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Abstract

Multifractal functions are widely used to model irregular signals such as turbulence, data
stream or road traffic. Here, we consider multifractal functions defined as lacunar wavelet
series observed in a white noise model. These random functions are statistically characterized
by two parameters. The first parameter governs the lacunarity of the wavelet coefficients
while the second one governs its intensity. In this paper, we establish the local and asymptotic
normality (LAN) of the model, with respect to this couple of parameters. This allows for
providing an estimator for the lacunarity parameter, that is asymptotically optimal in the
Le Cam sense, as well as optimal (still in the Le Cam sense) tests on the intensity parameter.

AMS 1980 subject classification : 60G17, 62G07.
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1 Introduction

This work deals with statistical analysis of a probabilistic model for multifractal functions. We
observe in a white noise regression framework a multifractal function defined as a realization of a
random lacunar wavelet series. This series is defined by two parameters, 1 a lacunarity parameter
and « an intensity parameter. These two parameters govern the multifractal properties of such
functions. We prove that this model is LAN under some conditions on the range of a and discuss
optimality (in the Le Cam sense) of the estimators of the parameters of interest. We also derive
locally and asymptotically optimal tests.

In the last decade much emphasis has been placed on modelling of very irregular signals.
Indeed it is well known that standard Brownian motion fails in explaining certain time series
arising from finance, biology or turbulence theory. In [12] for example is emphazised that
LAN/WAN traffic traces for which the aggregation level is insufficient presents multifractal
properties. Such phenomenon is also pointed out for the stock market in [7]. So, roughly
speaking, a multifractal function is a function whose local Holder regularity index is not constant.
That means that the function may be very regular in some areas while it is very irregular in
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others. Such functions, with rapid changes of regularity, have been first introduced to model
physical phenomena by [4], or road traffic or data traffic on networks by [17].

To construct multifractal functions, [2], [3] or [18] and [19] have recently shown that some
lacunary random series built on wavelets have multifractal properties. As a matter of fact,
consider a wavelet basis ¥k, j >0, k=0,...,2/ — 1 and a couple of parameters 8 = (a,n)T €
© := (0,1)2. Then, draw the random wavelet coefficient Wik, k= 0,... ,27 — 1 following the
rescaled Bernoulli distribution:

wjp, ~ 2017075, o5 4+ (1 — 207175y, (1.1)

. . . : 1 i
where ¢ is the Dirac measure. Then, the corresponding random function f, = jozgf " Zi:ol Wik ik

converges to a random function having multifractal properties. The multifractal properties of
general sparse random series have been studied in [3], [18], [11], [1] and depend on the choice of
both the lacunarity coefficient 1 and the intensity parameter «.

In this paper we consider n observations of a multifractal function together with a white
noise. Hence after discretization, the statistical model is the following

dik = Wik + €k, §=0,...,51 = logy(n), k=0,...,2/ — 1. (1.2)

wj are the true wavelet coefficients while €j;, are ii.d centered Gaussian random variables
with variance o2, taken independent from the wj. So, we observe the triangular array d, =
(djk)1<j<j,.0<k<2i—1 of independent random variables. For any j, k the distribution of djj, is the
Gaussian mixture:

2 2
djp ~ 20 DI N (27 %) (1= 2N (0, %), (1.3)
where 8 = (a,n)T € (0,1)? is the unknown parameter vector, ¢ > 0 is known and, as usual,
N(m, €?) denotes the Gaussian distribution with mean m and standard deviation &.
In the statistical literature, very few is known about the estimation of multifractal functions.
In a previous work [9], nonparametric estimation of a realization of such a random process is
tackled in a Bayesian setting. Roughly speaking, the Bayesian nonparametric posterior estimate
is built on a ranked thresholding procedure, and its rate of convergence is different from the
usual rates in nonparametric estimation of smooth functions. In the parametric framework, a
first study to construct estimators of the unknown parameters of the mixture (1.1) is conducted
in [10]. The estimators of the parameter of interests are asymptotically normal but their rate
of convergence is not the parametric rate of convergence but rather depends on the values
of 8. Hence, in this work, we focus here on statistical inference for empirical estimation of the
hyperparameters and on the efficiency of this estimation procedure. More precisely, we aim
at proving Local Asymptotic Normality (LAN) for the observation model and comparing the
different rates of convergence for some estimators. In particular, we prove optimality in the Le
Cam sense of an estimator of the lacunarity paramter built only with the wavelet coefficients of
the last resolution level ji(n), which improves results in [10].

The paper falls into the following parts. After recalling the properties of the model we
consider in Section 2 and the corresponding statistical model in Section 3, we prove, for some
values of these parameters, local asymptotic normality for the associated family of distributions
in Section 4. This enable us to prove, in Section 5, optimality of an estimator of the lacunarity
parameter and to derive optimal tests on the intensity parameter in Section 6. Finally, Section 7
presents some simulation results.



2 Multifractal wavelet models

In this paper, we will always work with functions on [0, 1]. To begin with, let us first introduce
some useful definitions around multifractal functions.

The Haussdorf dimension di(A) of a set A is defined as follows. Let C'(A,J) be the set of all
0—covering (C;) of A with open sets C; of diameter |C;| < 4. Let also

H,5(A) = inf Cil®
5(4) (c»:é“cm,a);' |
HS(A) = %IH%) Hs,é(A)
di(A) =inf{s : Hy(A) =0}
Definition 1 Let f be a function on [0, 1].

1) Let xg € [0,1] and h > 0, the set C"(xq) is the set of all functions f on [0,1] such that
there exist a polynomial P of degree less than h and a neighborhood V' of xqy satisfying

[f(@) = P(2)| = O (z — z0)" (z V).

2) Let hy(wo) = sup{h >0, f € C"(z0)} and
Ep ={xz €[0,1], hy(z) =h} (h>0).

The spectrum of singularity dy of f is the function on R™ which associates to each h > 0
the Haussdorf dimension of the set Ey,.

Multifractal analysis of a function was first introduced in a physical framework in [8]. Given
a function f, one of the main goal of this analysis is the computation of the spectrum of
singularities dy. When d; does not vanish in at least two points we say that f is multifractal.
The spectrum of singularities of a function f is a relevant quantity to describe the smoothness
variation of f. Multifractal functions can be constructed using their decomposition into an
appropriate wavelet basis as described in [2] and [11]. Since we restrict attention to functions
on [0,1], we will only consider periodized wavelets in the Schwartz class. This implies that all
moments of the wavelets vanish. In an equivalent way, we could have used compactly supported
wavelets as it is stated in [11] but the results are heavier to state.
Following the construction provided in [16] we define a wavelet ¢ in the Schwartz class, and
construct the periodized wavelet ¢ (z) = >z ¥(z —1). The functions Vg =2z —1), Vje€
N, k € [0,27 — 1] are obtained from the first wavelet by dilatation and translation. Then
(27/ %1hjk)(j.k) Provides an orthonormal basis of the Hilbert space L*([0,1]) (observe the presence
of a normalizing factor 2//2). Let f € L?([0,1]) on one hand, its wavelet coefficients may be
computed as

ool .
we =2 [ FE0d (€N, ke 0,2 - 1)).
0
On the other hand, f may be reconstructed using its wavelet coefficients
oo 27—1

F=Y0" wirti (2.1)

=0 k=0



Using this wavelet representation, we now turn on the construction of random functions ex-
hibiting multifractal properties. This will be done considering sparse random wavelet series.
Let pj, j € N* be a repartition function on R. Further, let Z; = (Zjx)—o._2i_1 be 27 indepen-
dent random vectors having common distribution p;. Now, build a random function F' using
the reconstruction formula (2.1) where for any j € N*,k = 0,...,29 — 1 |w;| = 279%*. To
study the multifractal properties of the random function F', [3], [11] introduced the following
functions:

log, (27p;[0 — .0 + )

p(a, €) = limsup
j—00 J

logP(Zj, € [a — €, 0 + €])

=1+ limsup

j—00 J

pla) = inf p(a €)

Under some assumptions on (p;);en+, which can be found in [11], or [3], Jaffard et al prove that
the spectrum of singularity of F' can be calculated. Indeed, they show that, for all A > 0

drp(h) =h sup pe)
ac(0,n] &

(a.s.). (2.2)

In this paper, we focus on the simplest statistical model derived from the ones described in the
last paragraph. Let (Xjk) en+ k=o,..2i—1 be a triangular array of independent Bernoulli random
variables: for n € (0,1)

Further, take for j € N* and k = 0,...,2/ — 1 random wavelet coefficients Wik = 2_°‘ijk for
a € (0,1). So we get ' '
wjp, ~ 2017 VI g, o5 4 (1 — 207175, (2.3)

The corresponding function f is then defined by its wavelet decomposition into the basis 1) by
f= Z‘;‘;O Zi:ol W,k Y. So, this simple multifractal model is characterized by two parameters 7
and « in (0,1). On one hand 7 describes the lacunarity of the wavelet series (that is its sparsity).
On the other hand the coefficient « is inversely proportional to the intensity of the value of the
wavelet coefficients. These parameters completely characterizes the spectrum of singularity of
the random functions involved. Generating a function with this method may seem too restrictive.
However, such processes appear naturally when studying multifractal processes. As a matter of
fact, Jaffard and al. in their work ([3], [1], [11]) use such modelization and they show in [3] that
the spectrum of singularity of the function f is almost surely

ds(h) = %”h, vhe fo, 2] (2.4)

In figure 1 we plot a realization of such a multifractal function. The lacunarity coefficient is
1n = 0.4 while o = 0.3.

In this paper, we will build and study estimators of these two parameters when the obser-
vation is a wavelet series observed in a white noise model.
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Figure 1: Multifractal function

3 The model

We aim at estimating the parameters 1 and « of a multifractal function f observed with some
measurement errors. Throughout the paper, we make the assumption that the wavelet basis, in
which the function has the decomposition (2.3), is known.

In the white noise model, we observe the wavelet coefficients wj;, of the function f together with
a Gaussian white noise €5, having variance "—nz where n is the number of observations. We assume
that the observations are dyadic and n = 27!, (j; > 0). Recall that the wavelet coefficients are
obtained from discrete regression model

Y = f(i/2)+ Wi, i=1,...,n (3.1)

with W; Y (0,0?), by performing the Discrete Wavelet Transform (DWT). Such transform
is performed by Mallat’s fast algorithm [14] that requires only O(n) operations. Hence, the
observations are drawn from the following model:

djk = wjk + €k, =1,...,51, k=0,...,2/ —1

As a result, the law of the observed coefficients d;j is determined by the prior given by the

model (2.3):
2

2
i~ 20 DIN2700, Ty 4 (1= 20 Vi w0, 2 ) (32)
In this paper, we will only consider the last level in the wavelet decomposition. Indeed, using all
the levels, as done in [10] does not help in the estimation issue and is more a drawback, leading
to complicate expressions for the estimators.
Hence consider the rescaled observed wavelet coefficients,

Xnj = \/ﬁw10g2(n)j, j=1...,n.

We then observe X1, ..., X,,, a triangular array of observations, where X,;, i = 1,...,n are
i.i.d. with common density
fo:=n"""oa+(1—n""p, 0= (na) € (0,1)x(0,1), (3.3)



where ¢, (resp., <;5) stands for the density of a Gaussian random variable with mean ni—e (resp.,
0) and variance 0. For fixed n, the observations are therefore generated by a Gaussian mixture
of the form n"~ 1./\f(nz “ o?)+ (1 —n"HN(0,0%). We aim at studying the statistical problem
of estimating the parameters 8 using the observations X1, ..., Xun.

4 Local asymptotic normality (LAN)

Partition the parametric space into @ = @~ U©* U O™, with ©~ = (0,1) x (0,1/2), 6F =
(0,1)x{1/2}, and ©F = (0,1) x(1/2,1). In this section, we prove that the family of distributions
P, :={Py |6 €© } is LAN.

For any bounded sequence 7,, = (s, t,,)’, consider the corresponding local perturbation 8,, =
0 +v,(0)T, = (Nn, )’ of the parameter value 8 = (1, «)’, where v,,(8) = diag(c,(0),d,(0)) =
diag(n =2 (log n)_l,n_%“‘_%(log n)~!) and denote by

n n

dp
Li.jo = gy = 2 108 fo, (Xu) = 1og fo(Xo)]

i=1

the associated local log-likelihood ratio.
The following result states that the submodel P;; is LAN. We point out that inference in P;"
is totally different; see Section 5 for a discussion.

Theorem 4.1 The family of distributions P,, is LAN, with central sequence Ay := (A ,, Ay ),
where

n - n 1 ¢
Ay, ingg, i=n2 1Znn 1 ¢]+¢( ni),

wls

o _ - Pa
AOJI' ZDOH = 12 ni— 1[¢a_¢]+¢(Xni)a

1

1=
and information matriz T' := diag (1,0~ 2) More precisely, for any @ € ©~ and any bounded
sequence Ty, = (Sp,tn)’, we have

1
Lg—i—un(G)Tn/G =T,0f — §T;P7n +op(l) and Ay - N(0,T) (4.1)
under Py, as n — oo.

We start the proof of Theorem 4.1 with the following lemma.

Lemma 4.1 Under Py, as n — oo, (i) B[Dg}] = E[Dg!,] =0, (ii) Var[Dy}] = n~'(1 + o(1)),
(111) Var[Dg‘:kI} =0 2n"Y1 +0(1)), (iv) Cov[Dg‘{,,De L]l =o(n™1), and (v) for all 6 > 0,

E[Zﬁlﬂ(|zn1| > 5)} = o(n™ ), (4.2)

where Zyn; = Zyi(0) := 3 (vn(0),) Ve log fo( X, 2{snD +t,Dj’ '



Proof of Lemma 4.1. (i) The first claims are trivial since E[Dj!] = n2 ! [(¢o—o)(z) de =
0 and E[Dg’,] = o 2nE ! [(n2™ = 2)a(z) dz = 0.
(i) Define 7y, := n2~%/2. First note that %‘*(x) = exp [2rp(z — 1) /0?] for all 2. Therefore

2

/ (exp [2rp(z — 1) /0?] — 1)2

exp [2rp(z —ry,)/0%] — 1+ nl-7
— Tnl - Tn2 + Tn37

() dx

where

3

o (exp [2ry(x — rp)/0?] — 1)2
o= /_oo exp [2rp(z — 1) /0% — 1+ nl—"n

(exp [2rpn(z — 14)/0%] — 1)
oxp [2r(z — 1) fo%] — LT 01

¢(z) du,

Tho = /TOO [exp (2, (z —1rp) /0] — é(z)dz,

and -
T3 := / exp [2rp(z — 1) /0?] ¢(x) da.

Now, Lebesgue’s DCT yields Ty,; = "1 ( [ ¢(z)dz + o(1)) = o(1) as n — co. As for Tp2, one
easily shows that, for some constant C, |Tp2| < C [ “¢(x)dr = o(1) as n — oo. Eventually,
letting y = = — 21, we obtain T3 = [° ¢o(z) do = f v @(y)dy =1+ 0(1), as n — oo.

(iii) Letting y = « — 2r,, we have

nVar [Do n} = o7 / 7572:? [; mf(;%f;(x) &
B _4 27’n — x (ba(x)
= 14+ nl 77—1) (x)/¢a(x) e
_ / 2¢(y) dy
L (=1 = 1) exp [ = 2ra(y +mn)/0?]
= Snl + Sn2 + Sn37
where 2¢( )
R —Tn Y Yy
Sn1 =0 /_oo L+ (n1=7 = 1) exp [ = 2r,(y + 1) /0?] w
4 - 1 B i
Sn2 =0 /—rn L+ (n!=1 —1)exp [ = 2ryp(y + 1n)/0?] e
and

Spg =04 /OO y2o(y) dy.

—Tn

Again, Lebesgue’s DCT shows that both S,,; and S,2 are o(1) as n — oo. This yields the result
since, clearly, S,3 = 072 4+ 0o(1) as n — oo.



(iv) Letting y = x — 2r,, again, we have

Con D D) = o~ [ Bra = nla)le) —0la) )

npo — ¢] + ¢
_ o2 [ Zra—2)¢a(@)(1 — ¢(@)/¢a(2))
- / L+ (n'" = 1)d()/da(x) !
_ _0—2/ yo(y) (1 — exp [ — 2r(y +1rn)/0?])
1+ (nt=n —1)exp [ — 2r,(y + 1) /0?]
= Rp1+ Rpa + Rn?n

where o(y)(1 [ —2rp( )/*])
o T yd(y) (I —exp[—2ra(y +1n)/o
By = —0 /_oo 14+ (n!'=1 —1)exp [ — 2ry(y + 10)/0?]
I e
Fny =0 /—rn 1+ (nt=1 — 1) exp [ — 2ry(y + 1) /0?] v
and

Ry3 = —0 2 /_ yo(y) dy

Now, [Ry1| < C [~ |y|¢(y) dy for some constant C, so that Ry, is o(1) as n — co. And, by
Lebesgue’s DCT, so is Rp2. This yields the result since R,3 = —o~2([yé(y) dy + o(1)) = o(1)

as n — oo.
(v) Define
> 5] .

L(z) =1 [” 5n(Ga(x) = B(@)) + 10220y — 2)g0(2)
o W[ (2) — 6(@)] + 9(@)

2
Then since
1= £+ 20| + |2l

3 Cn'~
1=t 4+ (L= n=1) 2 (z + 2ry)

SIS

L,(x +2r,) <1

<I Ul — f(x+2rn)’ + |z| > C’ng} <I [|1 —exp [ = 2rn(z + 1) /0?]| + 2| > C’ng} ,

we obtain that, for all z, L,(x + 2r,) = o(1) as n — co. Write then nE[Z21(|Z,1] > §)] <
Cn(E [(Dgﬂ) I(|Zn1| > 9)] + [(Dglﬂ) I(|Zn1| > 6)]) = C(Un1 + Upn2). Decompose Uy into

Up = Tn1 + Tho + Tng, where Tm, i = 1,2,3 are defined as in the proof of Lemma 4.1(ii),
except that the corresponding integrands are multiplied by I ( ) in each case. Clearly, the
same argument as in Lemma 4.1(ii) show that both T, and T,o are o(1) as n — oo. As
for T},3, the absolute continuity of the Lebesgue integral implies that T},5 = f o) Ly (z) dx =
I, W) Ly + 2rn) dy = o(1), as n — oo.

Similarly, defining Spis i =1,2,3 as in the proof of Lemma 4.1(iii), except that the corre-
sponding integrands are multiplied by I, (y 4+ 2ry,) in each case, we decompose U,z into U,y =
Sp1+ Sna+ Sns. Again, working as in Lemma 4. 1(111) S,1 and S, are seen to be o(1) as n — oc.
Eventually, by absolute continuity again, we have Sp3 = o4 = Y 20(y) Ly (y + 2rp) dy = o(1),
as n — 00. O



It follows directly from Lemma 4.1 and the Lindeberg-Feller CLT that, under Pg, the central
sequence Ay is asymptotically normal with mean 0 and covariance matrix I'. In order to prove
that the second-order stochastic expansion in (4.1) holds, we use Swensen (1985)’s Lemma.

Defining the quantities
fo (Xm‘))l/ ’
nz:n20:< = -1,

Swensen’s lemma, in this i.i.d. context, takes the following form.

Lemma 4.2 (Swensen) Assume that (i) Y7 E [( —&i)?] = o(1), (ii) sup, > E[Z2] <

o, (iit) masi<izn | il = o0p(1), (iv) Sy 2 — b1 Tn = op(1), (1) Siy 7L Zoe] >
1/2)] = o(1), (vi) E[Zn] = 0, and (vii) 37, E[&2, + 2§m] = o(1) (where all expectations and
convergences in probability are taken under Py ). Then the second-order stochastic expansion
in (4.1) holds.

Proof of Lemma 4.2. Unless otherwise stated, all convergences in probability, expectations
and variances, in this proof, are with respect to Py.

(i) Since %fel/2V0 log fo = ngalﬂ, we see that S0 E[(Zni — &ni)?] = nE[(Zn1 — &n1)?] is
given by

n [ (5a2) = 132@) — {eusalonty ) + dutu@afy @) })
Therefore S | E[(Zp: — &ni)?] < 3n(Vay + Via + Vi), where
Vi = / (f1/2( ) — fl,/o?n( ) — C"S"(aﬁflgn)(‘f)y dx,
Via 1= [ (£42.@) = 53 (@) = duta0afy ") (@) dr,
and
Vi = 22 [ (0u132)(@) = @45*) (@) do.

We proceed by proving that (a) Vi, (b) Vig, and (c) Vi all are o(n™1t), as n — oc.
(a) By using successively the integral form for the remainder of the first order Taylor expan-
sion and Jensen’s inequality, we obtain

Vi = /(/( SN2

< cnsn // w— ) (B2F12 )2 (2) dAd,

since [[1" (1, — A) dA = (cnsn)?/2. Therefore,

C’ci//nnn (i — N {fo,an (07 Fran) = (O fran)? (:E)}z I\ doe

f3/2
C’2l n4 " n — A
c,(logn) //n (n )

iy g2 (e, —0) +20]°
{46, — 0 P

Viun

IA

IN

}(az) d\dx

9



since Oy fx an = n*1(logn)(¢a, — ¢) and 8,2]f)\7an = n*"(logn)%(¢a, — ¢). Using again %‘)‘(x) =
exp [2r,(x — 1y,) /0], we obtain

) [9r00 (x) + 2]
Viy < Cn"(log n)? / /n (= ) G, () PP é(z) d\ da, (4.3)

with g« (2) = n* " (exp [27,(z — 7)/0?] — 1), T, = n%_a"/z Decompose the upper bound
in (4.3) into C(Vpy1 + Va2 + Vi 3), where

-7 o [T ™ 2
Vina i=nogn? [ [ 00 = 0 g3 0, (@)
n

— 00

—n M exp [27, (2 — 7n) /0] } o(x) d\dx,

and
Vi3 :==n""(log n)zﬁ /nn (1 — N) 0L exp [27, (x — 7n) /0?] ¢(x) dN dux.

Tn n

Now, uniformly in A and z, we have |gy q, ()|I(z < 7,) < 1/2, so that

Mn
Vi1 < Cn™"(logn)? / (7 — A) n?P=Y ¢(2) d\ dz

n
< Cn_l{(eXp(ann_"/Q) — 1)n77_1 — 2snng_1},

which shows that V1 is indeed o(n™!) as n — oo. As for V2, one can check that

2
M =0 texp [27,(x — ) /0]

2 T
g)\7an( ) [g)\’an (x) N 1]

is bounded in n (uniformly in A, z), so that

n~"(logn)? (/T:O o(x) dx) (/n% (M, — A) d)\>

Cn=2" </F°° exp(—4%/2) dy) < On~?"exp|—7a/(20)],

n/U

Vnn,2

IN

IN

which shows that V2 also is o(n™1) as n — oo. Eventually, V3 is also o(n™1) as n — oo,
since

Vins = n "(logn)? </7_:O b, (T) d:z:) </n17n (1 — N)n ! d)\>

< n_l(exp(snn_g) -1- snn_g).

10



(b) Working as for V,,,,, we obtain (since [ (ay, — N)2dX = (dnty)/3)
an 2
Via = /(/ (an =N @GRS, (a >dA) da
< d ntn) // (82 £20)2 (x) dX da

an . 2
< Cd?z//a {2.](.17,)\(83]0?7:;3)/)\2 (8af17,>\)2(x)} d\ dz
n,

Now, 9y fyr(x) = 02012~ (log n)( A—2)px(x) and 2 f, 5 () = o402 (log n)2<;5>\(x){(n%_A—
2)? + o2t iy — 20}, so that

Via < Caimogm)! [ [0 o)

[2[1+ (nt™7 — 1)(1%’1(3:)]2{(71%_A —x)?+ o2 "Ig — 202} — %_’\ — a:)2}2
[1+ (nt=1 = 1) & ()]

dX\dx.

Letting y = 2 — 27, (with 7, := n2~*/2) and using %(y + 2F,) = exp [ — 27 (y + 7n)/0?], we
obtain that

Qn

Vi < C’n_g_%J’?’a(logn)// n~Ae(y)

«

[2[1 4 (n'7 — 1) exp [ — 27n(y + 7o) /02]]2{y? + 02y /(27n) — 02} — 2]
[14+ (n'=7 = 1) exp [ — 27, (y + 7)) /0?]]?

< Cn3 2+3°‘ (logn) // n~Po(y) max (1, y*) d\ dy

d\dy

< Cp i 2@ (1 — exp(—4n~2 —atoy n) < Cn~17 L

so that V,q = o(n™1) as n — oo.
(c) Eventually, we complete the proof of (i) by proving that V,,,q is also o(n™!) as n — occ.
Defining hpya(x) and hppa,, () as

exp [2r(z — 1) /0?] — 1 exp [27p(z — ) J0?] — 1

d )
fexp [2ra(@ — 1) /0?] = 1+ =] " [exp 27,0 — 1) /0] — 1+ mi=] V2
repspectively, we have
2 2, 2 (b =®) __ ($a—¢)
Vnna < c,n n (logn) /{n”_l(qban _¢)+¢ nn_1(¢a_¢)+¢} (x) dx
ban _q $a _ 2
n—2 ¢ . ¢
< Cn /{ [n"—l(‘f’% 1) [1(2e — 1) +1]1/2} (z) p(z) dx
< o / { o @) = hna(@)} 6(2) d,

11



which we decompose into C’n_l(VnmJ + Vima,2 + Vana,3), where

min(ry,7n) 2
Vnna,l = ‘/_ {hm?an (l‘) - hmva(x)} ¢($) dz,

o)

2
Vnna,2 = /7’ ) {hnnan (‘T) - hnna(x)} ¢(‘T) dx?

and - )
Vana,3 = / {hnnan (z) — hnna(af)} ¢(z) dz;

max(rn,7n)

here, (a;b) denotes the interval (min(a, b), max(a,b)). Now, Lebesgue’s DCT shows that Va1 =
o(1) as n — oo (as for T,; in the proof of Lemma 4.1(ii)). As for Vj,;a 2, proceeding as in the
proof of Lemma 4.1(ii) yields

(rn;Tn)

<ol @it [ o
(7"7L§F7L) (Tn;fn)

= C{/ o'?(z) dx + <;51/2(m)da:},
(=Tn;Fn—2ry) (Trn—27n;—7n)

which, since one can easily check that 7, = 7, + o(1) as n — oo, is 0o(1) as n — co. Eventually,
working exactly as for 1), and T3 in the proof of Lemma 4.1(ii), we obtain that Vo3 is—up
to o(1) terms (as n — oo)—successively equal to

Vios < O [ W @o)de+ [ 12, (@)ola) e}

[ (et = r) /o) = (exp 2t — r)/02) ) o) de

max(rn,7n)
= [T ol - o)

max(rn,7n)
& 2
- / (=T, Fn—2rp) {¢1/2(y + 2(T” - fn)) - ¢1/2(y)} dy7

which is seen to be o(1) as n — oo, by using again Lebesgue’s DCT and the fact that 7, =
rn + 0(1) as n — oo. Therefore, we have shown that Vj,pai, @ = 1,2,3 all are o(1) as n — oo,
which yields that Vj,; is o(n™!) as n — oo.

(ii) The boundedness of (T n) implies that Z7, < C{(Dg")* + (Dy",)*}. Consequently,

011

Lemma 4.1(i)-(iii) yield 374 E[Z};] < C{Var[Dg"] + Var[Dg’, ]} = O(1), as n — oc.
(iii) Note that by using Markov’s inequality,

P[max]Zm]>6} [Z \Zmy>5)>52}<522E[ \Zmy>5)}

1<i<
<i<n =1

so that the result follows from Lemma 4.1(v).

(iv) Letting Dp* := (Dg”I7 Dy’ *)', note that

Z - —T I'r,=- {(ZDQZD"“> }Tm

12



which, by using the boundedness of (7,) and Lemma 4.1(i)-(iv), is seen to be op(1) as n — oo.
(v) This is a particular case of the convergence result in Lemma 4.1(v).
(vi) This is a direct consequence of Lemma 4.1.

(vii) This is trivial since BIE2, + 26i] = Blgni (& +2)] = B[22 — 1] =0, 0

5 Local and asymptotic efficiency of a thresholded estimation
procedure

If we consider the model described in (3.3), we observe that the parameter 1 balances the mixture
of the two Gaussian random variables. Under the range # € ©~, the two components of the
mixture are asyml?totically separated since, in this case, the mean of the first Gaussian variable
goes to infinity (n2~% — +00). Hence, we propose the following thresholding procedure to build
an estimator of the lacunarity of a multifractal function. We aim at counting the number of
coefficients above a given level, growing to infinity, but at a smaller rate of convergence than the
mean of the second group. We point out that, unlike the estimate defined in [10], which relies
on the whole wavelet coefficients, here we only use the coefficients on well chosen resolution level
j1(n) = logy(n). Hence the estimate is more easily computable and still has the same asymptotic
behaviour.
Set S, = L 20 I(X,., > logn) and define the following estimator

=1+

o 105(S0): (5.1)

The asymptotics of this estimator is given in the following theorem.

Theorem 5.1 Under the assumption @ € ©7, the estimator (5.1) is asymptotically normal.
More precisely,

n# log(n) (7, — n) 5 N(0,1). (5.2)

Hence, M, is asymptotically optimal in the Le Cam sense, that is, locally and asymptotically
efficient.

Hence, we have constructed a consistent estimator of the lacunarity parameter. Its rate of
convergence is nonparametric since it depends on the true values of the unknown parameter
n? log(n). As for local asymptotic optimality, recall that an estimator of 9n is said to be locally
and asymptotically efficient (over P ) iff it satisfies (v,,())~*(8,, — 8) = T 'A7 + op(1) at any
Py € P, . The asymptotic distribution, under Py, of such an estimator is therefore given by

(va(6) 718, —8) & N (0,7,

Local asymptotic optimality of our estimator 7j,, thus follows directly from (5.2) and the value
of ' (see Proposition 4.1). .

Assume that we have at our disposal an estimator 8, that converges at the optimal rate,
that is, which satisfies

(v(8)) " (B, — 8) = Op(1), (5.3)

at any Py € P, . Le Cam’s one-step methodology then consists in relying on the estimator

0, =0, + v, (0,)T A7

13



which can easily be shown to be locally asymptotically optimal (in the above sense). This method
thus allows for transforming an arbitrary preliminary consistent estimator 6, (only optimal in
terms of consistency rate) into a locally asymptotically optimal one 6, (optimal both in terms
of consistency rate and limiting variance). It is quite remarkable that our estimator 9n does not
need this one-step improvement, since it does directly reach the efficiency bound.

The proof of Theorem 5.1 follows the guidelines of Theorem 3.2 in [10]. For sake of complet-
ness, we recall here the frame of the proof.

We start the proof with the following lemma.
Lemma 5.1 Set F(n) =P(N(0,1) > logn). Under the assumption that @ € ©~, we get that
n2nt1(S, — F(n)) 5 N(0,1). (5.4)

Proof of Lemma 5.1. First note that nS,, ~ B(n, P(X,; > logn)), where B(N, p) denotes the
Binomial distribution with parameters N and p. We claim that the following expansions holds
for large n.

E [n! (S, — F(n))| = 1+ o(1)
Var [n3n! (S, — F(n))] =1+ o(1).
Now write
E (exp [itn? (n' (S, — F(n)) = 1)) = exp [~itn? (1 + n'""F(n))| T,

where the following asymptotic expansion holds

T, = exp litn%(l +n'""F(n)) - =

Hence we get as n grows to infinity that

E (exp [itng(nl_"(Sn — F(n)) — 1)D — exp <—5> )

proving the result. O
Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1. First note that log(n) (7, — n) = log(n'~"8,,). Since Lemma 5.1
provides the asymptotic distribution for nZn~" (S, — F(n)), the A method, cf [22], yields the
result. As for local asymptotic optimality, it directly follows from (5.2) as we showed above. [

For @ € ©T, the situation is different. Indeed, the rescaled coefficients are drawn from a
mixture distribution composed of a centered Gaussian variable and a Gaussian variable with
mean decreasing to 0, as defined in (3.3). Hence, in this case it is not possible to estimate
the number of non zero coefficients, neither to distinguish asymptotically non zero and zero
coefficients. Hence the model is not asymptotically identifiable anymore.

14



6 Locally and asymptotically optimal tests for intensity

In the previous section, we have provided a locally and asymptotically optimal estimator for the
lacunarity parameter n. Although 7 is the parameter of interest in the analysis of multifractal
models, as cited in [1] for instance, a natural question still is: is it possible to use LAN to build
a locally and asymptotically optimal estimator of o7

The answer is unfortunately negative, due to the lack of a suitable preliminary estimator
for ae. As we have explained in the previous section, the Le Cam one-step methodology indeed
requires some (v,,(8))~!-consistent estimator for §. For the intensity parameter, this means—in
view of the LAN property given in Theorem 4.1—that we need a preliminary estimator @&, such
that

log(n)nng%_o‘(&n —a) =0p(1), (6.1)

at any Py € P, .

Now, to the authors knowledge, none of the existing estimators for « is consistent at this
very rate. For instance, the estimator

" logn Ypo X2, —o?

that was proposed in [10], satisfies (under the additional assumption that n > 2«)

(6.2)

log(n)ng (an — ) £, N(0,0?),

which shows that &, admits the same rate of convergence as 7),,. But since ov < 1/2, this rate is
unfortunately larger than the rate in (6.1), which means that &,, cannot be used as a preliminary
estimator in the Le Cam one-step methodology.

Actually, an optimal estimation procedure should focus only on the mean without relying
first on the composition of the mixture, ruled by the parameter n. But, due to the construction
of model (1.3), it seems difficult to estimate independently the mean of a mixture without
knowing the proportion of the mixture, so that it seems difficult to build a suitable preliminary
estimator for . optimal through our LAN property). To the authors knowledge, few is done in
the statistical litterature in this direction. We point out that standard loglikelihood estimators
are too difficult to handle in this case.

However, while the lack of preliminary estimators for a prevents the LAN theory from
providing locally and optimal estimators, LAN still allows for defining locally and asymptotically
optimal (maximin, actually) tests about the intensity parameter. More specifically, consider the
testing problem (at asymptotic level g € (0, 1))

{ Hén) o< g

Hgn) ra>ag

for some fixed g < 1/2. Then the LAN result in Theorem 4.1 and the consistency (at the
appropriate rate) of our estimator 7 in (5.1) straightforwardly yield the following.

Theorem 6.1 Let ¢\™) be the test that rejects H(()n) in favour of HYL) iff

n R | - 1_ 4 ba -1
O'Af]n,a(),H =0 n:2 ;(nQ 0 _ Xni)nﬁ"_l[(bao O_ (b] + (b(an)@ (1 — /8)7
where ® denotes the cdf of the standard normal distribution. Then the sequence of tests ™ is
locally and asymptotically mazimin (at asymptotic level 3).
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Convergence of threshold estimator
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Figure 2: Lacunarity Estimation with threshold estimator.

One defines optimal two-sided tests in the same way. Of course, one could think of defining
(possibly optimal) estimators of o by inverting such two-sided tests. This, however, would give
again standard likelihood estimators of «;, which, as mentioned above, are extremely diffcult to
handle in this setup.

7 Numerical study of lacunarity estimation of a multifractal
function

In this section, we compute the estimator of the lacunarity parameter of a multifractal function
observed with a Gaussian noise with variance ¢? = 1. In all the simulations, the intensity

parameter is fixed « = .3. We will consider three estimators. The first one is the threshold
estimator defined in (5.1). In Figure 2, we plot the estimator of 7 = .6 when n = 2* increases
for k =2,...,10. The estimator is convergent with a quite slow rate.

To compare the estimation procedure, then we compute a moment estimator defined in [10]

as
logy n

log Z djk
j=1

Finally, we compute the maximum likelihood estimator

In = On + logn

fMLE = arg max > log fa, (Xni)] -
=1

Figure 3 allows for comparing estimations (based on 30 replications) of the normalized mean
square errors associated with the 3 estimators, for different values of n = .01,...,.99, when the
number of observations is large enough (here n = 1024). The threshold estimator is represented
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threshold vs moment maximum
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Figure 3: Normalized MSE with different estimators with n = 1024.

in straight lines while the two others are drawn with cross lines in the two different plots.

First, we point out that, when 7 increases, the estimation is more accurate as expected.
Indeed, the difficulty in the estimation is given by the mixture property of the distribution,
which vanishes when 7 is close to 1. For small 7, the signal is very close to white noise, which
prevents an efficient estimation.

When comparing the different estimates, the optimality of the threshold estimator appears
clearly with a smaller variance than the two others. It seems also that numerically, the moment
estimator is outperformed by the maximum likelihood estimator. Nevertheless, we can conclude
that thresholding is here a very efficient procedure to estimate the lacunarity parameter in
noisy data. This is the starting point of any modelling by multifractal processes. Testing
multifractality is done in [10].

Here, the LAN property shows the optimality of the estimator of the lacunarity parameter,
which is highlighted by the simulation results. But it did not help providing optimal estimators
of the intensity parameter « (since we do not know any suitable preliminary estimator for «,
that is an estimator being consistent at the rate log(n)nng%_o‘). Nevertheless, LAN allowed for
defining optimal (in the Le Cam sense) tests on a.
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