, /[S;|V/F, i =1,...,m,
n;n; 1 S ~ 1 ~ ~

shape(n . mr(n) /4 _ VoV, ))2] - 2 g2 -Iv._V,
QR = Qi o) = 55 S ){tr (VT ViV = o [V (Vi V)

Here, ékn) C,S?Z,, E,(Cn) E,(gnz)i,, and &,gnz)z, stand for consistent estimators of ékn), C,S?Z,, E,(gn),

EN/(cnz)Z/a and /-i,(C n) i respectively.

scale(n) and gbshapo(n

The pseudo—Gaussmn tests ¢ N above allow for heterokurticity. If homokur-

scale(n)

ticity can be assumed, one may rely on (i) the test for scale homogeneity qﬁ rejecting H{

(at asymptotic level o) whenever

scale(n) 1 scale(n)
Q () _E Z (nl+nz)QN*ZZ >Xm Ll—as

1<i<i’<m

(n)

where (denoting by ;" a consistent estimator of the common value of the rj(g;)’s)

Qscale(n Ny k { ’Szll/k — ’SZ"l/k }2
AT i (4 2)a™ 4 |S|1/k ’

and (ii) the test (bShapO(" rejecting H{" (still at asymptotic level o) whenever
1

h h
QO =L S (et n) G > e
1<i<i’<m
with
shapo(n . mr(n) Ny 1 O o 2 1 2 \r—1 /% >

@nisir = Qs Bshape) = == = 201 A {or (V7 (Vi Vi) =gt [V (Vi=Vi)l }.

Analogues of Theorems 5.1 and 5.2 are easily derived for qﬁscale(n), j\}}?pe(n), j\(}ile(n), and
qﬁj\}}apo(") For instance, the noncentrality parameter of qﬁj\cfilc ™) s m 7‘{91 - (with (m —1)
degrees of freedom and r,§ . given in (5.6)) and that of quhape(n is m ry (with (m —1)ko
degrees of freedom and ry’ given in (5.7)). Noncentrality parameters for (bj\(}?le " and (bj\}}?pe(n)

are similarly determined from Theorem 5.2. Details are left to the reader.
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6.2 The bootstrapped MLRT.

As mentioned in the introduction, bootstrapping the MLRT test statistic is another way of
obtaining valid pseudo-Gaussian critical values. Part (ii) of Theorem 5.4 and the discussion
in Section 6.1 however tell us that the resulting test, under homokurticity, is asymptotically
equivalent to a test based on a linear combination (5.14) of Qj\lf(f) (optimal against local scale
heterogeneity, locally insensitive to local shape heterogeneity) and Qﬁi") (optimal against local
shape heterogeneity, locally insensitive to local scale heterogeneity). These two subalternatives
in (5.14) are weighted according to the common kurtosis ki (g1) of the m elliptical populations,
in a way that does not correspond to any sound decision-theoretic principle. Although optimal
under Gaussian densities (where the weights happen to be equal) and asymptotically valid under
non-Gaussian densities, this test is thus highly unsatisfactory. The same conclusion would apply

to a bootstrapped version of ¢§\7).

7 Simulations.

We conducted several simulations in the bivariate case (k = 2), for various types of alternatives
and various radial densities. More precisely, we generated three couples of mutually independent
absolutely continuous bivariate random vectors

€1j,j:1,...,n1:200, and £2j,j:1,...,n2:50,

with spherical densities centered at 0. In the first case, all €;;’s have standard multinormal den-
sities. In the second one (heterokurtic case), the £1;’s have standardized t5 densities, whereas the
€2;’s are multinormal. In the third one (non-Gaussian homokurtic case), all €;;’s have standard-
ized t5 densities (standardized t, here refers to the bivariate ¢, distribution with unit covariance
matrix, that is, the distribution of Z/(Y/(v — 2))'/2, where Z ~ N(0,1) and Y ~ x2 are in-
dependent). Starting from these three couples of populations with homogeneous covariances, we
considered independent samples obtained from

le = Alelj +6,, j=1,...,n1, and ng = A2(£)52j +05, j=1,...,n9, (71)

where Ao (/)AL (0) = (1+£5?) (A1 A} +4v) (v asymmetric (kx k) matrix with tr((A;A})~tv) = 0),
¢ = 0,1,...,20. The values of ¢ allow to produce distributions under the null (¢ = 0) and
increasingly heterogeneous alternatives (¢ = 1,...,20); all tests being affine-invariant, there is no
loss of generality in letting A; = I, and 8; =605 = 0.

In the first simulation ((a): pure scale alternatives), we generated N = 10,000 independent
samples, with (s2, (vechv)’) = (.05,(0,0)), (s2,(vechv)") = (.06,(0,0)), and (s, (vechv)’) =
(.08,(0,0)) under Gaussian-Gaussian, t5-Gaussian, and t5-t; densities, respectively; these val-
ues of s were chosen in order to obtain rejection probabilities of the same order under each
couple of densities. In the second simulation ((b): pure shape alternatives), we similarly gen-
erated N = 10,000 independent samples, with (s2, (vechv)’) = (0, (0,.03))—irrespective of the
underlying densities. In the last simulation ((c¢): “mixed” alternatives), N = 10,000 indepen-
dent samples were considered, with (s2, (vech v)') = (.04, (0,.02)), (s2, (vechv)") = (.05, (0,.02)),
and (s2, (vechv)') = (.06, (0,.02)) under Gaussian-Gaussian, t5-Gaussian, and ts-t5 densities,
respectively—still in order to obtain rejection probabilities of the same order under each couple
of densities.
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Figure 1 reports rejection frequencies as functions of ¢ for the following four tests: (a) the
Gaussian LRT QS}E%T, based on QL%T = —2log A (solid line), (b) the Gaussian most stringent test
¢§\7), based on QE\?) (dashed line), and (c-d) its pseudo-Gaussian versions <;5 v and <;5 > based on

QS\% and Q(Nni, respectively (dot-dash line and dotted line, respectively). Rejection frequencies for
the following five tests are reported in Figure 2: (a) the pseudo-Gaussian test for covariance ho-

mogeneity against scale alternatives ¢X/(: ), based on QH(") (dotted line), (b) the pseudo-Gaussian

test for scale homogeneity qbscale(") based on Qj\(}ilo n) (dot- dash line), (c) the pseudo-Gaussian

test for covariance homogeneity against shape alternatives (b NT , based on QHI (dashed line),

(d) the pseudo-Gaussian test for shape homogeneity ¢Shapc(n) based on QShapC(" (long-dash line),
and—in order to compare with pseudo-Gaussian tests from Figure 1—(e ) the pseudo-Gaussian

test (155\72[, based on Q(Nni (solid line). All tests were performed at asymptotic level o = 5%.

Inspection of Figure 1 reveals that

(i) qﬁLRT and qﬁ(Nn) are valid when both densities are multinormal only. They both strongly
overreject under t5-Gaussian and t¢5-t5 densities, with Type I risks close to 11% and 30%,
respectively. These tests exhibit quite similar performances in all setups, although, for the
moderate sample sizes considered, gzﬁ(LrgT seems to be less (resp., more) powerful than QS(N")
against scale (resp., shape) alternatives;

(ii) the pseudo-Gaussian test qﬁ(Nni has a Type I risk close to 5% at Gaussian-Gaussian and
ts-t5 densities, that is, under homokurticity. In the heterokurtic case, however, it is highly
biased, with a Type I risk close to 2.5%;

(iii) unlike qﬁ o the pseudo Gaussian test qﬁ N has a Type I I‘lSk close to a = 5% in all cases.

Quite unexpectedly, gb ") seems to be more powerful than gb ), not only under heterokurtic
N7 N

alternatives (t5-Gaussian densities), but also under non-Gaussian homokurtic ones (¢5-t5

densities).

These conclusions somewhat contradict those of Schott (2001). Schott indeed concludes from

his simulations that (bé"d)wtt* is to be preferred to QS(SZ])OOM, since the former has a simpler structure
and, in most cases, behaves at least as well as the latter. In view of Theorem 5.3, this state-

ment should extend to our optimal tests (bf\??k and qﬁ(Nn}[ However, this is not the case, since our

simulations clearly show that ¢(Nni (hence also ¢(S7Z%lott*) may be severely biased. Schott’s invalid
conclusions can be explained by the fact that his simulations are restricted to equal sample sizes,
irrespective of the underlying densities. In such cases, it is not very surprising that qﬁ(Nni and qﬁ(Nn}[

behave quite similarly, even under heterokurtic densities: indeed, the overall estimate /%]gn) of the
common kurtosis parameter then can be expected to be quite close to the natural estimate for

K}](:i)l (g9), which implies that the two-sample test statistics Q N ”- in (5.5) and Q%’?)i o in (5.12)
tend to take very similar values.

Finally, Figure 2 shows that (i) the pseudo—Gau551an tests ¢X/(: , gbscale(n m(n , and (bShape(n

remain valid under all densities considered; (ii) Oy NT and QSScalO(" are best agalnst scale alter-

natives, qﬁ”(n nd qSShape(" against shape alternatives; as expected, qﬁ N IS dominated by qﬁﬂ(n
11 (n)

under scale alternatives and by <;5 under shape alternatives (same noncentrality parameters,
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pe(n) .

mr(n)  scale(n)

but more degrees of freedom); (iii) whereas qﬁj\}}? is more powerful than qﬁ s Oy quite

unexpectedly seems to be roughly equivalent to ng/T , at the sample sizes con51dered.

A Appendix.

A.1 Proof of Lemma 5.2

In this section, we prove Lemma 5.2, that is, the asymptotic linearity of Ag_ 5 and Ag{ 5 for

an arbitrary estimator ¥ satisfying Assumptions (C1) and (C2). Clearly, & := 62V is an
estimator of the common (under the null) value ¥ of the covariance matrix, based on ¥ :=
N N o ~

6,,...,6,,,6%1", 1/ ® (vech V)'). This notation is used throughout the proof.

Proof of Lemma 5.2. All stochastic convergences in this proof are as n — oo under ng, with
¥ € M(T). (i) First note that, for any 1 <i <m,

Tl_l/2 n; d%](ehv) ) —1/2 n;

By = S 2 = o 2 (% — 0057 (X ~0) )

202 = o? P
—1/2 ni

= 552 ZW{ H((Xy —0)(Xy; —6:) — )]
~1/2

- n;g (vecE )Zvec( ')(Xij—ei)/_z)a (A1)

where we used the fact that tr(A’B) = (vec A)'(vec B). By decomposing X;; — 6; into (X5 —

0,) + (8; — 0,), then using Assumption (C2) and the fact that n1/2( —0;) = Op(1), we obtain
that

AH; _ né_;f (veC 2_1)' iVGC((XZ-j B é,)(X” B 92)/ B 2)
) ]:1

= né_;2/2 (VeC 2_1)/ ivec((xl‘] . 0Z)(XU o 02)/ . 2)
Jj=1

212 (vec ﬁ_l) g/zvec(ﬂ — 2) +op(1).

Applying repeatedly Slutzky’s Lemma and taking into account the fact that (vec V=1)(vec V) =
tr(V=1V) = k yields

212 (vecE )/n}ﬂvec(f) - E) + op(1)

. 1 / . .
= Ag_’;) ~ 5T (vec V_l) ng/z {(6’2 — o) vecV + o2 vec(V — V)} +op(1)
’ o
k? 1/2 1 1\
o I, 2 1
= Ay, — (62 —J)—F(VGCV )n

96~ 5, Vzvec(v — V) +op(1).

(2
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(a) scale alternatives (b) shape alternatives (c) mixed alternatives
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Figure 1: Rejection frequencies (out of N = 10,000 replications), under the null and under various scale
((a): first column), shape ((b): second column) and “mixed” ((¢): third column) alternatives (see Section 7

for details), of the Gaussian LRT ngQT (solid line), the parametric Gaussian test ¢(Nn) (dashed line), and

its pseudo-Gaussian versions (bj(\?i and gb(Nn])L (dot-dash line and dotted line, respectively); all tests were

performed for two bivariate samples (m = k = 2), with respective sizes n; = 200 and no = 50, generated
from elliptical distributions with Gaussian-Gaussian (first row), ¢5-Gaussian (second row), and t5-t5 (third
row) densities, respectively. Horizontal axis: the index ¢ characterizing the null hypothesis (¢ = 0) and
increasingly heterogenous alternatives (¢ = 1,...,20; see (7.1)); vertical axis: rejection frequencies.
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(a) scale alternatives (b) shape alternatives (c) mixed alternatives

Figure 2: Rejection frequencies (out of N = 10,000 replications), under the null and under various
scale ((a): first column), shape ((b): second column) and “mixed” ((c): third column) alternatives (see

Section 7 for details), of the pseudo-Gaussian tests for scale (;S ") and ¢Scalc(") (dotted line and dot-dash
line, respectively), the pseudo-Gaussian tests for shape (bm(n) and (bhhdpe(n) (

line, respectively), and the pseudo-Gaussian test ¢ N’? (solid hne) all tests were performed for two bivariate

samples (m = k = 2), with respective sizes n; = 200 and ny = 50, generated from elliptical distributions
with Gaussian-Gaussian (first row), t5-Gaussian (second row), and t5-t5 (third row) densities, respectively.
Horizontal axis: the index ¢ characterizing the null hypothesis (¢ = 0) and increasingly heterogenous
alternatives (¢ = 1,...,20; see (7.1)); vertical axis: rejection frequencies.

dashed line and long-dash
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Part (i) of the result then follows from the fact that vec(V — V) = (M (V))vech (V — V) +
op(n~1/?) (see Lemma 5.1 of Hallin and Paindaveine 2006b) and the idenity M (V)vec(V~1) = 0.

(ii) For any 1 < i < m, we have

] —1/2 —1/2 M d2. 0,V
agy = (v S B0 e, 0, v 0,v)
j=1
—1/2 i
= N (v )(ver) 12“’6( ~0,)(X;; —6:) — ) (A.2)
202 v ’

since My (V)(V®?)"lvec V. = M (V)vec(V~1) = 0. Hence, decomposing again X;; — 6; into
(Xi; — 6,) + (6; — 8,), using Assumption (C2) and the fact that nl/z( —0;) = Op(1), and
applying Slutzky’s Lemma, yields

_1/2 1 N A . R
Ap = S M(V) (V) '3 vee((Xy - 8) (X — 6, — 8)
j=1
nL/2 A
- 2ic3'2 M, (V)(V®2)~ { Z vec( —0,)(X;; —6;) — Z‘.) —n;vec(X — 2)}

; 1oy -
= AL o MUV)(VER) 0l vee(S - B) +op(1)

Now, writing ¥ — ¥ under the form (62 — 02)\7 + 02(\7 — V), applying Slutzky’s Lemma again
and using the fact that My (V)(V®2)~lvecV = 0 and K (vec A) = (vec A’), we obtain

i i 1 -1 4,9 N
Agld) = Agiz) b Mk(V)(V®2) ni/ vec(V — V) +op(1)
1 1 )
= A1I9H¢ 1 My (V) (V®2) T2 + Kg] n}/2 vec(V = V) +op(1).

The desired result then follows from the fact that K;(A ® B) = (B ® A)K}, and the definition
of M (V) (see Section 4.1). O

A.2 Proofs of Lemma 5.1 and Theorems 5.1 and 5.2.

Proof of Lemma 5.1. The result straightforwardly follows, under ng with ¥ € M(T), from
the multivariate Central Limit Theorem. The result under local alternatives is obtained as usual,

by establishing the joint normality under PQ9 of ((Ay.)s (Agy))" and Al(wzn 12y 017 g UDED

applying Le Cam’s third Lemma; the requ1red joint normahty follows from a routine apphcation
of the classical Cramér-Wold device. O

Proof of Theorem 5.1. (i) The consistency of Ry, the continuity of the mapping 9 —
(P$ g*, Pf,’gi) Lemma 5.2 (jointly with Assumption (C1)), and the facts that Pg’H (uﬁ?)) T, =

0 and P4 I, ® H,(V)]| (') ~17,,, = 0, entail
QN = (A4,) PyE Af, + (AF,) PEil ALy +op(1) (A3)

under Pg;;, 9 € M(Y), hence also under the contiguous alternatives Pf9 JZ 12 g

27



Now, since (Ff’,’;g)l/ 2 Pg’;g*(rg’;g)l/ 2 is a symmetric idempotent matrix with rank (m — 1),
Lemma 5.1 ensures that the first term in (A.3) is asymptotically chi-square with (m — 1) degrees
of freedom under Pg;;, 9 € M(Y), and asymptotically noncentral chi-square, still with (m — 1)
degrees of freedom but with noncentrality parameter

kL n n
< > tim {5y Py 0 (A.4)

201 ) n—oo

under Pm(;infl/%(”)r(”);g' Evaluation of (A.4) yields the first term in (5.8).

As for the shape part, using again Lemma 5.1 and the fact that (I‘g’,gl)l/ 2 Pg’,gf* (Pg’_gl)l/ 2 is
symmetric and idempotent with rank ko(m — 1), we similarly obtain that the second term in (A.3)

is asymptotically chi-square with ko(m—1) degrees of freedom under P@;, ¥ € M(Y), and asymp-
totically noncentral chi-square, still with kg(m — 1) degrees of freedom but with noncentrality

parameter
K2k +2)? Tim { (7)) [Ln @ He(V)]PGL L, © Hy(V)] 735 | (A.5)

(n)
under P’l9+n*1/2u(")f(”);g'

Since the two terms in (A.3) are asymptotically uncorrelated (see Lemma 5.1 again), they can be
treated separately; the result follows.

A straightforward evaluation of (A.5) yields the second term in (5.8).

(ii) The fact that qﬁ(Nni has asymptotic size « directly follows from the asymptotic null distri-
bution given in part (i) of the theorem and the classical Helly-Bray theorem.

7i) As observed in Section 5.1, the consistency of #") entails the as mptotic equivalence,
y k Yy

under Gaussian densities, of QE\% with QE\?), which has been derived from the general form of
locally asymptotically optimal tests based on (4.3). O

Note that (A.3) also holds under heterokurticity, that is, at any g € (F})™. However, at
heterokurtic g, neither (I‘g’;g)l/ 2 Pg’;g* (Fg’;g)l/ 2 nor (Pg’;gl)l/ 2 Pg’;gi(rg’;gl)l/ 2 are idempotent, so
that QS\% is not asymptotically chi-square under the null (see, e.g., Rao and Mitra 1971, The-

orem 9.2.1). hence, qﬁ(Nni is not asymptotically distribution-free under Uge vq(r) Uge(Faym {ng;}.

Proof of Theorem 5.2. The proof proceeds exactly along the same lines as in that of Theo-
rem 5.1, by using the consistency (under Pg_g, g € (F}H)™) of the estimators Ekl and CA’k,i, i=

1,...,m, the continuity of the mapping ¥ (Pg’,ZT, Pg’.%), the facts that PZ’ZT (ngn ))_ITII =0

and P27, @ H;,(V)|(v) "' = 0, and that (D)2 P2.(Ty0)Y? and (T57) /2 PY,
(I‘g’.g])l/ 2 are symmetric idempotent matrices with rank m — 1 and ko(m — 1), respectively.

The resulting noncentrality parameter in the asymptotic chi-square distribution of QY/L% under
(n)

9tn—1/2p(n)p(n).g 1S BLVEN by

EN L " n . n n
<—4> tim {5y PyE ) 2 (k4 2)? tim {5 [ © Hy(V)PY L, © By (V)] 75},

20 n—o00

A direct evaluation of this expression yields the noncentrality parameter in (5.13). O
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