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Abstract

This paper proposes several extensions of the concept of runs to the multi-
variate setup, and studies the resulting tests of multivariate randomness against
serial dependence. Two types of multivariate runs are defined: (i) an elliptical
extension of the spherical runs proposed by Marden (1999), and (ii) an orig-
inal concept of matrix-valued runs. The resulting runs tests themselves exist
in various versions, one of which is a function of the number of data-based
hyperplanes separating pairs of observations only. All proposed multivariate
runs tests are affine-invariant and highly robust: in particular, they allow for
heteroskedasticity and do not require any moment assumption. Their limit-
ing distributions are derived under the null hypothesis and under sequences of
local vector ARMA alternatives. Asymptotic relative efficiencies with respect
to Gaussian Portmanteau tests are computed, and show that, while Marden-

type runs tests suffer severe consistency problems, tests based on matrix-valued
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runs perform uniformly well for moderate-to-large dimensions. A Monte-Carlo
study confirms the theoretical results and investigates the robustness proper-
ties of the proposed procedures. A real data example is also treated, and shows
that combining both types of runs tests may provide some insight on the reason
why rejection occurs, hence that Marden-type runs tests, despite their lack of

consistency, also are of interest for practical purposes.

Keywords and phrases: Elliptical distributions, Interdirections, Local asymptotic

normality, Multivariate Signs, Shape matrix

1 INTRODUCTION.

Runs tests for randomness are among the oldest nonparametric procedures. Some
of them are based on the length of the longest run, while others—as in Wald and
Wolfowitz (1940)—are based on the number of runs. The latter can typically be
described as follows. Fix some # € R and denote by Hé") the hypothesis under which
the observations X, ..., X,, are mutually independent random variables with P[X; <
0] =P[X, < 0] = %, t=1,...,n. Writing then Uy := Ijx,~9 — I[x,<g for the sign of
the “residual” X;—#, where I4 stands for the indicator function of set A, the number
of runs in the sequence X1, ..., X, is defined as Rén) =140 [u, y2U,_, ), that is,
with probability one under Hén), as the number of blocks of consecutive 1’s or —1’s in
the sequence Uy g, ..., U,q. Since a large (resp., small) value of Ré") clearly indicates
negative (resp., positive) serial dependence, classical Wald-Wolfowitz-type runs tests
reject the null of randomness when |Rén) — Eo [Ré")ﬂ is too large, where Ey denotes
the expectation under the null. Noting that Ré") =1+37 5(1=UgUi_19)/2 almost

surely under Hén), we have that Eg [Ré")] = (n+1)/2 and that (still under Hé"))

—2(R%Y — B[R] 1 &
(n) = 0 0% = U, oU 1.1
"o vn—1 vn —1 ; B0 (1.1)




is asymptotically standard normal. The resulting runs test therefore rejects the null
of randomness, at asymptotic level «, as soon as Qé") = (7“én))2 > X3 1_q (through-
out, x7,_, denotes the upper-o quantile of the x7 distribution).

This explains how runs tests of randomness can be performed when the common
median @ of the observations is specified. Now, if (as often) ¢ is unknown, one rejects
the null of randomness for large values of (ré"))Z, where 0 is an adequate estimator of 6.
Note that under Hé"), it is trivial to derive the exact distribution of (U g,...,U,yg),
so that even exact runs tests can be defined in the #-specified case. If € is not known,
only the asymptotic version above can be implemented, though.

Of course, runs tests are highly robust procedures. They are clearly insensitive to
outlying values in the series | X1 —6|, ..., | X, —0|, and can deal with heteroskedasticity
(and even with different classes of marginal distributions, provided that the common
median is #). This is in sharp contrast with most tests for randomness, including
classical Portmanteau tests based on standard autocorrelations, which require sta-
tionary processes. A disadvantage of runs tests with respect to such Portmanteau
tests, however, is that they can detect serial dependence at lag one only. To improve

on that, Dufour et al. (1998) introduced generalized runs tests which reject the null

of randomness H(gn) at asymptotic level o whenever

H H 1 n 2
Q(n) — P2 . <7 UpoUp_p. ) > X2 . 19
H.6 f;( ho) hz::l Jnh > UoUi_ne Ha (1.2)

t=h+1

where H is a fixed positive integer. Such tests, parallel to standard Portmanteau
tests, can clearly detect serial dependence up to lag H. Finally, performances of runs
tests are very high under heavy tails, yet can be poor under medium and light tails.

To sum up, runs tests provide very robust and easily implementable nonparamet-
ric tests of randomness for univariate series. Now, in a world where multivariate time
series and panel data belong to the daily practice of time series analysis, it is natural

to try to define runs tests of multivariate randomness, which is the objective of this



paper. Parallel to the multivariate extension of the companion concepts of signs and
ranks, the extension of runs to the multivariate setup is, however, a very delicate is-
sue. If one forgets about the multivariate runs and runs tests introduced in Friedman
and Rafsky (1979), which relate to two-sample location problems, the only concept
of multivariate runs in the literature—to the best of the author’s knowledge—was
proposed by Marden (1999), in an excellent paper that not only reviews multivari-
ate nonparametric rank-based techniques, but also introduces some original ideas,
including these new multivariate runs.

Considering a series of k-variate observations Xy, ..., X,,, Marden’s multivariate
runs generalize (1.1) into

, 1
rg” = S UL,U 1, (1.3)

n—1i5

i

where U g := (X; —0)/||X; — 0| is the so-called spatial sign of X; with respect to 0;
see, e.g., Mottonen and Oja (1995). As Marden (1999) points out, these runs have a
clear intuitive interpretation as measures of multivariate serial correlation, since the
magnitude of ré") will tend to be large if either consecutive observations tend to be
pointing in the same direction or in opposite directions (with respect to @ in both
cases). Mimicking the classical univariate runs procedure, the resulting test, (bl(\;[L;rden
say, then rejects the null of randomness for large values of (ré"))Q; see Section 3.
Clearly, gbf\:f;rden nicely extends classical runs tests to the multivariate setup, but
is not affine-invariant, which is a property that often plays an important role in
multivariate nonparametric statistics. Also, most properties of (bl(\:[grden remain un-
clear, since only the asymptotic null distribution was derived in Marden (1999). This
calls, in particular, for a detailed derivation of the asymptotic properties of this test
(including a careful investigation of its performances with respect to daily-practice
multivariate Portmanteau tests), as well as for a study of its finite-sample properties.

All this was of course beyond the scope of the Marden (1999) review paper.
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The present paper defines affine-invariant versions of the Marden runs in (1.3),
and studies the asymptotic and finite-sample properties of the resulting multivariate
runs tests. Affine-invariance is achieved either by substituting standardized spatial
signs for the spatial signs in (1.3) (see, e.g., Taskinen et al. (2003, 2005), Larocque
et al. (2007), and Hallin and Paindaveine (2008)) or by using the hyperplane-based
multivariate signs known as interdirections (see Randles 1989). When based on
the latter, the proposed multivariate runs tests only use the fact that pairs of data
points are separated (or not) by data-based hyperplanes of R*¥. To further improve
on ¢§’};rden, which can detect lag one serial dependence only, we also define generalized
multivariate runs tests in the spirit of Dufour et al. (1998). Throughout, we consider
both the #-specified and #-unspecified cases. As we will see, the Marden-type runs
tests suffer a severe lack of power against a broad class of alternatives. This motivates

the introduction of alternative multivariate runs of the form

(n)t I ¢ :
ry = U, U , 1.4
0 e ; 0 - 11,0 (1.4)

which are obtained by substituting outer products of spatial signs for inner products

in (1.3), a substitution that is of course superfluous in the univariate case. For
dimension k > 2, however, the resulting runs tests, which reject the null of randomness
when some appropriate norm of the (matrix-valued) runs rgn)f is too large, do not
suffer the same lack of power as Marden-type runs tests, and actually enjoy very
good asymptotic properties. In particular, we will establish that the infimum of their
asymptotic relative efficiencies (AREs) with respect to classical Portmanteau tests
is given by (%)2 in dimension k. This clearly shows that the main drawback of
univariate runs tests, namely their possible lack of efficiency, vanishes as k increases.

The outline of the paper is as follows. Section 2 describes the null hypothesis

of multivariate randomness we are considering. Two families of multivariate runs

are defined in Section 3: shape runs, which are based on standardized spatial signs



(Section 3.1) and hyperplane-based runs, which make use of Randles’ interdirections
(Section 3.2). For each family, affine-invariant Marden-type runs tests and full-rank
runs tests are defined in the @-specified case. Section 3.3 then discusses the exten-
sion to the @-unspecified case. A real data example is treated in Section 4. The
asymptotic properties of the proposed tests are investigated in Section 5, both under
the null (Section 5.1) and under local vector ARMA alternatives (Section 5.2), while
Section 5.3 derives the AREs of our tests with respect to their standard Portmanteau
competitors. A Monte-Carlo study is presented in Section 6. Eventually, some final

comments are given in Section 7, and an appendix collects technical proofs.

2 MULTIVARIATE RANDOMNESS.

The null hypothesis we consider in this paper is a multivariate extension of the one
described in the Introduction. More precisely, for any k-vector 8 and any matrix V in
the collection M, of positive definite symmetric £ x k£ matrices with trace k, denote

by Hé’?\), the hypothesis under which the k-variate observations X, ..., X,, do satisfy
(X4, XY 20+ d,VV2PULY, . (0 + d, VYU,

(throughout, V1/2 stands for the positive definite symmetric root of V and L de
notes equality in distribution), where the U,’s are i.i.d. random vectors that are
uniformly distributed over the unit sphere S¥~! € R*  and the d,’s are arbitrary pos-
itive random variables. As announced above, we will consider the null of randomness
with a specified center and with an unspecified center, namely Hén) = Uvem, Hét‘\),
and H™ := Ugerr Uve M, Hé?\),, respectively.

Although Hén) and H™ will be regarded as hypotheses of multivariate random-
ness, the observations X; may actually be stochastically dependent under the null,

since the d;’s—unlike the U;’s—are not assumed to be mutually independent. It



might therefore be more appropriate to speak about sign (or directional) randomness.
However, we will simply speak of randomness in the sequel, since this terminology is
standard and broadly accepted in the field. Clearly, combining a test of (univariate)
randomness on the d;’s with the multivariate runs tests proposed in this paper, might
be appropriate if one wants to test the null hypothesis of “full” randomness.

Note further that the observations need not be identically distributed, and that
the distribution of X; is elliptically symmetric only if d; and U, are independent; if the
latter fail being independent, it is sometimes said that X; has a distribution with ellip-
tical directions, which includes certain skewed distributions (see Randles 1989, 2000).

The so-called shape matriz 'V is such that, under Hé’f\),, the unit k-vectors

V12X, —6)
V12X, = 0)]°

Up(V) := t=1,...,n, (2.1)

are i.i.d. uniformly distributed over S¥~!. If X, has an elliptical distribution, the level
sets of its characteristic function z — Elexp(iz'X;)] (and, in the absolutely continuous
case, those of its pdf; see below) are the hyperellipsoids {(z —0)V~(z — 0) = ¢ :
z € R*}, ¢ > 0. The shape and orientation of these ellipsoids are determined by V,
which justifies the terminology. Still, the shape matrix V need not be (a multiple of)
the covariance matrix of (any of) the observations; since the definitions above do not
require any moment assumption, covariance matrices indeed may not exist.

Due to the important role it plays in the local alternatives we consider in Sec-
tion 5.2, the case where the X,’s are i.i.d. with an absolutely continuous (with respect
to the Lebesgue measure on R¥) elliptically symmetric distribution is of particular

interest. The common pdf of the observations is then of the form

x> 1)~ (det V)2 (| =0y VI 0) ), (2.2)

where @ € R* is the location center, V € M, is the shape matrix, w; stands for

the (k — 1)-dimensional Lebesgue measure of the unit sphere S¥~!, and where, let-
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ting pe s := [5°r'f(r)dr, the so-called radial density function f : Ry — RT satis-
fies p1x_1.5 < oo. The Mahalanobis distance d; (V) := |[V~V/2(X; — 0)]|| between X,
and @ (in the metric associated with V) admits the pdf r — (pg_1,¢) "'r* 1 f(r) Ipso)-
Finally, the density in (2.2) admits finite second-order moments iff ji;41 5 < 0.
Particular k-variate elliptical distributions of interest below are the multinormal
distributions, with radial densities f(r) := o~ exp(—r?/20?), the Student distribu-
tions, with radial densities f(r) := o *(1 + v=(r/o)?)~*+)/2 (for v > 0 degrees
of freedom), and the power-exponential distributions, with radial densities f(r) :=

o~ texp(—(r/o)*"), n > 0; in each case, o > 0 is an arbitrary scale factor.

3 AFFINE-INVARIANT RUNS TESTS.

As mentioned in the Introduction, Marden (1999) proposes a multivariate runs test
for randomness, which, using the notation introduced in the previous section, is based

on runs of the form

iUé,oﬂk)UH,e(Ik), (3.1)

t=2

where I, stands for the k-dimensional identity matrix. More precisely, the resulting
test qﬁl(\:f;rden rejects the null of randomness Hén) at asymptotic level a as soon as
(15™) (S0 Uy (T)U,10(T)? > X3, where s = tr{(n — 1) 57, Uyg(I)
Uj (Ix))?]. This test is valid (in the sense that it does meet the asymptotic level con-
straint) even if the elliptical direction assumption of the previous section is weakened
into the assumption that the U, ¢(I;)’s are i.i.d. with a common centrally symmetric
distribution (—Uyg(Ix) and U,g(I;) share the same distribution). Marden (1999)
also considers the #-unspecified case, in which he proposes replacing 8 with the spa-
tial median 9spat of the X;’s, that is, with the solution of the M-estimating equa-

tion -3, U (I,) = 0.

tyéspat



However, as all statistical procedures based on the so-called spatial signs Uy (1)
of the observations with respect to 8 (see, e.g., Mottonen and Oja 1995 or Nevalainen
et al. 2007), (bl(\;[L;rden is not affine-invariant, but only orthogonal invariant. This im-
plies that the relative performances of <b1(\ff;rden with respect to standard Gaussian
Portmanteau tests crucially depend on the underlying shape matrix V, and, even
more importantly, that the decision to reject or not the null of randomness may be
affected by a change of units in any univariate series. To improve on this, we propose

substituting the elliptical Marden runs

éU;,o(V)Ut—l,o(V) (3.2)

for the original Marden runs in (3.1) (which are clearly of a spherical nature). As
announced earlier, we also plan to define alternative multivariate runs, obtained by
replacing inner products with outer products in the runs above; such runs, in their

elliptical versions, are thus of the form

Z";Ut,awm;_l,ow). (33)

While we refer to the runs in (3.2) as Marden runs (since their orthogonal-invariant
version was first proposed in Marden 1999), the matrix-valued runs in (3.3) through-
out will be called full-rank runs (this terminology will become clear later on).
Under Hé"), the shape matrix V is not known, though, so that the elliptical
runs (3.2)-(3.3), unlike their spherical counterparts, cannot be computed from the
data. Sections 3.1 and 3.2 describe two ways of obtaining sample elliptical runs and

introduce the resulting tests.



3.1 Shape-based runs tests.

The most natural way to define sample elliptical runs is to replace V with an adequate

shape estimator \7, which leads to the shape runs
Z U, ,(V)Ui15(V)  and Y U,o(V)U;_; 4(V). (3.4)

These runs are based on the so-called standardized spatial signs Uw(V), t=1,...,n,
which have been used extensively in various multiple-output nonparametric problems;
we refer, e.g., to Randles (2000), Taskinen et al. (2003, 2005), Larocque et al. (2007),
or Hallin and Paindaveine (2008). Parallel to Marden’s spherical runs in (3.1), the
elliptical runs in (3.4) will clearly be sensitive to lag one serial dependence only. To
improve on this, we introduce, in the same spirit as in Dufour et al. (1998), the

generalized elliptical runs

(n— )2 U, o(V)Uino(V), h=1,2,...,n—1, (3.5)
t=h-+1
and
(n — h)/2 2! ZU“, WU, _6(V), h=12...n—1L (3.6)
t=h+1

As in the univariate case, the corresponding runs tests reject the null of ran-

domness when runs are “too large”. For full-rank runs, which are matrix-valued

(n)f 2

statistics, sizes will be measured through the so-called Frobenius norm ||r I3, =

tr[f',(;gf(fg?gf)’]. As we will see in Section 5.1, the resulting full-rank runs test <;5£,9

rejects the null of multivariate randomness Hé") at asymptotic level o as soon as
A(n)f
e = K Z %579 11 (3.7)

Z UL o(V)Ue(V) U, e(V)Urnp(V) > XPo g1 e

h=1 v st ht1

whereas their Marden-type counterparts QAﬁ(I_%M reject the same hypothesis (still at
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asymptotic level ) whenever

H
QUp' = kY (A’ (3.8)
h=1
LA n . . . .
= k) . > UV Uo(V)Up(V)Ui6(V) > X310
=1 VT

In order to derive the asymptotic properties of these shape-based runs tests, the es-
timator V should satisfy some assumptions including in particular root-n consistency
under a broad class of (null) distributions; see Section 5.1 for details. At this point, we
rather stress that the choice of V is an important issue, since the multivariate runs
tests above will inherit the good (or poor) robustness and equivariance/invariance
properties of the shape estimator adopted. For instance, it is easy to show that, if \Y%
is @-affine-equivariant in the sense that

VO+AX;—0),....0+A(X,—0)) = L‘?A',
tr[AVA/]

for any A in the collecton GL; of invertible k x k real matrices, then the resulting
shape-based runs tests are @-affine-invariant: any collection of samples {(0+A(X;—0),
i =1,...,n) : A € GLi} leads to the same decision to reject or not the null
hypothesis Hé"). As explained above, achieving such invariance is important in the
present context, and we therefore restrict to #-affine-equivariant estimators of shape
in the sequel.

We now list some possible choices for V. In the (null) model where the obser-

vations are mutually independent with a common multinormal distribution having

(known) mean €, the maximum likelihood estimator for V is given by Vy = AL
where Sg := — > (X, — 0)(X; —0)'. This estimator, however, is root-n consistent
only if the observations are i.i.d. with a common elliptical distribution admitting fi-

nite fourth-order moments, and also inherits the poor robustness properties of Sg. To

improve on this, high breakdown point estimators of shape can be considered, such
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as, e.g, Vaep = kSe.mcp/tr[Se.mep], where Sgacp stands for the scatter matrix
with smallest determinant among the (|, ) matrices Sy evaluated on subseries
of size [ (n+1)/2]. Another possible choice is the Tyler (1987) shape matrix estimator,

which is defined as
k(WyWo) ™!

Vi =
RUATARE

(3.9)

where Wy is the (unique for n > k(k—1)) upper triangular k x k matrix with positive
diagonal elements and a “1” in the upper left corner that satisfies

%i(nwe jﬁn)(um _2”) e

t=1

Although Diimbgen and Tyler (2005) showed that, for “smooth” distributions, the
contamination breakdown point of VTyl is only 1/k, we actually favor VTyl over high
breakdown point estimators in the sequel, mainly because it can be computed easily in
any dimension k and satisfies the technical assumptions of Section 5.1 under possibly
heteroskedastic observations with elliptical directions. Moreover, unlike most other
shape runs, the resulting “Tyler” runs are invariant under arbitrary transformations
of each X; along the halfline 8 + A\(X; —8), A > 0, hence can be regarded as sign (or

directional) quantities, which is well in line with the sign nature of univariate runs.

3.2 Hyperplane-based runs tests.

The second type of sample elliptical runs we propose is based on interdirections, a

multivariate extension of signs that was introduced by Randles (1989) in a multivari-

ate one-sample location context. Interdirections, which have proved useful in other

setups as well (see, e.g., Gieser and Randles 1997, Randles and Um 1998, Hallin

and Paindaveine 2002a, Taskinen et al. 2005), are defined as follows: the interdirec-
(n)Z (n)

tion cgf = cg¢(Zn,...,Zy,) associated with Z, and Z, in the sequence Zi,...,Z,

is the number of hyperplanes in R* passing through the origin and (k — 1) out of
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the (n — 2) points Zy,...,Zs 1,251, ..., 24 1,Z411,...,2Z,, that are separating Z
and Z;. The following result explains why interdirections are relevant when defining

sample elliptical runs.

(n) (n) (n—2

Lemma 3.1 Letpg,q:=Ci/g k_l), where Cg?,o denotes the interdirection associated

with Xy —60 and X, —0 in the k-variate series X1 —0,...,X,,—0. Then, under Hgf\),,

(n)

cos(mp, 9) — Ul g(V)Ure(V) — 0 in quadratic mean as n — oc.
This result suggests that we regard
(n — h)'/? fffe)M = zn: cos(wpgz),hﬂ) (3.10)
t=h+1

as a hyperplane-based version of the sample runs in (3.5). Although there is no
hyperplane-based version of the full-rank runs in (3.6), it is easy to define a hyperplane-
based version of the statistic le); since the latter involves the observations through
inner products of standardized spatial signs only. More precisely, the hyperplane-
based version qggb); of the test qggb); rejects the null hypothesis Hén) at asymptotic
level o whenever
LA

A=Ky

h=1

n Z COS(ﬂ’g?,o) COS(ngTi)h,tfh,G) > Xi?H,ka
s,t=h+1

n J—
(hence actually coincides with the sign test proposed in Hallin and Paindaveine (2002b)),
whereas, of course, the hyperplane-based Marden runs test gzggb)oM rejects the same hy-

pothesis (still at asymptotic level a) as soon as

H H n

~N(n)M ~(n)M 1 n n

Qi =k > (Fg" ) =k > ——= > cos(mpll)_y) cos(mp(y)yp) > Xir1 -
h=1 h=1 s,t=h+1

As shown in Randles (1989), interdirections are affine-invariant in the sense that
céf?(AZl, ..., AZ,) = cgt?(Zl, ..., ZLy,) for any A € GLy; @-affine-invariance of the

hyperplane-based runs in (3.10), and of the hyperplane-based runs tests <;§§_’})0f and éﬁ?’,,M
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above, directly follows. Note that these hyperplane-based statistics may also be re-

() s are invariant under arbitrary radial trans-

garded as sign statistics, since the ps
formations of each observation X; along the halfline § + \(X; — ), A > 0.

Since ¢ I?);, I?);, I?)OM, and <;5 M reduce to the classical runs test for k = 1, they
may all be regarded as multivariate runs tests. Note that, as a corollary of the radial-

and affine-invariance, q?% / égL}gM—and Q%%f / égg& provided that they are based on

the shape estimator VTyl—are strictly distribution-free under Hén).

3.3 The #-unspecified case.

Clearly, in order to turn the proposed #-specified runs procedures into tests for the null
of randomness H™ := Ugpegrr Uve M, Hé’?\), under which the center # remains unspeci-
fied (see Section 2), an estimate of —even an estimate of (6, V) if one wants to avoid
hyperplane-based procedures—is needed. We propose using the Hettmansperger and
Randles (2002) estimator (@ug, Vir), which is implicitly defined as the solution of

the simultaneous M-equations (with Vi still normalized so that tr[VHR] = k)

n 1 2 ~ ~ 1
Z Ut GHR VHR = 0 and g ; UtyéHR(VHR)U;,éHR(VHR) = E Ik (311)

t=1

S

This estimator is root-n consistent under the whole null hypothesis H™, since it
does not require strict ellipticity, identically distributed observations, nor any fi-
nite moment assumptions. Moreover, (9HR,VHR) is affine-equivariant in the sense

that, for any A € GL; and any k-vector b, éHR;A,b = AéHR + b and \A/'HR;A,b =

kAVHRA’

HAV AT where Ougr.ap (resp., VHR;A,b) stands for @ugr (resp., VHR) evaluated

at AX; + b,...,AX,, + b. Finally, 9HR is an extension of the sample median to
multivariate data, hence is well in line with the sign nature of univariate runs.

The resulting shape-based Marden runs tests &?)M (resp., hyperplane-based Mar-

den runs tests gz;(]?)M) reject H™ at asymptotic level a whenever Q(I?) = Q ()M
Hbur
(resp., @E,?)M = @gLE\}/I{R), where the shape estimator Vg is used, exceeds XH,l—a'
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Similarly, full-rank runs tests for H™, in their shape-based version ésﬁf})f (resp.,
hyperplane-based version éﬁ?’f) reject the null at asymptotic level o whenever le)f =
A(n)f ~N(n)f ~N(n)f T(m)M , 7(n)f .

QE‘L)@’HR (resp., Q%) = QE‘L)@’HR) exceeds X22H,17a- Note that gbﬁ,’ /gb(H) do not require
any shape estimate. Finally, the affine-equivariance of (éHR, VHR) entails that these
four runs test statistics are affine-invariant, in the sense that their values remain un-

changed if a common arbitrary invertible affine transformation is applied to the n

observations.

4 A REAL DATA EXAMPLE.

In this section, we consider a series of daily closing prices for £ = 4 major European
stock indices: Germany DAX, Switzerland SMI, France CAC, and UK FTSE. The
data, available under the name FuStockMarkets in current distributions of the R soft-
ware, are sampled in business time (i.e., weekends and holidays are omitted), yielding
1,860 closing prices for each index between 1991 and 1998. We study the series of
the n = 1,859 four-dimensional resulting log returns; see Figure 1. The scatter plot
of SIM vs DAX log returns displayed in the same figure is not of an elliptical nature
since negative returns are more extreme than positive ones; this, however, is fully
compatible with the assumption that the joint distribution has elliptical directions.
This skewness and the obvious fat tails suggest that our runs tests are well adapted
to this data set.

Table 1 reports the p-values of the #-unspecified shape-based full-rank runs tests éﬁ;’f
and of their Marden analogs <;3§_’})M, H = 1,2,3, for (i) the series of log returns and
(ii) the series of squared log returns. For log returns, it also makes sense to consider
the corresponding € = 0-specified tests éﬁ?’,,M and és% Of course, hyperplane-based
runs tests cannot be implemented for such a large sample size (still, they are of inter-

est for small dimensions k and small-to-moderate sample sizes, as is illustrated in the
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Monte-Carlo study of Section 6). For the sake of comparison, we also include p-values
of Gaussian Portmanteau tests based on classical autocorrelation matrices; we denote
their @-specified and @-unspecified versions by <;5§_%N and ¢§?W, respectively. These
highly non-robust procedures, which are described in much detail in Section 5.3, are
also used there as benchmarks for efficiency comparisons.

Inspection of the p-values in Table 1 shows that, as expected, all tests lead to
rejection of the null of randomness at any standard level, with the only exception, for
squared log returns, of q§§">M Quite interestingly, the fact that q§§">M does not reject
the null allows to get some insight about why rejection occurs for éﬁ”)f. In the present
example, this actually reveals, as we will see in Section 5.2, that no index strongly
determine their own future volatility while there are some indices whose volatility is
mainly driven by other indices (we delay details on this to Section 5.2 since it requires
an investigation of the asymptotic nonnull behaviors of these runs tests).

To assess the robustness of the results above and to illustrate the use of hyperplane-
based tests on this real data set, we recorded, for each of the 80 subseries of length 100
associated with time indices (s,s + 1,...,5+99), s = 1,...,80, the p-values of the
same tests as in Table 1, along with those of the corresponding hyperplane-based runs
tests; see Figure 2. It is readily seen that Gaussian Portmanteau tests are extremely
sensitive to large returns, particularly so for squared log returns where their p-value
jumps from .0001 to .9956 at s = 36, that is, exactly when the very extreme negative
log return at t = 35 (which is visible in the lower left corner of the scatter plot in
Figure 1) leaves the subseries of interest. Comparatively, our multivariate runs tests
exhibit a much more stable behavior. Eventually, note that, for the present data,

hyperplane-based runs tests behave essentially as their shape-based counterparts.
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5 ASYMPTOTIC BEHAVIOR.

5.1 Asymptotic null behavior.

The following assumptions on V are needed to derive the asymptotic properties of the
0-specified shape-based runs tests (for the sake of simplicity, we will only consider the

versions of the @-unspecified tests based on the estimators (Qur, Vi) of Section 3.3).

ASSUMPTION (Ag). The sequence of estimators V.= V(Xy,...,X,), n € Ny, is (i)
root-n consistent: for any V.€ My, n'/2(V — V) = Op(1) as n — oo, under Hétl\),,‘
(ii) invariant under reflections about 0: V(0 + s1(X; — 8),...,0 + 5,(X, — 0)) =
V(Xy,...,X,) for any si,...,s, € {—1,1}; (iii) invariant under permutations:

V(Xg(l), o X)) = V(Xy,...,X,) for any permutation & of {1,...,n}.

We first study the asymptotic null behavior of R n)M = (fg;)M, U f};)oM)' , f{gbng =
(fggM, . ,fg%M) , and R n)f = ((vec rgno)f) ., (vec rgb)o) )', where vec C stacks the

columns of the array C on top of each other.

Lemma 5.1 Fiz 8§ € R¥, V € My, and H € Ny, and let Assumption (Ag) hold.
n)M n)M n n)f

Define RHGV = (Tgo)Vw- Tﬁ{év) and RHGV = ((Vecrggv) (vecrEH)oV)’)’

where we let rhilg;l\\/l, = (n—h)"20,  Ulg(V)Uine(V) and (n — h)'/? r" gfv =

Xint1 Uno(V)U;_y,9(V). Then, (i) under He Vs
n)M n)M = (n)M n)M A (n)f n)f
B[R, — Ripvl?], B[RS, — RypyI?,  and E[RY, — Risv]?

are o(1) as n — oo. (ii) under Hén), both f{(f_’;)eM and f{(f_’;)eM are asymptotically normal
with mean zero and covariance matrix %IH, whereas f{(;;); 1s asymptotically normal

with mean zero and covariance matrix #Ikz -

Note that Lemma 5.1(i) entails that, under Hev, n)M = k|R n)M||2 = k||RI:,L)9MV||2

+ op(1) and Qg)eM = k:||]_:~{§?)0M||2 = k:||R§?)0MV||2 + op(1) as n — oo—which implies
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that angM and @%%M are asymptotically equivalent under the null (hence also, from
contiguity, under the sequences of local alternatives we introduce in Section 5.2).
Lemma 5.1(ii) then yields that both Q(I?)GM and Q(I?)GM are asymptotically x? un-
der ’Hé"), which implies that the multivariate runs tests <;§§3})9 and <;5 M from Section 3
indeed have asymptotic level a. Similarly, Lemma 5.1 entails that the full-rank runs

n)f = k? ||R 1o |2 is asymptot-

test ¢ H)G has asymptotic level « since it shows that Q
ically x7:, under the null. As for gb f? o, the result follows from the fact that it was
shown in Hallin and Paindaveine (2002b) that QHG = k? HR . VH2 +op(l) asn — oo
under Hé?x), (their proof, which was derived under strictly elliptical assumptions, triv-
ially holds in the present broader setup).

Turning then to the @-unspecified runs tests, we define the multivariate shape-
based runs RﬁZ;)M and Rg)f by replacing (8, V) with (fug, Vir) (see Section 3.3)
in RV H9 v and Rg{)gf;v, respectively. Similarly, multivariate hyperplane-based Marden
runs, which do not require any estimate for V, are simply defined as 13{%1) - R o OHR

We then have the following result.

Proposition 5.1 Fiz € R*, V. € My, and H € Ny. Then, (i) under Hev: Rg)M
RHGV? R{M RI?)GMV, and RV R%V are op(1) as n — oo; (ii) under H™ =
Userr Uven, Hev: n)M and Q (resp., Q;} and Q(I?)f) are asymptotically chi-

square with H (resp., k*H ) degrees of freedom.

The §-unspecified runs tests introduced in Section 3.3 therefore all have asymptotic

level o under the null of randomness H ™

5.2 ULAN and local asymptotic powers.

In this section, we study the asymptotic powers of the proposed runs tests against
the following sequences of local vector autoregressive moving average (VARMA) al-

ternatives. Write Pf,"%, s for the hypothesis under which the series Xy,..., X, is a
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finite realization of the elliptical VARMA(p, q) process
p

(Xt - 0) - Z Ar(Xt—r - =& — ZBsst S le Za

r=1
where ¥ := (0, (vec A1), ..., (vecA,), (vecBy), ..., (vecB,)) € RE := REHF(+0)
collects the location center and the vectorized forms of the £ x k matrices Ay, ..., A,,
Bi,...,B,, and where the (absolutely continuous) random k-vectors &, t € Z, are
i.i.d. with the elliptically symmetric pdfin (2.2). With this notation, the local alterna-
tives we consider are of the form Pgo’)oq 172000y > Where 7™ = & (vec AMY,
-, (vec A{MY', (vec Bg"))’ ..., (ve¢ B{)') is a bounded sequence, and where the ra-
dial density f satisfies some mild regularity conditions ensuring that the family of
probability distributions {Pﬂv e 9 € REY is uniformly locally and asymptotically
normal (ULAN) at any parameter value of the form ¥ = (6’,0’). More precisely,
we assume that f belongs to the collection Fypan of absolutely continuous radial
densities for which, denoting by f’ the a.e.-derivative of f and letting ¢; := —f'/f,
the integrals figi1,p = [o° r" 1 f(r) dr and Ty g = (pr—1,p) " J5~ @7 (r) r*71 f(r) dr are

finite. Letting 7 := max(p, q¢) and defining the k*7 x k*(p + ¢) matrix M as
M — < Ik2p Ik2q )7
O (r—p) x (k) Ok2(r—q) x(k2q)
we then have the following ULAN result.

Proposition 5.2 Fiz V € M;, and f € Fyrax. Then, writing 'yéngvf =L V12

S 97(do(V) dig(V) Urg(VIU, 6(V) V12, the family {Pg%, 9 € R} ds
I(n n

ULAN at any ¥ = (0',0'), with central sequence Aﬁvf = ((Aﬂ(v ) (Aﬂvf))

where on T n~l2v-izyn 0r(dio(V)) Upg(V) and

II(n n n /
AG =M ((n— 1) (veer gy )y (n =) (veer Ty 1))
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and information matrix
I 7 _
PﬂVf2:<P19’V’f 0 )::<%V 1 0 )
0 Tiy, 0 gl MLe(VeV M
More precisely, for any 9™ = (6™, 0 and ¥ = (0',0') with 8™ = 0 + O(n~/2),

we have that (i) under p

9 V. f’
dP(n)
9 yp=1/270(n) V, n n 1 n n
log ( d; ! ) (rt™ )A, " Vi3 (7)) Tov 7™ + 0p(1)
(n) V. f

asn — oo, and that (ii) Al still under P is asymptotically N'(0,Tg v ).

19(”) V. f7 WL) V. f7

The nonnull asymptotic distributions of the proposed multivariate runs test statis-
tics, under the sequences of local alternatives described above, hence also the asymp-
totic local powers of the corresponding tests, quite easily follow from this ULAN

property and a standard application of Le Cam’s third Lemma.

Proposition 5.3 Fiz 9 = (6,0’ € R, V € M,, f € Furan, and H € Ny, and

define (. := %, where &y o= (r—1.4) "t S5 pp(r)r*Lf(r)dr.  Then, letting

Assumption (Ag) hold for results on 0-specified shape-based quantities, we have that

(i) under {PMn_l/QT(n) Vf}

(n) _ p) (n) _ p)
R(n)M_ﬁ(tr[A B{"] ) o R%M—ﬁ(tm B;"] )

H.0
k Al Z B P\ Al Z o

are asymptotically normal with mean zero and covariance matrix %I u, whereas

. vec (A§") - B§"’)
Rij) — C’“—kf Ih® (Ve V) ( '

vec (A(I?) - ng))

18, still under {P _1/2p(n) v f}, asymptotically normal with mean zero and covariance

I+n

matrix k—IQIsz (throughout, we let A" := 0 =: B for any r > p and any s > q);
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.. n A(n)M A
(ii) under {P,(aJZn—l/2T<n),v,f}: QELL)o ) He ’ QH , and QH (resp., QH07 QHB;
Qﬁ?’f, and Qﬁf}“ ) are asymptotically noncentral chi-square with H (resp., k*H ) degrees

of freedom and with noncentrality parameter
2. H H
k f Z tI' Ah - Bh ) ) <T€Sp'7 Clg,f Z ||V71/2(Ah - Bh)V1/2||%r>7 (51)
he1 h=1

where we wrote A, = lim,, o AEL") and By, = lim,,_, B,(ln) (assuming, of course,

that these limits exist).

This result deserves comments (a) on the dependence of asymptotic local powers
on the innovation density f, and (b) on local consistency issues, which, as we will see,
provide the most fundamental differences between full-rank and Marden runs tests.

(a) Quite remarkably, local powers admit non-trivial lower bounds with respect
to the innovation density f, which will lead to lower bounds for the AREs derived
in the next section. Integrating by parts, then applying Jensen’s inequality (with
respect to the measure (pg_1. ) 'r* ! f(r) and with convex function g(z) = 1/z), we
obtain that & r = (k — 1)puk—o,r/tk—1,f > (k — 1)ptg—1,¢/ 1k, r, Wwhere the inequality is
sharp (the equality is achieved at boundary points of Fypan corresponding to elliptical
distributions that are supported in the boundary of an hyperpellipsoid in R¥). Hence,
we have that

inf - - 5.2
fe:}:l;lILAN Ck’f ko’ ( )

where the infimum is not reached in Fypan. Also, explicit expressions for this func-
tional coefficient (j ¢ involving the regular Gamma function can be obtained at Stu-

dent, power-exponential, and Gaussian densities; more precisely, we have that

L 4AT(E () C r (MR
Cr,f = F— 1T 2(%)1—‘2(%) and (i = kPQ(%) , (5.3)

at Student densities with v(> 2) degrees of freedom and at power-exponential densi-

ties with parameter 7, respectively; see Section 2. The value at Gaussian densities,
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namely (. ; = 2T%(%H)/(kT?(%)), can be obtained by taking the limit as v — oo in
the first equality of (5.3), or, equivalently, by evaluating the second one at n = 1.

(b) Note that the lower bound just derived in (5.2) implies that any lack of con-
sistency of the proposed runs tests may only come from the VARMA coefficients Ay,
and By (even for k = 1, since no f € Fypan achieves the infimum in (5.2)).
If Ay, = By, for all h, then the noncentrality parameters in (5.1) vanish, so that the
nonnull asymptotic distribution of our multivariate runs test statistics is simply (cen-
tral) chi-square, which in turn implies that the asymptotic powers then coincide with
the nominal level . This was, however, totally expected since such local “alterna-
tives”, by cancelling roots of the corresponding vector AR and vector MA polynomials,
cannot be stochastically distinguished from the null hypothesis of randomness. What
is more problematic, but also partly characterizes the Marden runs tests, is the fact
that these tests cannot detect non-trivial VARMA alternatives with zero trace matrix
coefficients: Marden runs tests actually are tests for HIV"™° ¢ tr[A,] = 0 = tr[B,]
for all r,s, whereas full-rank runs tests—which do not suffer such local consistency
problems—are genuine tests for Hé")fun : A, =0 =By for all r,s. This can be jus-
tified by showing that the Marden runs tests (resp., full-rank runs tests) are nothing
but the sign versions of the locally and asymptotically optimal (in the Le Cam sense)
tests for HJV™™ (resp., for H{™): see Paindaveine (2009) for details.

With this in mind, we can come back to the real data example of Section 4, and
comment on the fact that, for the series of squared log returns, q%ﬁ”)f rejects the null
of randomness H™ while éﬁ"’M does not: since it is quite likely that any couple of
marginal first-order autocorrelations py(1), £ = 1,2, 3,4 with large absolute values (if
any) would share the same sign, we essentially learn that each py(1) is probably small
(from the fact that éﬁ"’M does not reject the null), and that the first-order cross-

autocorrelations pyp (1), £,0' = 1,2,3,4, £ # (', are large enough to cause rejection
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of the null by &"’f. As announced in Section 4, this suggests that no index strongly
determine their own future volatility while there are some indices whose volatility is
mainly driven by other indices. Although such a highly non-robust estimator should
be considered with caution, the VAR(1) (with a constant) OLS estimator of Aj,

which, for the series of squared log returns considered, yields

02 .03 29 .00
. —02 —04 —43 —01
T —01 —01 —04 01
04 01 .00 .04

e

(hence, (tr[A4])? = 2e—04 and ||A4||%, = .28), essentially supports these claims.

5.3 Asymptotic relative efficiencies.

The natural benchmarks for efficiency comparisons are Gaussian Portmanteau-type
tests that reject the null of randomness Hé") when the standard (in this #-specified

n)N n)N N /(RN —
= (g )71 (g )T b =

setup, @-centered) correlation matrices ph) Y06

1,...,H, with 'y,g N L3 1 (X —0)(X,_,—0)', are too large (in some adequate
norm). Denote by H,ngz the hypothesis under which the observations Xq,..., X,
are i.i.d. with mean @ and full-rank covariance matrix ¥ (the superscript 2 in the
notation stresses this second-order moment assumption). Under He 2 , we have that
Tiip = ((n=1)"(veep(g" ). .. (n—H)(veeply" ) = [In @ (S@D)]/(n
( oy (n— H)l/Q(VeC’)/(n)N) ) + op(1) (as n — o0) is asymptotically
standard normal. Hence, the resulting Portmanteau test—qﬁgjgjv, say—rejects the null
of randomness Hén)Q = UgHg%Q at asymptotic level a whenever
H
Qg = Tl I = 3 (= W) lois™ I > oo (5.4)

Unlike the runs tests of Sections 3, gbgb)oN requires second-order moment assumptions

and cannot deal with heteroskedasticity. It is also poorly resistant to possible outliers
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(see Section 6). Its only advantage over the proposed runs tests is actually that it
does not require the underlying distribution to have elliptical directions.

Turning to power considerations (and restricting to the VARMA alternatives of
Section 5.2), it can be shown that, provided that the observations are i.i.d. with an
elliptical distribution admitting finite second-order moments, gbg)e,N is asymptotically
equivalent to the locally and asymptotically optimal Gaussian test of randomness in-
troduced in Hallin and Paindaveine (2002b, Section 2.3). The Portmanteau test ¢§§L7’,,N
is therefore optimal under Gaussian innovations. More generally, asymptotic local

powers can be obtained along the same lines as in Proposition 5.3.

Proposition 5.4 Fizd = (0',0')Y € RL, V. € My, f € Furan, and H € Ny. Then,

(n)
I+n—1/27(n) V f’

of freedom and with noncentrality parameter Y1, [[V™Y2(A, —B,) V2|2, where Ay,

under P Qgi)oN is asymptotically noncentral chi-square with k*H degrees

and By, are defined as in (5.1).

These tests can also be turned into tests for H™ by replacing § with any root-n
consistent estimate (the sample average is a natural candidate for such a Gaussian
procedure, though). Similarly as for the runs tests above, the asymptotic properties
of the resulting Gaussian Portmanteau tests of randomness (¢§$W, based on ng
say) are not affected by this replacement. This is actually a corollary of the next

result (which easily follows from the continuous mapping theorem).

Lemma 5.2 Fiz 0 € R* and h € N, and let @ be a root-n consistent estimate of 0

under Hy"? = UgHé@f. Then, under Hy"?, 'y](lngN — 'y%N is op(n~1/%) as n — oo.

Propositions 5.3 and 5.4 allow to compare, by means of asymptotic relative effi-
ciencies (AREs), the performances of the Marden and full-rank runs tests with those

of the Gaussian Portmanteau tests introduced above. For full-rank runs tests, these
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AREs are simply obtained by computing the ratios of the noncentrality parame-
ters in the asymptotic nonnull distributions of Q / Q n)f and Q n)N (or Q(,_’;)f / Qg)f
and QgLW, in the @-unspecified case). For Marden runs tests, however, the degrees of
freedom in the limiting distributions of Q / Q M and Q N do not match in the
multivariate case (k > 2), and a direct use of the ratio of noncentrality parameters is
therefore no longer valid. We then use the extension of the concept of Pitman ARE to
cases where the limiting distributions of the competing tests are of different types; see
Nyblom and Maékeldinen (1983). In such cases, the resulting relative efficiency may

depend on the asymptotic level a and power . The general result is the following.

Proposition 5.5 Fiz 9 = (6,0’ € RE, V. € My, f € FuLan, and H € Ny,

and let Assumption (Ag) hold. Let c?’ﬁ be such that the upper-B quantile of the

noncentral X7 distribution with noncentrality parameter cj o s X% 1—a- Then, when

testing Pf,v ; against przn V2p(n) v f the ARE of gb n)M/gb (resp., of gb n)f/gb

with respect to <;5£,9 coincide with the ARE of ¢\"™ /qgl? (resp., o) f/él? ) with

respect to ¢§?W, and are given by

a,B 1 <—H 2
CkQH 7 21 (tr[Ay, — By]) ( 9 )
resp., ) 9.9
0 I VR (A, BV, P s >

where Ay, and By, are defined as in (5.1) and where o (resp., () is the common

asymptotic size (resp., power) of the tests.

The three factors of the first ARE in (5.5) are of a very different nature. The
“degrees of freedom” factor cZﬁ% / C(Il{’ﬁ takes into account the fact the Marden runs
tests start with some advantage (ck /cHﬁ > 1) over their Gaussian Portmanteau
competitors since they are based on a smaller number of degrees of freedom. The
“functional” factor C,% s 1s the only one depending on the underlying innovation den-

sity f, and, roughly speaking, measures the relative performance—at f—of sign
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procedures with respect to their parametric Gaussian counterparts (this factor is
indeed the only one in the second ARE in (5.5)). Eventually, the “structural” fac-
tor + 4L, (tr[A, — By])2/ 0L, [|[VV2(A), — By,) VY2||E only depends on the type
of VARMA alternative considered and on the underlying shape V. It is always equal
to one for univariate series (k = 1), but crucially affects the first ARE values in (5.5)
in the multivariate case.

Table 2 provides some numerical values of the functional factor C,i s for various
underlying densities, namely for several ¢, Gaussian, and power-exponential densities,
as well as for some boundary cases. Table 2 illustrates that, as expected from (5.2),
the asymptotic efficiency of multivariate runs tests may be relatively poor for very
small dimensions k (particularly so in the univariate case, to which runs tests have
been limited so far), but that it becomes uniformly good as k increases (it directly
follows from (5.2) that the AREs of full-rank runs tests with respect to Gaussian
Portmanteau tests are always larger than (%)2 in dimension k). This is in line with
the “sufficiency-type” properties that sign statistics enjoy for large k; see typically
Hall et al. (2005). Irrespective of k, runs tests perform best under heavy tails—as it

is often the case for sign procedures.

6 A MONTE-CARLO STUDY.

Several simulations were conducted in order to investigate the finite-sample behavior
of the proposed multivariate runs tests for £k = 2. Starting throughout with i.i.d.
(either bivariate standard normal or bivariate standard ¢3) random vectors n,, sam-

ples (X4, ...,X,,) of size n = 200 were generated as the last n random vectors in the
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series (Y1,..., Ys004n) Obtained from the VAR “alternatives”

(Yo —0)— (BA) (Vs —0) — (2AY) (Yia—0) =&, (= V'), t>3,

Y1:Y2:0:<0>7 V:<1 1)7 m:071727"'76:M7
0 1 4

with Type 1 or Type 2 alternatives according to

Ag1) :Ag) _ ( 15 0 ) or Agz) :Agz) _ ( .05 .10 >’ (6.1)
0 .15 10 —.05

respectively. Contaminated data sets were also obtained by replacing X, t = 10, 12, 14,
with 10X, + b, where b = (3, —7)" (we avoided b = (0,0)’ since our runs tests, at
least in their § = (0,0)"-specified versions, would totally be insensitive to such ra-
dial outliers). Each of the three simulations (A)-(C) below is based on N = 10,000
replications, and all tests were performed at asymptotic level o = 5%.

(A) In a first simulation, we considered the #-specified tests gzggno)M, Ag’gf, and gbgno)N
under Gaussian and t3 innovations, and for both types of VAR alternatives above.
The shape estimator V used in both runs tests is Tyler’s estimator VTyl in (3.9).
The resulting power curves are presented in Figure 3. All tests seem to meet the
level constraint. Under Gaussian and t3 innovations, the AREs of q%g”(}f with respect
to qsg’}}N are equal to .617 and 1.000, respectively (for both types of alternatives con-
sidered), which is perfectly reflected in Figure 3. As expected, Marden runs test
collapse under Type 2 alternatives. Under Type 1 alternatives, they behave in accor-
dance with Proposition 5.5, which allows to show that the AREs of &;"gM with respect
to gbo)N, under such alternatives and at asymptotic level a = .5/power 3 = .80, are
equal to .962 and 1.559, at Gaussian and t3 innovations, respectively. As expected
from (5.1), powers are higher under bivariate ¢3 innovations (for which C,i s = 1.000)

than under bivariate Gaussian ones (for which (7 ; = .617).

(B) The second simulation restricts to Type 1 alternatives with t3 innovations

27



(but considers both clean and contaminated data), and compares the @-specified
tests gzggng)M, Aggf, and gbgne)N involved in the first simulation with their -unspecified
counterparts 7™M, o0 and 6™V, The tests <;§§”(}M /ég"gf (resp., oT™M /o) are
based on VTyl (resp., (9HR, VHR)), whereas ¢§"W uses @ = X, which is the natural lo-
cation estimate for a parametric Gaussian procedure. The results (see Figure 4) show
that @-unspecified tests are, at n = 200, slightly less powerful than their 8-specified
counterparts. For clean data, the hierarchy of the various types of tests is of course
the same as in the first simulation (with Type 1 alternatives). For contaminated data,
however, Gaussian tests become useless (their size under the null is close to 70%),
whereas runs tests barely seem to be affected by this contamination.

(C) Finally, a last simulation compares the @-specified shape-based tests ngg”,} M / qggne)f
with their hyperplane-based counterparts é;"gM / ég”(}f Again, only Type 1 alternatives
with ¢3 innovations are considered. Preliminary simulations, with n = 200, showed
that shape-based tests and hyperplane-based tests behave in exactly the same way (at
least for clean data sets). Hence, we rather present results for n = 20 (see Figure 5),

with a common value of Agl) and Agl) multiplied by 3 (=~ @) when compared

V20

to (6.1), in order to obtain comparable powers. At this small sample size, we learn
that, for clean data sets, shape-based tests slightly dominate the hyperplane-based
ones, while the latter seem to be better resistant to contamination than the former.

As a conclusion, these simulations nicely confirm the asymptotic results of the pre-
vious sections, but also suggest that hyperplane-based runs tests are (even) more ro-
bust than their shape-based counterparts, hence should be favored for small samples.
However, for large sample size n and/or moderate-to-large dimension k, hyperplane-
based tests, unlike shape-based ones, are computationally intractable; see the real

data example. Finally, we stress that these simulations were actually conducted in

the least favourable case for our multivariate runs tests, namely the bivariate case:
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remember indeed that efficiency of runs tests increases with the dimension k. Yet,
even for kK = 2, runs tests appear as nicely efficient procedures when compared to

their classical Portmanteau competitors.

7 FINAL COMMENTS.

The runs tests of randomness developed in this work maintain in the multivariate
setup the properties that made the success of their univariate classical versions: high
flexibility, very good robustness, validity under heteroskedastic patterns, etc. Better
than that: the main drawback of univariate runs tests, namely their poor efficiency
under light tails, vanishes as the dimension £ increases. For moderate-to-large k,
runs tests are therefore procedures that combine efficiency and robustness (and ease
of computation, if one restricts to shape-based runs tests).

The original motivation of this work was to evaluate procedures based on Marden’s
multivariate runs in (1.3). One might think that the conclusion of this paper is that
Marden-type runs tests should be avoided because of their severe lack of consistency.
Although we indeed want to warn practitioners about these consistency issues, we
point out that Marden runs tests, when used in combination with the full-rank runs
tests based on (1.4), may help obtaining information on the reason why rejection
occurs or not; see Section 4. Hence, despite our preference for procedures based on
full-rank runs, our recommendation would be to use both types of runs tests together.

Eventually, we point out that full-rank runs, just as Marden-type runs, might
also be useful in other contexts. For instance, Marden (1999) proposed to define
runs tests of spherical symmetry by basing on (1.3) appropriate extensions of the
McWilliams (1990) runs test of univariate symmetry. Clearly, full-rank runs tests of
spherical (or elliptical) symmetry could be defined by using the methodology proposed

in the present paper. This, as well as the development of multiple-output two-sample
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location tests based on our multivariate runs, will be the topic of a future work.

A APPENDIX: PROOFS.

Proof of Lemma 3.1. This L2-convergence result follows by applying Lebesgue’s
DCT in Lemma 1 of Hallin and Paindaveine (2002a) (note that the X;’s there do not
need be i.i.d. spherical random vectors, but only that their projections X;/||X;|| on

the unit sphere S*~! are i.i.d. uniformly distributed on S¥~1). U

Proof of Lemma 5.1. (i) We start with the proof that E[HR&% — Rg_%f;VHQ] is
o(1) asn — oo. Write Uy, U,, and VAVm_h for U 9(V), Uw(V), and Uw(\A/) Q_h’o(\A/),

respectively. Letting Y, := Sign[(X; — 6):](X; — 8), Assumption (Ag)(ii) then yields
E[(Woon—UU, ) (Wyn=UU, ) [ Xy X, Y X, X =0, (A

for any h+1 < s < t < n. Writing Um- and Uy, for the ith component of IAJt
and U, respectively, (A.1) and Assumption (Ag)(iii) yield that, for any i,j =1,..., k,
E[((thy —rian)in)?] = (n=h) " iy Bl(OniUong — UiUs-nij)?] = E[(Uns14071 —
Uns1:3U15)?] < 2E[(Uns1s = Unpr)PUR ]+ 2 B[UR 1 (U — Uy )?] < 4E[[[ Uy = Uy |2,
Now, with ||C||z := sup{||Cx]|| : ||x|| = 1}, we have |[U; — Uy < 2||[V2(X; —
8) — VA(Xy = 0)[|/IVA(Xy = )| < 2(|VY2 = V2| [[VY2]|, which, by
Assumption (Ag)(i), is o(1) as n — oo in probability (hence, also in quadratic
mean, since Hﬁl — U] is bounded). We conclude that E[HR&?; — Rg_%f;VHZ] =
S Zﬁjzl E[((f“glno)f — rﬁfo)f\,)ij)Q] is indeed o(1) as n — oo.

Since f{gi)gM—Rgi)ol\fv = [Ip®(vecly)'] (f{g’g—Rg)of;V), the result for f{(I_T;)oM directly
follows from the one on fig%f As for RST%M, the “hyperplane-based” analog of (A.1)
states that, for h+1 < s < t < n, E[(cos(ﬂpgls)fhﬂ) — UlsveUs,h’g)(COS(?TpEZ)fhﬂ) —
UipUsnp) [ Xi, o X1, Y, X, - ,X,] = 0 (note that cos(ﬂpgﬂ) only changes

sign if X, is reflected with respect to 8). Therefore, working along the same lines as
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above, we obtain, by using Lemma 3.1, that E[Hﬁgl)oM - RgagMVH | =S E[(F ,(13 -
n)M n .
riov)’] = Sily Bl(cos(npiti 16) = UpiagUre)?] is o(1) as n — oo.
(ii) Since standard CLTs show that, under He v R I?)o v (resp., Rgb,)of;v) is asymp-

totically normal with mean zero and covariance matrix +1g (resp., Lz2p), Part (i)

of the Lemma yields the result. U

Proof of Proposition 5.1. (i) Since the statistic f{(f_’;)f is affine-equivariant,
we may assume that (6, V) = (0,I;). Writing then U, and U, for U, éHR<VHR)
and Uy o(Iy), respectively, we have that (see the proof of Theorem 1 in Taskinen et

al. 2003)
U, = Uy + (UU, = L) [IXe) ™" Bum + 2(Vim — LU +0p(n73),  (A2)

as n — oo under Hé"l) . It easily follows from (A.2) that, for any positive integer h,
f'gln) —rgln()) 1, = (n—h)"Y2 L w (U UL, —UU,_,) = op(1) as n — oo, under H(({Ll)k,
which of course implies that, still under HO 1 Rg)f — R&}",f\, = op(1) as n — oo.
The result for R/ then directly follows by noting that R H0 = Iy ® (vecI)'] ﬁg_%f
and jo}}fv = Iy ® (vec Ik)’]RHo v for any k-vector § and any V € Mj. Finally, the

claim for RE,?M follows by working as in Randles and Um (1998).

(ii) Fix @ € R* and V € M. Part (i) of the proposition implies that Q (M-

op(1) = k(Rizpv) Rijpy = Qi +op(1) (resp., Q" = K (Rijpy) Rigpy +op(1)
as n — oo under Honv. Hence, for A(n)M, N(I?)M, and Q(I?)f, the claims follow from
the fact that, still under He v RHGV (resp., Rgl,)of;v) is asymptotically normal with
mean zero and covariance matrix EI u (resp., k—glkz 1); see the proof of Lemma 5.1(ii).
As for Q(I?)f, showing that the replacement of 6 with 9HR does not affect the behavior

of the test in probability can again be achieved by using the same argument as in

Randles and Um (1998). O

Proof of Proposition 5.2. The result follows by merging the LAN/ULAN
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results in Hallin and Paindaveine (2002a, 2002b, and 2005). O

Proof of Proposition 5.3. (i) Fix § € R* and V € My, and let ¥ := (¢',0') €

n)M

RE. Lemma 5.1(i) implies that R +op(l) = RHGV R(n)M + op(1) as n — oo,

under P19 v f» hence also under the contiguous sequence of alternatives Pg Jzn_l J2p00) v f°

The result is then obtained as usual, by establishing the joint normality under P,,}L f

of R( p.v and the local log-likelihood log(dPﬂJrn 12 (n) vf/sz9Vf) then applying
Le Cam’s third Lemma (the classical Cramér-Wold device yields the required joint
normality). The result for ﬁ,gl); follows from Lemma 5.1 in exactly the same way.

(ii) Let 8, V, and 9 be as above. Lemma 5.1(i) then implies that QH +op(1) =

ERY ) Ripy = Q4" + op(1) (resp., QY = K*(Rijpy)Rijgy + op(1)) as

n — 00, under P1(92/ » hence also under p)

9 tn—1/20(0) V7 f° As for Qg%f, Hallin and

Paindaveine (2002b) actually establishes that, under strict ellipticity assumptions,

we have QHG = kQ(Rg)ofV)'R(I_T;}of;V + op(1) as n — oo, under Pfﬂ,f (hence also
under Pf9 jzn—l J2r() f) and it is easy to check that the proof also holds under ellip-

tical directions. Part (i) of the proposition then yields the result for 8-specified test
statistics. For the @-unspecified ones, the result then follows from the asymptotic

representation results obtained in the proof of Proposition 5.1(ii). O

Proof of Proposition 5.4. Defining T(")NE = Iy ® (Z @) V%((n — 1)Y?

(vec 7§”g Yy, (n—H)Y?(vec 72}, )')', the continuous mapping theorem shows that
g%/\f (T(n) )T(n)Nz + op(1) as n — oo, under ng{,’f, hence also under the

contiguous sequence of alternatives p) The result then follows, as in

94n—1/27(n) V f*

the previous proof, by establishing the joint normality under P19V g of T ® and
log(qugJZ /2y f/de,nV +), then applying Le Cam’s third Lemma. O

Proof of Proposition 5.5. The claim follows easily by using Propositions 5.3

and 5.4 in Theorem A.1 of Nyblom and Mékeldinen (1983). O
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Figure 1: Log returns from 1,860 daily closing prices of four major European stock indices:

Germany DAX, Switzerland SMI, France CAC, and UK FTSE (left plot). Scatter plot of

SMI vs DAX log returns (right plot).

log returns

squared log returns

specified 6 unspecified unspecified
B o e e e e e
H=1|3e06 4e-05 3e-08 | 5e-07 4e-05 4e-08 | 8e-04 3e-01  2e-13
H=2| 205 4e-06 5e-07 | 5e-06 2e-05 6e-07 | le-05 2e-03 <le-15
H=3|1e-05 5e-06 1e-07 | 2e-06 1e-05 1e-07 | 4e-06 2e-04 <le-15

Table 1: p-values of several shape-based runs tests and Gaussian Portmanteau tests for the

series of log returns and the series of squared log returns considered in Section 4.
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Figure 2: p-values of the shape-based/hyperplane-based full-rank runs tests (ign)f/(ign)f

(thin/thick solid lines in the top plots), of their Marden-type counterparts (ign)M / &gn)M

(thin/thick solid lines in the bottom plots), and of the Gaussian Portmanteau test ¢§n)/\f
(the dashed line in both top and bottom plots), in the 80 subseries associated with time
indices (s,s +1,...,54+99), s = 1,...,80 (for log returns, § = O-specified tests provide

plots that are extremely similar to the left plots above; see Paindaveine 2009).

36



underlying radial density f

tQ tg t6 t12 N €9 €3 €5 (2% inf

1 | oo .66 .49 44 41 .29 27 .26 .25 | .00

2 oo 100 75 .68 .62 .50 .47 46 44| .25

k| 4 |oco 127 95 8 .78 69 .67 .65 .64 | .56
6 |oco 137 103 93 8 .78 .76 .75 .73 | .69

10 | co 147 110 99 90 86 .85 .84 83| .81

oo | — 1.62 1.22 1.10 1.00 1.00 1.00 1.00 1.00

Table 2: Numerical values of the functional factor C/%, Iz that is, of the AREs of the full-rank

runs tests with respect to their Gaussian Portmanteau competitors, for several dimensions k

and under ¢t (with 3, 6, 12 degrees of freedom), Gaussian, and power-exponential densities

(with tail parameter n = 2,3,5), as well as for some boundary cases. The last column

provides the lower bound computed from (5.2) for each dimension k.
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Figure 3: Rejection frequencies for Simulation (A); see Section 6 for details.

F-runs, and Gauss stand for Marden-type runs tests, full-rank runs tests, and Gaussian

Portmanteau tests, respectively. Innovations are either Gaussian (normal) or ts.
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Figure 4: Rejection frequencies, for Simulation (B), of several @-specified tests (s) and
0-unspecified tests (u); see Section 6 for details. M-runs, F-runs, and Gauss stand for

Marden-type runs tests, full-rank runs tests, and Gaussian Portmanteau tests, respectively.
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Figure 5: Rejection frequencies for Simulation (C); see Section 6 for details. M-
runs, F-runs, and Gauss stand for Marden-type runs tests, full-rank runs tests, and
Gaussian Portmanteau tests, respectively. Both shape-based (shape) and hyperplane-

based (hyp) runs tests are considered.
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