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Abstract

We consider the problem of detecting unobserved heterogeneity, that is, the
problem of testing the absence of random individual effects in a n x T panel.
We establish a local asymptotic normality property—with respect to intercept,
regression coefficient, the scale parameter o of the error, and the scale param-
eter o, of individual effects (which is the the parameter of interest)—for given
(scaled) density f; of the error terms, when n tend to infinity and 7T is fixed. This
result allows, via the Héjek representation theorem, for developing asymptotically
optimal rank-based tests for the null hypothesis o, = 0 (absence of individual ef-
fects). These tests are locally asymptotically optimal at correctly specified inno-
vation densities f1, but remain valid irrespective of the actual underlying density.
The limiting distribution of our test statistics is obtained both under the null and
under sequences of contiguous alternatives. A local asymptotic linearity prop-
erty is established in order to control for the effect of substituting estimators for
nuisance parameters. The asymptotic relative efficiencies of the proposed pro-
cedures with respect to the corresponding pseudo-Gaussian parametric tests are
derived. In particular, the van der Waerden version of our rank-based tests uni-
formly dominates, from the point of view of Pitman efficiency, the classical Honda
test. Small-sample performances are investigated via a Monte-Carlo study, and
confirm theoretical findings.
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1 Introduction.

1.1 Testing for random effects in panel data.

Panel data consist of a series of T observations made through time over a number n of cross-
sectional items or experimental units. By combining cross-sectional and time-series features,
panel data methods are able to identify and estimate effects that are not detectable via pure
cross-sectional or time-series methods, while controlling for individual heterogeneity and taking
into account dynamics; see Wooldridge (2002), Arellano (2003), Hsiao (2003) or Baltagi (2008)
for background reading.

Throughout, we consider the model (Baltagi 2008, Chapter 4)

Yie = p+ B'xi + vt i=1,...,n, t=1,...,T (1.1)

(arguably the most fundamental one in the area of panel data analysis), with i denoting in-
dividuals and ¢ denoting time; Yj; is the observed response for individual ¢ at time ¢, x;; is a
vector of K nonstochastic exogenous regressors, and (u,8')" is a (K +1) x 1 unknown regression
parameter. The disturbances v;; are assumed to follow the one-way error component model

Vit = U; + €4, (1.2)

where u; denotes unobserved individual-specific random effect and ¢;; is the error term. We
assume that the u;’s are i.i.d. (0,03), that the e;’s are i.i.d. (0,02), and that u; and e;; are
mutually independent for all 4, j, and . Note that the individual effects u; are constant over
time, and induce autocorrelation among the data, with corr(vi, vis) = 02 /(02 + o?) for t # s.
Model (1.1) is closer to repeated measurement than to time series models, though, as corr(v, v;s)
remains the same irrespective of the time lag ¢t — s: for given i, the v;;’s thus are not mixing nor
weakly dependent in any sense. Moreover, autocorrelation is the same for all individuals.

Failing to take that autocorrelation structure into account when estimating the model, e.g.
by ordinary least squares (OLS), may lead to seriously biased estimators and invalid testing
procedures (Scott and Holt 1982; Moulton 1986). Therefore, it is important to be able to
perform a preliminary test of the hypothesis that the Variance component o2 for individual
effect is zero, that is, Hy : O' = 0, versus the alternative H; : 0 > 0.

A popular method for derlvmg locally optimal tests is the Lagrange Multiplier method based
on Gaussian likelihoods. That approach has been considered by Breusch and Pagan (1980), who
propose a test of Hy based on the (“two-sided”) Lagrange Multiplier test statistic,
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where £5*° denotes the OLS residuals. Breusch and Pagan show that this statistic, under Hy,
is asymptotically x? as both n — oo and T — oco. Honda (1985) and King and Evans (1986)
observed that a “one-sided” Lagrange Multiplier test, based on the asymptotically standard
normal distribution of

n T n T
T}ggda — / - 1 Z Z Z 3LS ;)ZLS/Z Z OLS
i=1t=11=[#t i=1t=1

is sizeably more powerful in this inherently one-sided problem. Note that the quantity in brack-

ets, which is the same in Tli’jjda as in T

Breusch-Pagan

aims at detecting the autocorrelation induced
by the presence of eventual individual effects.



Honda (1985) (for n — oo and 7' — oo) and, more recently, Orme and Yamagata (2006)
(for n — oo and fixed T, but assuming, for the e;;’s, finite moments of order 4 + 4§, 6 > 0) also
established the robustness to nonnormal errors of the asymptotic normality of T; }(Iozda Unfortu-
nately, as shown by Moulton and Randolph (1989), the finite-sample performance of tests based
on that normal approximation can be pretty poor, even in fairly large samples. This occurs if
either there are many regressors, or the regressors are highly correlated within groups. They
suggest a modification of the standardized Lagrange Multiplier statistic, whose asymptotic criti-
cal values are generally much closer to the exact critical values than those of the original one. An
alternative derivation of the Breusch and Pagan statistic has been obtained by Chesher (1984).
Lagrange multiplier tests also have been derived by Hamerle (1990), Orme (1993), Jacqmin-
Gadda and Commenges (1995), and Lin (1997) for generalized linear model versions of (1.1).

In practice, small T' values, however, are the rule rather than the exception in this context.
In a fixed-T" setup, Wooldridge (2002) more recently proposed the test statistic

51 1/2
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which is asymptotically standard normal (as n — oo under fixed T').

The resulting test, contrary to Honda’s, remains asymptotically valid in the presence of
temporal heteroskedasticity, that is, when the e;’s have a variance Var(e;) = o7 that may
change over time (but remains cross-sectionally constant). If that type of heteroskedasticity is
assumed, a better estimator of the variance of the numerator of Wooldridge’s statistic can be
obtained, though, yielding a modified Wooldridge test statistic of the form

n n T T 1/2
Wooldrldge : [ZZ Z e5s OLS/ Z Z Z oLs) S?ZLS)2
i=11t=11=I7#t i=1 j=1t=1 1=lt

If heteroskedasticity is to be feared, however, a fully general form, where Var(e;;) = 02, can
be dealt with by a test proposed by Haggstrom and Laitila (2002), based on

() n n T T 1/2
THZggstrb‘meaitila = Z Z Z €OLS OLS/ 2 Z Z Z (E’L%LS)2(€3LS)2
i=1t=1 1=t i=1t=1 1=t

This test statistic is shown to be asymptotically standard normal under Hy (n — oo, T fixed)
provided that some mild assumptions are satisfied, among which finite fourth-order moments
for the g;’s.

While none of the previous tests require specifying the distribution of the random effects wu;,
they still are of a parametric nature, and require finite moments, at least of order 2, often
of order 4 or stricly larger, for the £;4’s. One way of avoiding such assumptions consists in
basing the tests on statistics that are measurable with respect to invariant or distribution-free
quantities such as ranks. The main objective of this paper is to construct, for the problem
of testing the null hypothesis Hy of no random effects, rank-based tests which are asymptoti-
cally (as n — oo, under fixed T') distribution-free, hence remain (asymptotically) valid under
extremely mild assumptions—in particular, in the absence of any moment assumptions—while
retaining optimality (in the Le Cam sense) at correctly specified densities; increasing validity at
the expense of efficiency indeed hardly can be considered an improvement.



For instance, the normal-score or van der Waerden rank test proposed in Section 4.3 rejects
the null hypothesis of no random individual effects for large values of

sl 'B)\ g1 (BB o
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where @ is the standard normal distribution function, 8 an appropriate estimator of 8 (OLS

are fine, but more robust estimators also can be used), Rgl ) (B) stands for the rank of Z; :=
Yit—pn—pB'xy among Z11, . .., Z,p (this rank does not depend on i, which justifies the notation),

a =~ 0.4549 (see (2.2)), cgﬁ) and s((;) are the exact centering and scaling constants defined
n (4.5) and (4.2), respectively. This test is (asymptotically, since B is to be replaced with an
estimator ,B) distribution-free under the hypothesis of no random effects, asymptotically optimal
against Gaussian local alternatives, and asymptotically equivalent (as n — oo, under fixed T')
to the Honda test under Gaussian densities.

Although asymptotic relative efficiency (ARE) comparisons between this van der Waerden

(n)

test and Honda’s classical one are somewhat unfair to van der Waerden (since Tjj,nq. requires

more stringent distributional assumptions than T VC(W\B ), the AREs (see Section 4.4) of T j&@
based tests with respect to the T}(IO,Zda based ones are uniformly larger than one. These theoretical

findings are confirmed (Section 5) by finite-sample simulations.
A Wilcoxon-type test similarly can be based on the somewhat simpler statistic

IS ( i By R (By) c§">),

Q(nletnl;ét N+l N+l '
with b = (In3)? ~ 1.207, and exact centering c( ") and scale sé?); see Section 4.3 for details.

The rank tests we are constructing are alternatives to the Honda’s classical test; they are
not devised to resist heteroskedastic €;’s. Their scalings could be modified in the same spirit as
in the Wooldridge or Haggstrom and Laitila test statistics. Such robustification typically would
not affect their asymptotic behavior, hence their optimality properties in case the actual e;’s
are homoskedastic. In order to avoid overloading this paper, those heteroskedasticity concerns
are left for future research.

Although optimal rank tests are the main objective of the paper, their construction requires
a thorough asymptotic study of the testing problem under study, which is of independent in-
terest. The exact optimality properties and local power of a generalized version of the Honda
test (where residuals are not necessarily the OLS ones), as well as its validity- and efficiency-
robustness against violations of Gaussian assumptions (strengthening earlier results by Orme
and Yamagata 2006), follow as interesting by-products.

1.2 Outline of the paper.

The paper is organized as follows. In Section 2.1, we collect the main assumptions needed
in the sequel. Section 2.2 states the uniform local asymptotic normality (ULAN) result (for
fixed density fi of the £;’s) that allows us (Section 3.1) to construct locally and asymptotically
optimal parametric tests. Due to the mixture nature of likelihoods under random individual
effects, establishing that ULAN result is particularly delicate. The special case of the pseudo-
Gaussian tests (optimal under Gaussian densities but valid under finite-variance! non-Gaussian

'From that point of view, we are reinforcing the result by Orme and Yamagata (2006), which requires finite
moments of order 4 + §; however, their assumptions on the regressors are more general than ours.



ones), which are shown to be asymptotically equivalent to the Honda test, is investigated in
Section 3.2. Those optimal parametric procedures, however, are but an intermediate step in the
construction (Sections 4.1 and 4.2) of the more important rank-based optimal tests. Some special
cases (van der Warden and Wilcoxon scores) are considered in Section 4.3. Asymptotic relative
efficiencies with respect to the pseudo-Gaussian and Honda tests are derived in Section 4.4.
Section 5 provides some simulation results assessing the finite-sample performance of the various
tests proposed. Finally, the appendix collects the proofs and technical results.

2 Uniform local asymptotic normality.

2.1 Notation and technical assumptions.

(n)

Denote by P0702’03 . the probability distribution of the observation (an)',Yén)/, . ,Yfln),)’ ,
where Y™ .= (Yi1,...,Y;r) is generated by

7
Yvit:M+,8/Xit+ui+5it:0/§it+ui+5it7 izla'--anv t:1>"'7T7

where x;; = (11, T2sit, .., T K;it)’ is the K-tuple of explanatory variables for individual i at
time t, x;, == (1,x},), and 0 := (u,B8') € REFL: {y; i =1,...,n} is an unobservable i.i.d.
sequence of individual random effects with mean zero, variance o2, and density u — h(u) :=
(1/ow)hi(u/oy); {€it, i =1,...,n, t =1,...,T} is another unobservable i.i.d. sequence, with
density ¢ +— f(e) := (1/0)fi(e/o), for some scale parameter ¢ € Ry and f; in the class of
standardized densities

Aol [ nea=0s5= [ pea),

Under f; € Fy, the €4’s therefore have median zero and median absolute deviation o; this
standardization which, contrary to the usual one based on the mean and the standard error,
avoids all moment assumptions, plays the role of an identification constraint, and has no impact
on subsequent results. Finally, the individual effects u; and the disturbances ¢;; are assumed to
be mutually independent for all ¢, 7, and t.

Clearly, whenever o, = 0, the probability density h of individual effects has no impact on
the distribution of the observation; we emphasize that fact by writing P((;L;%O; f, Or ng}l instead
of P1(97?J)‘1,h1 whenever o, = 0, where the notation 9 throughout is used for parameter values of
the particular form (8’,02,0)’.

Our derivation of locally asymptotically optimal tests at density fi; will be based on the

uniform local asymptotic normality (ULAN), with respect to (',02, 02)", of the families of

u
distributions ) )
Pfl,hl = {Pg,gzﬁgﬁ;ﬁ’hl 10 e REFL 52> 0 and 03 > O}

at any 9 = (#',02,0)'. This ULAN property requires some technical assumptions on the in-
novation density fi, the asymptotic behavior of the regressors, and the density function h of
individual random effects.

ASSUMPTION (A). The density f is such that
(A1) f1 € Fo;

(A2) fi(z) >0 for all z € R;



(A3) 2z fi(2) is C? on R, with derivatives fl and fl; letting ¢y, = —fl/fl and 1y, = fl/fl,
/¢f1 ) fi1(2)dz < oo, Ty(f1): /wfl )f1(2)dz < oo,

Kgp = /Rzgﬁ?cl (2)fi(z)dz < 00, and Jy(f1):= /Rz2¢3fl(z)f1(z)dz < 00.

Note that (A3) automatically also entails

Zoy(f1) - /¢fl )05 (2) f1(2)dz < oo, and  Key(f1) = /z¢f1(2)¢f1(2)f1(Z)dZ< 00.

The set of all densities satisfying Assumption (A) will be denoted as F4. It should be
stressed that none of these assumptions requires the existence of any moment for the density fi.
They are satisfied, for instance, for all Student distributions with v > 0 degrees of freedom, with
standardized densities

fi(z) = fip, (2) = wm(l +a, 22 )" 0H/2,

I'(v/2)
for which
(v +1) oo (VP8 42707 + 40v + 20
I¢(f1,tu) - (V + 3)» Ll}(fl,tu) = 2a,, vt 11503 4+ 7112 + 105v ’
v+ B B (v+1)(v+2)
‘7¢(f1,tu) =3 (l/ + 3)’ ¢¢(f1,tu) - 0’ and ’C¢’¢'(fl7t1,) - 20’1/ (U + 3)(U + 5) (21)

(the normalizing constant a, > 0 is such that f; € Fy; for v > 2, it is equal to the ratio of the
variance of a Student with v degrees of freedom and that of a rescaled Student with median of
squares equal to one). Similarly, for the logistic distribution, with standardized density

f1(2) = () = Vb exp(—vb2) /(1 + exp(—vb2))%,

Ts(tr) = /3, Ty(tr) = °/5, Ty(tr) = (12+7°)/9, Zyy(l1) =0, and Kyy(lr) = b/2
(b = (In3)? ~ 1.207 is such that ¢; € Fy, with variance 72/3b). The corresponding values

for the Gaussian distribution, with standardized density fi(z) = ¢1(2) := \/a/27 exp(—az?/2)
(a =~ 0.4549 such that ¢ € Fy, with variance 1/a), are

To(91) = a, Ly(d1) = 20>, To(91) =3, Tyy(¢1) =0, and Kgy(¢1) = 2a, (2.2)

and can be obtained by taking limits as ¥ — oo of the Student information quantities in (2.1);
similarly, a, — a.

We also need some assumptions on the asymptotic behavior of regression constants. Let
c .— 711 n 1Zt 1 XitX,,. Denoting by D™ the diagonal matrix with diagonal elements

(C™)iq,..n, (C( Nk, define RM™ = (DM)=1/2C()(D(™)~1/2_ The following assumption is
standard in the context of rank-based inference.

AssuMPTION (B). (B1) The limit lim,, ., R(™ =: R exists, is positive definite, and therefore
factorizes into R = (KK')~! for some full-rank K x K matrix K.



n 1 .
e classical Noether conditions hold: letting =, " = — Xt )k, assume, without loss
B2) The classical Noeth ditions hold: letting 7™ hout 1

it
of generality, that fén) = 0 for all £ and n, and that

n T
n]LI?gOmaxlgign(Xit)z/Z Z(Xlt)i = O, k= 1, e ,K, t= 1, e ,T.
i=11t=1

Letting K™ := (D(™)~1/2K note that K™ is also of full rank.

Finally, Assumption (C) is about the (standardized) density h; of individual effects. De-
fine K, (u,y) := 1~ fi(z —yu) and, for y > 0, K,(u,y) = 0°K,(u,y)/0y>. Writing z for

(21,...,27) € R, the Fisher information associated with o, is
y . 2
1 {/ / K, (u,w)h (u)dudw
w=0 JR .
72 Jer T dz ify>0
Tyu(f1,y) = /R T1 /(21 — )y (o) (2.3)
t=1
TZy(f1) +2T(T — 1)I3(f1) if y = 0.

AssumpTION (C). (C1) /

why(u)du = 0 and / u?hy (u)du = 1;
R R

(C2) y+— Zyy(f1,y) (the Fisher information for o) is continuous from the right at y = 0.

Assumption (C2) actually is an assumption involving the couple (f1, hy). For all f; € F4, let

Foip = {h1 | hi and (f1, h1) satisfy Assumptions (C1) and (C2), respectively}.

2.2 ULAN.

In this section we establish the uniform local asymptotic normality (ULAN) result (with respect
to intercept, regression coefficient, scale parameter 02, and the parameter of interest 05, for
fixed density fi) on which optimality will be based. For background material on asymptotics,
the reader is referred to van der Vaart (1988) (Chapters 6-9) or Le Cam and Yang (2000).
Letting ¥ := (0, 02,0)’, consider sequences of local alternatives of the form 9 +n~=1/2p (M

where

n)7

(n)

vy 00 n) 1 0
. n
v .— 0 1 0 |, with v := ( 0 KM ) , (2.4)
0 0 1
and 7" = (Tl("),'rg”)’,ré"),ﬂ”))’ € RE+2 x R (indeed, Tin) is intrinsically nonnegative) is
such that supnT(")"r(”) < oo; indices 1,...,4, here and in the sequel, refer to the four subpa-

rameters p, 3, 02 and o2, of which n*1/271(n), Tfl/QK(")‘l'gn)7 nil/QTz,En)

perturbations. Defining the standardized residuals

and n*1/2n£") are local

Zit = Zit(0,0'2) = 0-_1(}/# — K _ﬁ/Xit)a L= 1, sy Ny = ]-a s 7T;



(n)

(note that, under P070270;f1,

0Z(0,0?) coincides with &), let

1 T
—=> > ¢ (Zir)
() ovn i=1t=1
fl;l(ﬂ) 1 n
) SN 6 (Zi)(K™)'xy
(n) f1;2 _ ovn ==
{:)3 202\/n ; ; (Zitt g, (Zi) = 1)
f1;4<19) 1 n T T T
_ Zi (Zit)bs, (Z;
202\/ﬁi1{t§::1¢f1( t) +;l%t¢f (Zit) by, ( Z)}

(in a more traditional perspective, and under stronger regularity assumptions, (2.5 ) can be
obtained as the log-likelihood gradient or Rao score vector) and

L (9) 0 Tpa3(@) Tppa(d)
0 Ly 00(09) 0 0
L3(09) 0 Lfi33(9) Tpiza(d)
Lp1a(9) 0 Lpi3a(@) Tpiaa(d)

Ty, (9) = (2.6)

with

Lpan(9) = %%(fl), Lj02(9) = %%(fl)ffo [y33(9) = %(%(ﬁ) - 1),

T

T T
Cra3(d) = ;;:,’Cw(fl), Lp1a(9) = rﬂ%w(fl), Lpy34(9) = @’%w(fl)

and

Dpons®) == 1o [Zo() + 20 = VT3]

We have the following result (see the Appendix for a proof).

Proposition 2.1 Let Assumptions (B) and (C) hold. Fiz fi € Fa and hy € Feyp,. Then,
the family P]({Ly)hl is ULAN (for n — oo with fized T) at any 9 = (0',02%,0)', with central
sequence Agff)('ﬂ) and information matriz Ty (9). More precisely, for any sequence I =
(™, B 52 0Y such that p(™M— p, (K(”))fl(ﬂ(")— B) and 0*™M— % are O(n=?), and any
bounded sequence 7™ € RE+2 x ]R(J)r, we have

(n)

AW)+rrl/2.,<n>f(n>/,9<n>;fhh1 = log (dP

(n) )
) fn=1/2y(m)(n); 1 By /dP

g(n);fl

n n ]' n n
T A (9 - 57T @) +op(1)

and

AP @) L NO,T,®), 9= (u.8,0%0),

under P(n)

pm). g BT 0 with fized T.
3J1



The form of the score for o2 in (2.5) is essentially the same as that obtained, in a more
classical context and under less general assumptions, by Chesher (1984). Note the non-diagonal
form of the information matrix ' (&) in (2.6), which implies that the intercept parameter
and the scale parameters 0 and o2 are not mutually information-orthogonal. The notation
Agc?) (¥9) and I'¢, () emphasizes the fact that the central sequence and the information matrix do
not depend on the density h; of individual effects. It may look strange, at first sight, that the
information matrix It .00(1) for B does not involve the regression constants x;;. The reason for
this somewhat counterintuitive fact is that the regression constants are taken into account, via
the K™ matrices, in the definition of the local perturbations of 3; see (2.4). This considerably
simplifies the notation.

3 Optimal parametric and pseudo-Gaussian tests.

We are interested in testing the null hypothesis of no individual effects (62 = 0), with unspecified
standardized error density in Fy, unspecified @, and unspecified error scale c—more formally, a
sequence, indexed by n, of collections of distributions of the form

(n) ._ n) ._ (n)
HO T U Hél) T U U U {P0,02,0;91 }’
q1€Fo g1€F0 OcRE+L 520

optimality being sought against alternatives of the form (individual effects with unspecified
density h, unspecified § and o, specified standardized density f; of the noise)

U U U U {Pé722,05§f1,h1}

96RK+1 02>0 UE>O h1 Efcu‘l

for some chosen “reference” demnsity fi € F4. The parameters p, 3, and o? thus are nuisance
parameters, while o2 is the parameter of interest. The asymptotic covariances, in (2.6), between
the p-part A;??l (09), the o%-part A%%(ﬁ) and the o2-part Agc?;)4(19) of (2.5) are not zero. This
implies, via Le Cam’s Third Lemma, that a local perturbation of i or o has the same asymptotic

impact on Agc?.)4(190) as a local perturbation of o2: hence, the cost of not knowing the actual

values of i or 02 when performing inference on o2, in general (the Gaussian case, as far as y is

concerned, is an exception), will be strictly positive.

3.1 Optimal parametric tests.

ULAN and the convergence of local experiments to the trivariate Gaussian shifts

A= (Al,A3,A4)/ ~ N(F(ﬁ)(Tl,Tg,’m)/,F(’ﬂ)) , (7‘1,7‘3,’7’4)/ S R2 X R+, (37)

with T'(9) = (I';;(9)), 4,7 = 1,3, 4. imply that locally optimal inference on o2, in the presence

of unspecified p and o2, should be based on the residual of the regression, in (3.7), of Ay

with respect to (A, As)’, computed at ASJ;A(#) and (A§”T31(’9)7A(T;)3("9)), (see, for instance,

Le Cam (1986), Chapter 11). That residual, called the efficient central sequence for o2, takes
the form

-1 (n)
*(n) A Lp1(®) Typii3(9) AL (9)
A @) = AP (9) = (Tf14(), T f,.34(9 |
f1,4( ) f1,4( ) ( f1714( ) f,34( )) ( Ff1;13('l9) Ffl;gg('g) A;?Sg(,ﬁ)
= AP @)~ T34 @A, @) — T, 5 @A, () (3.8)

9



with
P 9) o PO 0) T pa ()T ,15(0)
fi51 Ffl;ll(’ﬂ)rfl;?)?’(ﬁ) - F}1;13(Q9)

and
_ Tpn @) p:34(9) — Trina ()0 03(9)
L g1 (0)T f333(9) — T3 15(9)

?1;3(19) :

Under Pf;?}l, A;EZ) (¥9) is asymptotically normal, with mean zero and variance?

-1
L) = Ff1;44(’9)—(Ff1;14(79)7rf1;34(19))(gﬁi;gg; ?ng%) (?nggzg)

Lpaa(9) = T (9 p14(0) — T 5(9)0py34(9). (3.9)

Next, denoting by v(™ a sequence of full-rank k x k matrices such that ||(v™)~1|| — 0
as n — 00,3 recall that a sequence 'Ay(”) of estimators, defined over a sequence of experiments
{P,(yn) |y € T'} with k-dimensional parameter 7, is called v("™-consistent (for ) and asymptotically

discrete if, under P,(y”), as n — 0o,

(D1) ¥ F™ —5) = Op(1),

(D2) the number of possible values of " in any O((v(™)~1) sequence of balls? centered at 7y
is bounded as n — oo.

Any v(™-consistent estimator '7(") is easily turned into an asymptotically discrete one 'Ayg;)

by defining, for some arbitrary positive discretization constant ¢ that does not depend on n,
0 as (7)) == e Lsgn((W™F™M)) el w ™M, G = 1,0k,

where [z] stands for the smallest integer larger than or equal to z. The discretized estimator '?3(17?)

the k coordinates of v(™5

follows from transforming that point back via (v(™)~1. Subscripts 4 in the sequel indicate such
discretization. However, (D2) is a purely theoretical requirement, which is needed in asymptotic
statements but has no practical implications under fixed n, as the discretization constant ¢ can
be chosen arbitrarily large. In this paper, we have v = pl/2 (1/("))_1.

Classical results on ULAN families (see, e.g., Chapter 11 of Le Cam 1986) then show that,
for any fixed f; € Fy, locally uniformly asymptotically optimal (most stringent) tests of 'ch?) =

Us U2 {ng;zp;fl} can be based on A}EZB ('{9#), hence on T;:(n) ('{9#), with

1

T3 () = (T}, 9) A7 ) (3.10)

and 19# = (éi:)/,c}i(n),())’ where 9;7:) and c}i(n) are estimators satisfying (D1) and (D2) un-
der Pf:}l, ¥ = (6’,02,0). More precisely, we have the following result.

Proposition 3.1 Let Assumptions (B) and (C) hold, assume that 9# satisfies (D1) and (D2),
and fix fi € Fa. Then,

2Recall that the notation 9 is used for null values (8’,52,0)" of the parameter only.
3 Any traditional norm can be considered here, such as the Frobenius or spectral ones.
4That is, a sequence of balls B™ such that v(™ B™ is bounded uniformly in n.
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(i) for any 9 = (8',02,0), ( )(19#) = fl(n)('ﬂ) + op(1) is asymptotically normal, with
1/2 n n
mean zero and mean (Ff1;44(19)) / T4 under P1(9;])‘ and Pz(9+)n—1/2u(n>r;f1,h1 (h1 € Feyp ),
respectively, and variance one under both;

(ii) the sequence of tests qﬁgff) rejecting the null hypothesis HSZ:) as soon as T;l(n)(@#) ex-

ceeds the (1 — a)-quantile of the standard normal distribution, is locally asymptotically

(n)

most stringent, at asymptotic probability level o, for Hf1 against alternatives of the

form Up Us2 U”3>0 Uhle]:c\h {Pé&zzﬂﬁ;ﬁ,hl}'

An important advantage of the proposed test statistic T;l(n) ('{9#) is that it does not require
specifying the (standardized) density h; of random effects; on the other hand, its form, which
involves several score functions (¢y,, 1f, ), is rather complicated. The Gaussian case is an
exception, however, as ¢y, (2) and 9y, (2) reduce, for fi = ¢1, to az and a(az? — 1), respectively.

One easily checks that the Gaussian versions of A;T;)zp (3.8), (3.9) and (3.10) are

2 n T T T
AN @) = =S IS - 1)+ 3 7wz, (3.11)
¢1;4 2 t it4il (s
' 20%/n { = t=1 1=1£t }
2 n T T 2
. (Tr-1)
AMB) = SN ZuZy, T @) =
; ’ ¢1,44 y
o 202/ = I£t=1 ' 201
and hence
(n) a n T T
T,V () = —— ZZ Z ZiZi, (3.12)
. 2nT(T =1) =5
respectively.

3.2 Pseudo-Gaussian tests.

The Gaussian central sequence A:;(lni (¥) in (3.11) allows for asymptotically optimal tests un-

der f1 = ¢1, hence for efficient detection of random individual effects in the parametric Gaussian
model characterized by Gaussian disturbances. Relaxing that Gaussian assumption, and extend-
ing the validity of the Gaussian optimal test to densities g; in a broad class of densities is of
course highly desirable. Let us show that this is indeed possible, and that a slight® modifica-

tion, AT(l i, say, of the efficient central sequence A x(n ) leads to a pseudo-Gaussian test, remaining

Vahd when the actual density g; belongs to the c zllss F?2 of all densities in F4 with finite vari-
ance. That result extends the one by Orme and Yamagata (2006), for which finite moments of
order 4 4+ ¢ and OLS estimators are required.®

Writing again Z;; for Z; (0, 0?), define

2 n T T
Z\/ﬁ Z:Z Z; Zip — i) (Zy — m{™), (3.13)

t=11

G

5That modification indeed should be op(1) whenever the actual density is Gaussian, thus yielding another
version of the (Gaussian) efficient central sequence.

5The assumptions Orme and Yamagata (2006) are imposing on the regression constants are, however, more
general than those considered here.
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where mg "= =my )(0 0?) == (nT)" ' S | Zi4(8,0?) is a root-n consistent estimator, un-

der P1(9121’ of u1(g1) == [z 291(2)dz (a finite quantity for any g; € F%). Decomposing Z;; — mg")

into (Zix — p1(g1)) + (11(g1) — mﬁ”)), it easily follows from this consistency that
(n) @ vy
Apa0) = 5 DD > (Zu—m(91)(Za — p(g1)) +op(1), (3.14)
TV ] = =1

as n — oo under P! g)l As a direct consequence, AT( )(19), still under ngl, is asymptotically
normal with mean zero and variance

a*T(T —

0.4
I n®) = 27 i o) = [ o) (e (315

Introducing the non-standardized centered residuals
Wit(B) = 0(Zu(8,0%) = m{"™) = Yie = B'xu — (nT) " Y3 Vs
i=1t=1

(recall from Assumption (B2) that 3%, S°7 | x4 = 0), a pseudo-Gaussian test may then be
based on a statistic of the form

T;Etgl (1‘9) = (Fjl)l,gl,44(19)>_1/2AZ>(1T,lé)l (19) (316)

n T T
= ) WILTT_U D00 X WaulB)WalB) = TN (). (3.17)

i=1t=1l#£t=1

where the density g is defined through g(z) = 0~ 'g1(2/0); compare (3.16) with the Gaussian

version (obtained with f; = ¢1) of (3.10), and (3.12) with (3.17). Clearly, TX/(?;) (B) does not
depend on p nor on ¢, which justifies the notation.
In practice, the pseudo-Gaussian tests will be based on the statistics

. 1 n T .
Ti" = NG ) DD > WalBy)WalBy),

i=1t=

_.
~
LS
~~
Il
—

where ﬁ# is an arbitrary n!/ 2(K("))_1-consistent and locally asymptotically discrete estima-
tor of B (see (D1-D2)), and s* := (nT)" 130, S, Wft(ﬁ#) is the empirical variance of the
Wit (ﬁ#)’s. Showing that the difference T/I/(") — T/tg;) (B) is op(1) as n — oo under Pg;;l mainly
requires the asymptotic linearity property of Lemma 6.2, which itself follows from the block-
diagonality of the covariance matrix in the asymptotically normal distribution of (Agf)Q (M), Al(ﬁ ()
under Pg:;l. As for the substitution of s2 for 02(g), it is simply controlled by the continuous

mapping theorem.
Summing up, we have the following result.

Proposition 3 2 Let Assumptions (B) and (C) hold and let B# be such that B# satisfies (D1)-
(D2) under P for any g1 € F3. Then,
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(i) for any® = (u,B',02,0) and g1 € F3, TX}n) = T/\T/(?;) (B) + op(1) is asymptotically normal,

with mean zero under P(,Agg 0. MEAN VT(T —1)/204(g) 74 under Péﬁn—l/QV(")T s91,h
(h1 € Fe\g, ), and variance one under both;
(ii) the sequence of tests qu\([n) rejecting the null hypothesis 'Hgm = Ug1€ff, Up U2 {Péngz 0'91}

(n)

as soon as TX/ exceeds the (1 — a)-quantile of the standard normal distribution is lo-

cally asymptotically most stringent, at asymptotic probability level o, for HEI)Q against

alternatives of the form UgU,2 Uaﬁ>0 Uhlefcw)1 {P4(9722,03;¢1,h1}'

Since 3", 7 x4 = 0, the OLS estimator of @ is of the form 95;)5 = (ﬂg?s’ A(Oﬂi,)s/)/

(nT) ', ST, Y}t,,@(ozs) , which implies that the OLS residuals €5** and the Wit(ﬁggs)’s
coincide. The resulting test statistic T/\T/( ") thus is nothing else but the Honda test statistic T}(I n)

onda*

For any other estimator B(n) with discretized version ﬂ# satisfying Assumptions (D1) and (D2)
(such as the LAD estimator), TX;”) yields a new pseudo-Gaussian test statistic.

4 Optimal rank tests.

4.1 Rank-based versions of central sequences.

A serious drawback of the parametric tests of Section 3.1 is that their validity is restricted,
in general, to the correctly specified density f; they have been constructed for. As for the
pseudo-Gaussian tests of Section 3.2, they still require finite moments of order two; moreover,
for fixed n, the quality of the Gaussian approximation they are based on is likely to depend on
the actual underlying density.

Since a correct specification of the actual density g; in practice is highly unrealistic, the
problem has to be considered from a semiparametric point of view, where g; plays the role
of a nuisance. A general result by Hallin and Werker (2003) suggests that, in such context,
semiparametrically efficient (in the sense of Bickel et al. (1993), at selected g1 = f1) tests can
be obtained by conditioning the fi-central sequence on the maximal invariant associated with
some appropriate generating group.

More precisely, note that the null hypothesm H;(B) = Ugrer Uper Us2s0 {P p™ ﬂUQ 091} is

invariant under the action of the group Qﬂ ,o of all transformations g, of R"T such that

G(y1s - ynr) == (Bx11 + Uy — B'x11), ..., B'%nr + Uynr — B'xn1)),

where z +— [(z) is continuous and monotone increasing and lim, 4. l(2) = oo (the order-

(n)

preserving group); note that the g( >0 is a generating group for Hﬁ , and has maximal inva-

riant (Rgl)(ﬂ), . .,Rgr}) (B)), where Rl(f) (B) denotes the rank of the residual Z;;(0,0?) among
Z11(0,02), ..., Zy7(0,0%) (those ranks are also those of the (Y;; — i — B8'x;t)’s, hence do not
depend on g and o2, which justifies the notation). The idea of considering tests that are
measurable with respect to those ranks looks quite natural and appealing, since such tests
would be distribution-free (or asymptotically so, since the unspecified 8 will have to be replaced
with some estimator) and hopefully semiparametrically efficient. As we shall show, this is indeed
the case, and semiparametric efficiency moreover turns out to match parametric efficiency at
the selected reference density fi.

13



*(n)

The rank-based versmn of the o2-efficient central sequence A fiid (¥) we plan to base our tests
on is (the notation A% AN (,3, 2) reflects the fact that it only depends on 8 and o?)

200, = a3 > fon (3 )en () -} )

)

with ¢} == gy Srit Xar—1 o0 (1) o (557) and @, o= ¢y 0 Fy

Beyond its role in the derivation of the asymptotlc dlstrlbutlon of A f( 4)(,3 a?), the fol-
lowing asymptotic representation result shows that A (ﬂ, 2) is indeed another version of

the efficient central sequence Ay xn )('19) (compare (3.8) Wlth A fg’ ]21 4(9) defined in (4.3) below).
Writing >y <, 2. 4, <y for & sum running over the (N!/(N — q)!) ordered g-tuples of distinct
integers in {1,..., N}, let

N N
Q(n) L 2 T S (%
Sho T ;Sglwfl(N+1>¢f1(N+1)+721<#SZ¢USNW1<N+1)¢fl<N+1)(pf1(N+1>
r s v w (n)\ 2
+7 en~o7)%r ©f erlvr=) —aley ), (42)
31§r#s§7ﬁw§N 1<N+1) 1(N+1> 1<N+1> I(N—i-l) 4(f1)
where
 T(T-1) TT(T — 1)(T - 2) _ T(T —1)(nT? — (n+4)T +6)
TZoNN-—1) PTANWN-—D((N-2) P T TANWN-1((N-2)(N-3) °
and

_ T(T —1)(3nT? — (3n — 16)T — 32)
12 )
Define the cross-information coefficient Zy(f1,91) as

Luia) = [ on(F 0)on (61 w) du

and denote by F 4 the class of all densities fi € Fa such that ¢y can be expressed as the

difference of two monotone increasing functions. We then have for the rank-based é;ﬁ) (B,02)
the following asymptotic representation result.

Proposition 4.1 Fiz 9 = (0',0%,0) (with § € RET! and 0® > 0), f1 € Fa, and g1 € Fo.
Then, (i) under ngl, as n — oo with fized T,

A (B,0%) = ES) (AT, )R (B), ..., RI(B)] + 0r2(1) = AR L (9) + 01(1),

with (denoting by G the distribution function associated with g1 )

A L) = oy N S5 Y enlGrZnen Gz (4.3)
i=1t=1 1=l#t
(i1) under ngl, é;ﬁ) (B,02) has mean zero and variance I‘;§74)4(02) =045 fc( " = F}1;44(02)+

o(1) as n — oo with fizred T', where 1"}1;44(02) = (T(T — 1)/204)I§)(f1),
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) Afl :4(8) is asymptotically normal with mean zero and mean (T(T — 1)/20%) Iq%(fl,gl)m
under P( ) and P1(9_2 2 gy respectively, and variance F}1;44(02) under both (the

(n) ~
claim under Pﬂ—&-n*l/Qu(”)T;gl,hl further requires g1 € Fa and hy € Feyq, ).

4.2 Optimal rank tests.

The parameters y, 8, and o2 remain unspecified under the null. Since only B has an influence on
the ranks, a consistent estimator B(n) has to be substituted for the actual B value, yielding aligned

ranks Rl(f ) (,B(n)). The effect of this alignement procedure is taken care of (Lemma 6.3(ii)) in a
similar way as in Section 3, via an asymptotic linearity result (Lemma 6.3(i)); see the Appendix.

Local asymptotic optimality at density fi is achieved by the test based on T (,3#) where

*(n *(n _1/2 *(n
T;0) = (Ti(e®) " AR ®) (4.4)

= e {“)"l(zvﬁl)% (5=1) ‘05”1)} = T} (8)

and B# satisfies (D1) and (D2). More precisely, we have the following result.

Proposition 4.2 Let Assumptions (B) and (C) hold, assume that B# satisfies (D1) and (D2),
and fix fy € Fa. Then,

(i) for any g1 € Fa, Tf1 (ﬂ#) is asymptotically normal with mean zero and mean
(T(T = D)Z2(f1,91)/20" (T aa(0)*) 7a

under Pé )2 01 and P( n)

On—1/20 Mgy (h1 € Feyg, ), respectively, and variance one un-
der both.

(ii) the sequence of tests gi)}gn) rejecting the null hypothesis 'H%) = Uger, U Up2 {ngggjo;gl}

as soon as I}f) (,3#) exceeds the (1 — a)-quantile of the standard normal distribution is
locally asymptotically most stringent, at asymptotic probability level o, for Hff) against

alternatives of the form Up Uy2 Us250 Uhlefc'f1 P§?32703;f17h1}.

4.3 The van der Waerden and Wilcoxon test statistics.

The statistic T (ﬁ#) is providing a general form for the optimal rank tests of the null hypoth-
esis of absence of random effects. Important particular cases are the Wilcoxon (logistic scores)
and van der Waerden (normal scores) test statistics, which are optimal at logistic and normal
densities, respectively.

The van der Waerden tests use the standard normal reference density fi = ¢1. One easily
obtains that ¢y, (Fy '(u)) = a'/2®~!(u), where ® denotes the standard normal distribution
function. The resulting rank test statistic is then

3 3 (o (B2 () )

*(n) o
7B = T3 (B,)
L vaw (P ~¢>1 # 2 (n\/ﬁ s B M
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with

) = [N(N—U]—lﬁ:lsilcp—l (Nil)cp—l <Nil>' (4.5)

In the Wilcoxon case, f1(z) = £1(2) := vVbexp(—v/bz)/(1 + exp(—vbz))? is a standardized
logistic density. One easily checks that ¢y, (Fy *(u)) = b'/?u. Therefore, the Wilcoxon test
statistic takes the form

n T T (n) A (") 2
*(n) (4 *(n) (4 b Ry (By) Ry " (By) ()
R R DRI ).
' 23@1)\/?1 i\ N+1L N+ '
(n) _

with ¢, = [N(N —1)]7! N Zé\;rzl N1 v It is worth noting that the scale factors a (for

van der Waerden) and b (for Wilcoxon) actually cancel out in the final expression of the test
statistics, due to the (exact) standardization by s((;) and s((;f), respectively. This confirms that
our choice of the median of absolute deviations as a scale parameter in the definition of Fy has

no impact on the results.

4.4 Asymptotic relative efficiencies (AREs).

Propositions 3.2 and 4.2 allow for computing ARE values for the rank tests based on T' }kl(n) (B#)
with respect, for instance, to the pseudo-Gaussian tests based on Txf(n) —equivalently, with
respect to the Honda test. These AREs, as usual, are obtained as ratios of the squared shifts

under local alternatives.

Proposition 4.3 Let fi € Fa. Then, the asymptotic relative efficiencies, under g1 € F2, of

the rank tests based on I;l(n) (BS;L)) with respect to the pseudo-Gaussian tests based on T/t}n) or

the Honda test based on T,S,f},{da are

ARE,, (T3 (B3 /118y = ARE,, (T3 (BY))/T82,.) = {02 (90)T2(f1,91)/To (1)} (4.6)

Strictly speaking, however, the interpretation of (4.6) as an ARE value only holds for standard-
ized individual effect densities hy € Fgyg, -

Numerical values of the ARE values of Proposition 3.2, under t3, ts, ts, t10, t2g, normal,
and logistic densities, are displayed in Table 1. These values all are good, particularly so under
heavy tails (see the Student density with 3 degrees of freedom). Since the AREs in (4.6) are the
squares of those obtained in univariate location problems, the Chernoff-Savage (1958) property
extends to the problem considered in this paper, showing that our van der Waerden rank test,
from the Pitman point of view, uniformly dominates the classical Honda test:

1;11f AREQI(Q:f1 (,B# )/ Thonda) = 1,
that is, the AREs, with respect to Honda, of the van der Waerden tests are uniformly larger
than or equal to one, and equal to one in the Gaussian case only.
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actual density ¢;

fl,t3 fl,z5 fl,tg fl,tm fl,t20 b1 b

fu3 4.0000 1.4923 1.0498 0.9498 0.7917 0.6718 1.0851
fie 38202 1.5625 1.1667 1.0783 0.9401 0.8370 1.1857
fl,tg 3.5284 1.5319 1.1901 1.1158 1.0029 0.9232 1.1993
scores fm10 3.3960 1.5061 1.1870 1.1187 1.0168 0.9476 1.1933
Ltao 3.0768 1.4272 1.1597 1.1053 1.0292 0.9851 1.1610
o1 2.6873 1.3079 1.0986 1.0601 1.0139 1.0000 1.0966
12 3.6091 1.5405 1.1869 1.1101 0.9936 0.9119 1.2026

Table 1: AREs, under Student (3, 5, 8, 10, and 20 degrees of freedom), normal and logistic
densities, of various rank tests (based on Student, van der Waerden, and Wilcoxon scores), with
respect to the pseudo-Gaussian and Honda tests.

5 Simulations.

In this section, we conduct a Monte Carlo experiment to investigate the finite-sample behavior
of our rank tests under a variety of error distributions. More precisely, we considered the model

Y = u+ﬂ1(x1;it—fl)+52(x2;it—fg)+ui+€it, i=1,...,n=100, t=1,...,T =25, (5.7)
where

() pu=B1=p=1

(b) the z1.;’s are i.i.d. uniform over (0, 1) and the x2.;;’s are generated through 2.0 = 5+10v49
and 2.4 = 0.1¢4+0.529, 41 + 4 for t > 1, where the v;’s are i.i.d. uniform over (—0.5,0.5)
(see Nerlove 1971); Ty, := (nT) ™ S0 Sy @it k= 1,25

(c) the g;’s are i.i.d. with a symmetric density — Gaussian (¢1), Cauchy (¢1), t with 3 degrees
of freedom (t3), logistic (¢1) — or with an asymmetric density — the skew-normal (SN)
or skew-t3 densities (St3), both with skewness parameter value £ = 107;

(d) when symmetric disturbances are used, the w;’s are i.i.d. Gaussian with mean zero and
standard deviation o,, = 0 (null hypothesis), 0.2, 0.3, 0.4, or 0.5 (increasingly severe al-
ternatives). When asymmetric disturbances are used, the non-null values of ,, considered
are 0.05, 0.10, 0.15, and 0.20.

For each combination of ¢, and a distribution for the ¢;’s, we generated M = 2,500 inde-
pendent samples from (5.7), with the same values of the regressors xy.; over replications. For
each replication, the following six tests were performed at nominal probability level a = 5%: two
versions of the pseudo-Gaussian test (the first one is the Honda test, based on the usual OLS
regression estimator; the second one is based on the least absolute deviation (LAD) estimator
of regression), and four of the proposed rank tests, namely the van der Waerden test based

A~

n Ijg:fv) (,B(n)), the two t,-score tests based on 7:;1(7; (B(n)) (v = 1,3), and the Wilcoxon test
5(n) o

based on I:V(n) (B ), where ﬁ(n) is the LAD estimator of 8. The resulting rejection frequencies
are reported in Table 2.

These simulations show that the pseudo-Gaussian tests, though resisting non-Gaussian den-
sities with finite second-order moments, are collapsing under the heavy-tailed ¢; distribution. In

"See, for instance, Azzalini and Capitanio (2003) for a definition of skew-normal and skew-t densities.
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sharp contrast with this, the proposed rank-based tests always appear to meet the 5% probabil-
ity level constraint. Empirical power rankings are essentially consistent with the corresponding
ARE values from Table 1. For instance, under Gaussian densities, the powers of the t,-score
rank tests are increasing with v as expected, whereas the asymptotic optimality of the same tests
under the corresponding Student distribution with v degrees of freedom is confirmed. It also
appears from the skew-normal and skew-t simulations that asymmetry significantly improves
the superiority of rank tests over Honda’s classical procedure. Also note that Honda is fairly

insensitive to the choice of the preliminary estimators (OLS or LAD makes little difference).

Oy Ou
Test g1 0 2 3 4 b g1 0 2 3 4 b
Honda-T ™ 0420 3184 7732 9764 .9996 0492 0916 2088 .4084 6680
LAD-T™ 0412 3188 7688 .9752 .9996 0512 .0004 2116 .4024 6588
vdW ¢1 | 0488 3416 7820 9812 .9996 | £ | .0552 .1108 .2428 .4448 .7068
t3 0504 2596 .6528 9372 .9976 0544 1224 2496 4196 .6832
t 0572 1396 3176 5668 8256 0492 0936 .1500 .2456 .4184
w 0500 3144 7544 9708 9996 0552 1164 .2600 .4520 .7260
Oy Ou
0 2 3 4 5 0 05 1 15 2
Honda-T, ") 0428 1144 2528 5144 7544 0504 0792 2000 5180 .8680
LAD-T™ 0436 1116 2500 .5060 .7468 0532 .0788 2008 5132 8624
vdW ts | .0576 1896 .4332 .7472 9408 | SN | .0580 .1080 .3384 .7252 .9572
t3 0580 2184 5248 8356 9760 0532 .0636 0864 .1552 3196
t 0592 1648 3712 .6440 .8636 0544 0768 .1960 .4692 .8128
W 0572 2176 4928 8228 .9704 0588 0876 2696 .6280 .9236
Oy Ou
0 2 3 4 5 0 05 115 2
Honda-T, ") 0160 0172 .0208 .0176 .0168 0476 0496 .0816 .1568 .2972
LAD-T}™ 0168 0176 .0196 .0176 .0180 0472 0508 0852 .1536 .3020
vdW ti | .0536 .0884 .1616 .2668 .4344 | Sty | .0568 .0836 .1552 .3332 .6044
ts 0568 1388 2744 4920 7300 0468 0708 .1284 2188 .4196
t 0536 .1648 3380 5844 8300 0508 0772 1688 .3688 .6584
W 0540 1180 2148 .3772 .6104 0540 0840 .1660 3652 .6620

Table 2: Rejection frequencies (out of M = 2,500 replications), for o, = 0 (null hypothesis) and
various non-zero values of o, (alternative hypotheses), with error density g; that is Gaussian
(¢1), t with 3 degrees of freedom (¢3), Cauchy (¢1), logistic (¢1), skew normal (SN'), and skew-t3
(St3), of the OLS-based pseudo-Gaussian test—the Honda test—(Honda—T;En)), its LAD-based
counterpart (LAD—T(ZYL)), and the van der Waerden (vdW), t,-score with v = 1,3 (t1,t3), and
Wilcoxon (W) rank tests. The sample size is 500 (n = 100 and T' = 5); see Section 5 for details.

Acknowledgement. We thank the Editor and four referees for their careful and patient reading
of the manuscript, and for many suggestions that helped improving the final presentation.
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6 Appendix.

6.1 Proof of Proposition 2.1 (ULAN).

The proof consists in cheking that Swensen’s (1985) sufficient conditions (1.2)-(1.7) hold. Con-
ditions (1.3)-(1.7) (to be checked, for ULAN, under sequences 9™) follow more or less routinely
from the assumptions made, and the only delicate one actually is condition (1.2). This condi-
tion is a direct consequence (see Swensen’s Lemma 2) of the quadratic mean differentiability, at

any (u,,02%,0), of
1/2
(1, B,0% 00) — f,l/é,g ou,fl / H fi ( —p—pB'x — Juu)> h(w) du}

with y := (y1,...,yr) € RT and x; := (2f,22,...,2K) € RE ¢t =1,...,T. The technical

difficulty lies in the fact that iﬂ 802021 has the form of a mixture den51ty. Quadratic mean
differentiability is established in the following lemma.

Lemma 6.1 Let Assumptions (B) and (C) hold an fix fi € Fa. Define, fory € RT,

T /
1/2 — L oap yr — 1 —B'x
D/,Lf 7ﬂ70 0 fl( ) T %il‘t7ﬂ70270;f1 (y) Z ¢f1 <0_> ?
Dsf? — 1/2 Yyt — 1 — B’ K™Y
ﬁfuﬁaz()fl( y) = f,ﬂa 0f1( ) ¢f1 - 5 ( )'x
t=
r /
1/2 Lo Y — 1 —B'xy y — 1 —B'xy
D21 gm0 V) = @iuvﬁ,cr?,o;fl ; ((U) a8 (U -1,
e 1/2 . 1/2 d Y — i —B'x
Do"‘%iy‘uﬂ7a2va’5;fl (y)|03:0 = 40’2 fp“ ﬂ 02 0 fl ; djfl f

T T

Yo — b —B'x ye — b —B'x

+Z Z ¢f1 ( o >¢f1 < o .
t=1 1=t

Then, as t, s, v, and r — 0,

1/2 1/2 r2 1/2 2 4
(Z)/ L ptt,B+s,02+v,r2; f1 (y) fu+t,3+s 02+v0f1( ) DUqu+tﬂ+s o2+v,02; fl( )IU?FO} dy_o(r )’

1/2

12 12 “f oY)y ?
, /
(m)/{ u+t,ﬂ+sz72+v0f1( y)—f B0 0f1( y)—(t,s',v) DﬁfﬂﬂpQ()fl(y) }dy:o(H(t,s,v)H ),
2
O'Qi/,l,,ﬁ,0'270;f1 (y)
1 2 ’
(”Z)/ Mért,ﬂ+502+v037f1( )|03 =0 " D f 7.3702 U%ufl( )‘05:0} dy:0(1)7 and
1/2
D”fu{ 0%,0:f1 )
772 1/2 Dﬁfl/g 20,1, () 2
(iv) /{ . ) = £ 5o20., () = (t:8',0,7%) ThfT }dy
L p+t,B+s,02+v 7"27f1 w.B,02 Ofl DO'Qi;{;,Uz,O;fl(Y)

1/2
Daai“7ﬁ70210-121,;f1 (y) |0’l2L:O

=o(||(t, 8, v, r2)'||2).
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Proof. (i) Letting z = (y; — (u+1t) — (B+s)x;) /(6? + v)'/? and z = (21, 22,...,27),
the left-hand side in (i) takes the form

)

t=1 t=1
1/2 2
0’2 —|—U (H fl “t ) ( Z¢f1 Zt + ;1%t¢f1 2t ¢f1 Zl))] dz.

In order to prove (i), it is thus sufficient to establish differentiability in quadratic mean with
respect to (r/(o?+v)'/?)2. This quadratic mean differentiability property, however, is somewhat

nonstandard, as it involves the second-order derivatives of the product [Hle f1 (zt)}. As in
Akharif and Hallin (2003), the proof is decomposed into three parts.

(a) With the above notation, y2— Ly( /K u, y)h(u) du, with K, ( Hf1 2t—yu),

is absolutely continuous at y = 0, with a.e. derivative

U, ( : / / Zflzt wu[Hflzt wu}

1<l#t

+Z Z fi(z —wu fl(Zl—wu)[ H f1(2m—wu)}}u2h(u) dudw. (6.1)

s memAl
We obtain
L) =20) = [~ (KCuy) — K(u,0)]h(w) du
_ / O:_oo / yzo K (u, a) da h(u) du
_ /“Z Oo/ay_o (K (u,a) — K (u,0)]da h(u) du—i—/u__oo/a K (u,0)da k() du
— / oo/ayO/w K (u,w)dwdah(w) du. (6.2)
where

. T . T
K(u,w) := Zfl(Zt — wu)[ H filz — wu)}u2

1<t
T
+Z Z Fi(ze —wu) fi(z — wu)[ H fl(zm—wu)}u?
m=1
mZ£t,m#£l

The value (6.1) of the a.e. derivative for y > 0 follows. At y = 0, the right derivative is defined
as the limit, as y | 0, of [L(y) — L(0)]/y?, for which (6.2) yields 0/0. Applying L’Hospital’s rule,

lim(Z(y) ~ L(0) {Zwﬁ D+Y Y onon(a 1 H filzm)-

ylo t=1 1<I£t
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(b) It follows that y? — s,(y) := [Ly (y)}% is also absolutely continuous in a neighborhood
of y = 0, with a.e. derivative

saly) = 411/ /w yzo /R K (u, w)h(u) du/ | /]R K (u,)h(u) du)* du. (6.3)
L’Hospital’s rule at y = 0 yields
1,1 ~1/2 . L . r T . . T
50 = (TThe) {XhE)| I A +X X AGhaE] T AG]}-
1=1 t=1 1<i#t t=1 1<l5t m;zt’:n%ﬂ
Hence, for all z,
lim [ (y) — 5(0)] = 5(0). (6.4)

(c¢) The partial quadratic mean differentiablity property to be proved takes the form

. 1 I
?}% - {yQ[sz(y) — 54(0)] — 4$Z(O)} dz = 0. (6.5)

From (b) above,

L) - w01} = (5) ( [ sz<ﬁ>dA)2 <

for all z. Fubini’s theorem and (6.3) yields

[ A iss) — ss0)} s

IN

ylz/jo /RT [sz(ﬁ)]dedA (6.6)
= @/jofw(fuﬁ)d)\,

with Zye(f1;y) defined in (2.3). The continuity assumption in (B3) implies that this latter
quantity converges, as y — 0, to Zys(f1;0)/16 = [pr [SZ(O)]de, which together with (6.6),
entails that

lim sup /RT {12[32(y) - SZ(O)]}2 dz < /RT [$4(0)]? dz. (6.7)

y—0 Yy

In view of Theorem V.1.3 of Hajek and Sidak (1967) [also in Héjek, Sidak and Sen (1999)], (6.4)
and (6.7) jointly imply (6.5). This completes the proof of part (i) of the lemma.

(i) The problem here reduces to the classical case of linear models considered by Swensen (1985).

(iii) First note that, as t, s — 0,

1/2 1/2 2
/IRT {D ”ai#ért,ﬂﬁ,tf?ﬁ%;fl (¥)joz=0 - fo%iu{ﬂ,o—?,aa;fl (Y)\U?FO} dy = o(1).

For the perturbation of o2, letting 2z :== y; — u — B'x; for t = 1,...,T, we have
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2
1/2 1/2
= /RT szu/ﬂJQ-&-haQ f1 )“72 0o~ Do Qf,u/ﬂUz oZ; f1<y>|012t:0} dy

B 1 12yt — 1 — B'x
- /RT 4 (52 4 p)T+4/4 02+h T+4/4 Hf ( (02+h)1/2 )}

T B - /X
[ on (U + 30 3 on (Ut BRoy (A2

t=11<I#£t

g LA ()
T

[Zw (yt W= ﬂ t)+zT:Z¢ (yt B— ,th> l(yt—ua—wzﬂ”}?dy

t=11<I#t

1 1 5
- AT{4MW[Hff/Q((Uz+h)1/2)]

t=1

2t

T T
+Z Z ¢f1( (02 +th)1/2>¢f1((02+h)1/2)}

=1 t=11<I£t

1r 1 & 1 2

— /RT{4|:(02+h) 1;[(02+h)1/4f11/2<m> QH 1/2 1/2(J>}
T T
X[wal(m)Jrz > ¢n (( +h)1/2)¢f1(( 2+lh)1/2)}
11 1 /a2 w 2 2

i o (GINE e () —n (5))]

2t Z z z 2
on (G ) on m) =0 (5)on(5)]}} ¢
1 1 A 1/2 2t
ilorrm - “;[ ()

S o)+ 5 o auh)mw o)

T

%%H 02+1h)1/4 %/Q(W) 2H 1/2 1/2(0)}

Z¢f1< +h 1/2)“‘2 Z ¢f1( —l—h)1/2>¢fl(( Q:Ih)l/g)}

t=1 t=11<lt
T

1 T 1 1/2 (2t Zt
i ot (N o (i) — 40 (5]

t=1

~
Il
—_
—~

—
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+Z Z [¢f1( +h)1/2)¢f1((02 flh)m)_‘Z’fl(?)(l’fl(j)”fdz

t=11<I4t
< C(Tl —|—T2 + T3)7

where

ro= [ Gl - s M e ()
X[iwﬁ(w?fh)m> +;1§;ﬁt¢fl(( 2fth)1/2)¢f1((g2 flh)l/Q)”2dZ’
b ol ) )
x[i%(( +h1/2)+t211<§l;t¢f1( +h)1/2)¢f1((a2flh)l/z)}}zdzﬂ
and

5= [ M G G lon(m) o ()

T T - 2
+ 2 3 [en(arm)on (Grem) —9a(5)en (D)1} d=

Clearly, Tt = O([(¢? + h)~! — 0*2]2(Iw(f1) +Z3(f1))), which implies that T} = o(1), as h — 0.

Turning to 75, we have

1 1 1/2 Zt 1/2
B2 = /RT{W{Z[(J2+h)1/4f1/ ((02+h)1/2> 1/2f1/ (E)}

t=1

t—1 1

z T 1 z
" kl_[ (0% + n)1/4 11/2((02 +kh)1/2) k:Ht_l (a2t a (;k)}

{Z@bh( 02+h 1/2)"‘2 Z ¢f1< +h)1/2>¢f1(( Qflh)l/z)}} dz

t=1 1<t
_ 1 (S 1 1/2 2t 1 1272
- /RT{W{;;[WM)M 1 ((g2+h)1/2) - g1/271 (;)}
t—1 1 T 1
x¢f1((02 flh)1/2> H ( 2+h)1/4f11/2((02jW> :111 Wfll/%%k)}
1 LKL 1 1/2 2 1 1/2 2l
tir 22 X () — s Gl (e )
m=#l
_ T 1
><¢f1< +h 1/2)1;[ 1/4f11/2<< jh 1/2>k1:[1 1/4f11/2(0)} dz

IA
Q
;@
+
@
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o3
I

%\
——
%\H
[\>)
—
M=
M=

1 1
e ) ()

t—1 1 T 1

wal((ﬂ:W) H ( + h)1/4 11/2((02 jkh)m) k:lzl_lm 11/2(%)}} dz

and
1 & d 1 1
= [ A XX X [ () — st (o ()
T A
Zm, = 1 1/2 2 a 1 1/2 ( %k 2d
X¢f1((02+h)1/2)k1 (02+h)1/4 1 ((02+h)1/2)k1:[_1 (02)1/4 1 (0)} z.

Then, in order to prove that 75 = o(1), it is clearly sufﬁcient to show that T3 and T3 are o(1)
as h — 0. We start with 7}, which is bounded by B (T4! + T42 +T33) for some constant B > 0.

I = /RT{;Z; {(02 +1h)1/4 11/2<( +h>1/2)7¢’f1<(a2 thh)l/Q) - 011/2 " @) Vi <?>}

t—1 T
1 1/2 2k L a2 (22
Xkl;ll (02 + h)1/4 1 ((02+h)1/2)k1:[_1 (02)1/4 1 (0)} dz

1ly—In(1+-2H1/2] 1/2/ u—In(1+-)1/2 u—In 1/2

< Bl/R{ez[ In(1+-%) ]fl/ (e In(1+-%) >¢f1(e 1(1+ 5) )

2
—e 112 () Yy, () ) du,  (6.8)
d 1

T3 = A{Z[¢fl(wftfl)w)—wfl(j)}(m (2)

t=1
s 1 1/2 2k T 1 1/2 ( %k 2d
X H (02+h)1/4 1 ((02+h)1/2) :l_It_ (02)1/4 1 (;)} Z

k=1 k 1
< By [ {n (70 — (e} et a(et)du (6.9)
and
T3 ._ 5 La 1/2 2t L e
2 /RT{ tz:;lzl[ h)1/4t ((02+h)1/2) ol/271 (0)]
— T
Xd)fl(( +Zlh 1/2) 1;[ +1h)1/4 1/2(( 21 h) 1/2) k:l:Il 1/4 1/2<%k)}2dz

1l n(14 B y1/2 2
< Bg/R{eQ[ (+s2) }fll/2<eu_ln(1+oh2)l/2)—eé“fll/Q(e")} du x Ty(f1).  (6.10)

Since e%“fllm(e“), e%“fll/Q(e“)wfl(e“) and 1y, (e*) are square integrable, quadratic mean conti-
nuity implies that the integrals in (6.8), (6.9), and (6.10) are o(1) as h — 0.
Similarly, it easily shown that
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Ly In(14 -k )1/2 w—In(1+ 1 y1/2 u—In(1+-2)1/2 1, u uy | 2
T2 < c[/ {62[ In(1+ %) 1f11/2(6 In(1+%) )¢fl(e In(1+2) )_82 £y, (e )} du
R
u—In 1/2 u 2 u u
<To(i) + [ {on (") o e} et hlet)du x To(h)
2
_|_/{€%[u71n(1+0%)1/2]f11/2 (eu—ln(1+7}§)l/2> —eéufll/z(e“)} du x I;(fl)] =o(1), as h — 0,
R

since e%“fllﬁ(e“), e%“fll/z(e“)wfl (") and ¢y, (e*) are square integrable.

As for T3, note that T3 < D (T31 + T%) where
T

o= [, {aa [T GO [ ()~ ]

t:l t=1
< Dl/ <wf1{€u In( 1+ )1/2) —wﬁ(eu)} e f1(e“)du = o(1), as h — 0,
and
2 L 1 g 4 2
1 ::/ {402[1—[ (o2)1/471 ()H;l%t {qul( +h)1/2)¢f1((o—2+h)1/2)
_¢f1< )¢f1( }}}

< Dy [ for, ("0 — o (e} et filet)du = (1), as b0,

since ¢y, (") and 9y, (e*) are square integrable. This completes the proof of Lemma 6.1, hence
that of Proposition 2.1. O

6.2 Proof of Proposition 4.1 (Asymptotic representation).

Proof. The proof of Part (i) of the proposition follows along the same lines as in Section 4.1
of Hallin, Ingenbleek, and Puri (1985), and therefore is omitted. Part (ii) is obtained by direct
computation. As for Part (iii), under Pg,Lgl, the result straightforwardly follows from classical

central limit theorems. On the other hand, it is easy to see that, still under Pg?;l Iy A;Sng)l. 4(9)
and the log-likelihood Aé Jz 12y ()7 j3:g, ATC jointly multinormal; the desired result then follows

from a routine application of Le Cam’ s Third Lemma. (]

6.3 Asymptotic linearity.

In this section, we regroup the asymptotic linearity results leading to Propositions 3.2 (for

the pseudo-Gaussian statistic; see (3.17) for the definition of T/J{;:;)) and 4.1 (for rank-based
statistics). In the pseudo-Gaussian case, asymptotic normality is needed for perturbations of 8
only, since the linearity of Gaussian scores allows for a direct control of the perturbations of p
and o2 through the continuous mapping theorem.

Lemma 6.2 Let Assumptions (B) and (C) hold; fix € REF1 B e RK 52 >0 and g, € F3.
(i) For any bounded sequence b € R,
T;/(;n; B +n~ 12K p) — ij@g) (B) = op(1), (6.11)

(n)

1 B.02 0:gy 7 08 T2 — 00 with fized T .

under P
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(i) Assuming that ,3# satisfies (D1) and (D2), TNg ('B;Z)

as n — oo with fized T'.

)— TN g) (B) = op(1), under P;(:;,a?,o;gl’

Proof of Lemma 6.2. (i) Note that, for i =1,...,nand t =1,...,T,
Wir(B 4+ nPK™M b)) — Wiy (8) = —n~ /2 K/(DM)~1/2x;, = —a,
where, in view of the fact that Y ;" ; Zt 1 X =0, >0, Zt 1 alt) = 0. We thus have

1
T (n) —1/2K(n) b(n) _ TT(”) —
Nig B m ) = Twvig (B) 02(9)\/2nT(T — 1)

T T
Z Z ( e ,3+n_1/2K( )b(n)) —Wit(ﬂ)>Wil(ﬂ+n_1/2K(n) b(n))

i

T T
=3 > WalB)(Wa(B) = Wa(B+n"/PK™ b)) |

t=11£t=1

T REgVAT D I T-T)

In order to prove (i), it is sufficient to show that U™ and V(™ are op(1) under PS% 02,001

Starting with U™ we have

n T T T
S X aal) < (-1 33y
i=11=1l£t=1 i=1t=1
n T
= (I'-1)n! Z Z b K/ (D)~ 2x;,x! (D)~ 1/2K b(™
i=1t=1
= (I'-1)b™W K'RMKb™ = 0O(1) (6.12)

since K'RMK converges to an identity matrix, while b(® is bounded. The desired result
that U™ is O(n=1/2), hence o(1), follows.
As for V(") it suffices to show that E[(V(™)2] = o(1) under Pl(j% 02,09, Still because of the

fact that Y ;" Zgll ozz(?) =0,

n

ZZ Za%t (Zu(0,0°) m1n \%ZZ Zait Zy(8,0%)—p1(q1)) ZV(n

fz 1t=11£=1 ST =1 =1



where, for i = 1,...,n, the Vgn)’s, under P") are i.i.d. with mean zero. Hence,

w,8,02,0;91°
0_2 n (n n T T 2
E[(V(n))Q] — XZE[ V ] = Z [(Z Z azt zl 0 O' ,u1 gl ) ]
i=1 i=1 t=11£t=1
0_2 n 2 T 2 O’ O' 91 n T T 2
= ;ZZEK Zy(0,07) /~0191>}(Zau) = ZZ(Z il
i=1t=1 I£t=1 i=1t=1 I£t=1
2 2 n T T 2 2 n T
< TS S o Y of = SO <91’<T—1>2zzaz,
[ | I£t=1 n i=1t=1

a quantity which, in view of (6.12), is O(n~'). The desired result that E[(V(")?] = o(1)
(under p! [)3 02.0,g,7 8 0 — 00 with fixed T) follows.
Part (i7) of the lemma then readily follows from part (i) and an application of Lemma 4.4
in Kreiss (1987) (in which asymptotic discreteness plays the major role). O
The corresponding result in the rank-based context is the following; again, we only have to
care for the perturbations of 3, since y and o2 have no impact on the ranks, hence on the test
statistics 7:;5") (B).

Lemma 6.3 Let Assumptions (B) and (C) hold; fix@ € RET1, 02 >0, fi € Fa, and g1 € Fa.

(i) For any bounded sequence b € RX,

AR B+ n PO DM 6%) — AN (B, 0%) = op(1), (6.13)

(n)

under Pu 8.02.0.g17

as n — oo with fired T.

(ii) Assumzng that ﬁ# satisfies (D1) and (D2), A*(n (,3# ,0%)— A *(n " (8,02) = op(1), under
P ;(72091 as n — oo with fized T.

Proof of Lemma 6.3. Part (ii) of the Lemma again follows from part (i) via Lemma 4.4

in Kreiss (1987). We thus focus on the proof of (6.13). Throughout the proof, we let (") :=
0+I/§n) (). Accordingly, let Z% := a_l(Y;t— +0) and Z%} := o~ 1(Y;; — 1z}, 6™). Proposition 4.1
implies that A*(n) (B,02) — A;E?g)l (1() ) is op(1) under Pé 32 g, - Similarly, éf@ (g(”), o) —

. Conse-

A f1n9)1 RCARN ;1 is op(1) under Py, 2.0ig — hence, from contlgulty, also under Py

quently, the left-hand side in (6.13) is asymptotlcally equivalent, under P! ; 2 0:g17 to

C(@g,0%) = A (0™, 020) - A}f"g)l4(o o2,0)

— LSS o (R Gatzi) o (11 (G )

t=11=l5#t

Y g (F1(Ga(Z) on (Fr'(@azd) }.

t=11=l£t

and we need only to prove that C™(8,02) is op(1).
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Let Ky, (u) := ¢, (Fy (u)) and consider the following truncation: for all £ € Ny, define

) ((l_)_u) Tn-2cusaoy):

Continuity of v +— Ky, (u) implies the continuity of u — K](cf) (u) on the interval (0,1). It

+
2
/\
x’\\[\’)

follows that the truncated scores K}(Cf) are bounded for all £ € Ny. Moreover, since we have

assumed that Ky is monotone increasing, there exists some L such that \K](cf) (u)| < |Ky, (u)]
for all w € (0,1) and all [ > L.

One shows easily that C(™ (6,0%) decomposes into ngé) + Dgn; ) R(n 04 R(n Z), where,
(n )

denoting by Eg and Varg, respectively, expectation and variance under P

0,02,0;91°
(n n-1/2 e) 2 0 i
Dl T 952 ZZ Z K; ' (G1(Zy)) K} (Gi(Z))
% o1 t=1 1=t
& 0 KO 0
992 ZZ Z K Gl (Zit) K fi (G1(Zy))
% im1t=1 1214t
n-1/2 T T 0
—S B[ XY Y KR GUZEL Gz,
i=1t=1 1=t
(né) n_1/2 n T (g)
DY = SB[} ) Y KR (GiZKL(Gi(Z)],
=1 t=1 1=l4t
- n-l/2 1
Ry :22222&ﬂummwm
07 i1 t=1 1214t
n 2 0)) K0
—ﬂZZZ@ﬁ%MMWD7
i=1t=1 1=t

and

1/2nT T

R = T >0 D Kn(GaZi)ES, (Ga(2))

i=1t=11=I#t
_1/2 n

QﬂZZZW&%WWM»

i=1t=1 1=zt

We prove that C™(@,02) = op(1) by establishing that nge) and Dgﬂ) are op(l) un-

der Pé ), 0:qy0 88 M — 00, for fixed £, and that Rgn;e) and Rgn;e) are op(l) under the same
sequence of distributions, as £ — oo, uniformly in n. For the sake of convenience, these three

results are treated separately below (Lemmas 6.4, 6.5 and 6.6).
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Decompose D( “) into D(” 94 D§n2 ) EO[D( )] where

nol/2

n;l n 4 n
Dg,l) = 20.2 ZZ Z K (G1(Z31)) J(”l)(Gl( i)
i=1t=1 1=lt
n-1/2 n 0 0
MZZZ&G%MMWM
i=1t=1 1=lt
and
(n:0) n12 g 0)) K0 "
D1é = 202 ZZ Z Kf (G1(Zy) K f1 (G1(Z]))
% iSlt=1 1214t
n? & 0 KO 0
952 ZZ Z K Gl (Zit) K f (G1(Zy))
1=1t=11=I#t

(taking into account the independence between Z3) and (2%, Z1) under pi ). We then have

0,02,0;g1
the following.

Lemma 6.4 For any fixed £,
. A2
(i) Bo|(DV5” = Eo[DY{"])"] = o(1), as n — oo;

(ii) Eo[( (ng)) } =o0(1), as n — oo;

(iii) Dgn;z) =op(1l), as n — oo, under P‘(9 32 Oigr-

Lemma 6.5 For any fized ¢, Dg“e) =o0(1), as n — oo, under P((, ;2 Oig1”

Lemma 6.6 As { — oo, uniformly in n,

(a) Rgn;z) is op(1) under Pé 32091

(b) RW) is op(1) under Pé?;{o;gl for n sufficiently large.

Proof of Lemma 6.4 Let us begin with the second part of Lemma 6.4.
n
(ii) First note that DYE() = (n"12/20?) ZTEH;Z), where, for i =1,...,n,

=1
T T
T = 3 ST K (G2 [K(Gi(Z) - K (G(Z))]
t=1 1:l;ét
T-1
= 23 3 K{PGIZ0) K (Guz) - K (Gi(2))]
t=1 I=t+1
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are i.i.d. Using the independence, for ¢t # I, between ZJ, and (29, Z])) and the boundedness
of K](cf) , we have that

n; 2 -1 n o " -1 n n: 9
(0] = % 35w n] = 1S ()’
-1 n T-1 T
=N Y (K1) e[ () - )]
i=1 t=1 I=t+1
T—zl T v 9
+Y Y Eo|(KpGuzh)) |
t=1 I£k=t+1

xBo (K[ (G1(Z3) = K (Gu(Z)) (K (G1(Zh) - K1 (Gh(25))) |}
< 01 e {Bo[ (15720 — K7 (@Z0) ]}
Then, it only remains to be shown that Eg {(K}f)(Gl(Zﬁg)) — K}f)(Gl(ZZQk)))Q} =o0(1),asn — oo,

uniformly in k. Continuity of K](cf) o G and the fact that |Z} — ZJ| is op(1) together imply

that K(Z)(Gl(Zﬁ“)) o K}?(Gl(zg)) — Op(l) under P( n) as n — o0. Moreover, since K}f) is

f 0,02.,0;
bounde(i this Convergence to zero also holds in quadratlcgmean.
(i) Letting T{" z 2 (K3 (G1(Z3) = K{(G1(Z) | K (G1(Z)), we have
t=1 I=t+1
(i) ity _ 12 S [rp(m) (i)
D1,1 _EO[D1,1 ]: o2 Z[Tz _EO[Ti ]L
i=1
hence
_1 n
(n56) (n:6)7) > (ns6) (i) nit
Eo|(D — Eo[D = Eo||T;7 — Eo[T, V
o[ (P = moD{)] = T SB[ e ] = Zaﬂ !
-1 n 1

IN

T S E(10) ] = om|() ]

It only remains to show that Eg {(T(n’e))Q] =o0(1), as n — oc:

B[ (1)) = ZE (K (en(z) - K020 e ( S KO(cuz) ]
I=t+1
T-1t-1

T T
+23 3 Z Z o[ (K (Gr(z) - K (Ga(20))
t=2 k=1 k

~+

t4+1 s=k+1
x (Kﬁ?(GmZﬁ)) ~ K(G1(20))) K1 (Gi(Z3) K (Gu(73)]

S TZIEO[(K“) Gr(23) ~ K (G (20)) o ( > K0Gi(z) ]

I=t+1
T-1t-1 T o 0
+23° 3 > Eo[ (KR (Gu(zh) - Ky (Gi(Z0)
t=2 k=11=t+1

< (KW (Ga(z) ~ KO(@(200)) (K (Gn(z) ]
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T-1t-1

T
+2 > B (K (Gr(Zi) — K (Gi(20))) K (G (Z1)
t=2 k=11=t+1

x (K (Gi(Z1) = K (Gu(Z00)) ) K1) (Ga(20)]

T—
LYY Y Y Bo[ (K}, (Gi(Z1) — K[ (G1(28))

1 T
t=2 k=11=t+1 s#l,s,t=k+1
4 l 4
x(K{(Guzn) - K (Gi(Z0))) K (Gu(Zi) K (Gi(21)]

< G max {Bo[(KY(G(25) - K@ (20)) ]} = ol1).

1<k<T

t—1

(iii) trivially follows from (i)-(ii) and the fact that convergence in quadratic mean implies
convergence in probability. U

—1/2

Proof of Lemma 6.5. Letting B(n{) = T D S ST l#Kfl)(Gl(Zg))K(f)(Gl(Zg))
and By = o2 s ST ST KW (G1(28) K (Gr(Z3)), we have, under PYY,
nl) L T(T_l) 4 2
BY >HN(0,204 (BlK ©))) )

as n — 0o, where U stands for a random variable uniformly distributed over (0,1), and

nt) L (T -1 y4 2
B0 £ N (0, (204) (E[(K}j(U)ﬂ) ) . (6.14)
Since D™ = B{) — B _ g [BY] = op(1), it follows that, still under Pé ), Oig1?
n;l nil), L TT -1 Y 2
BY") — Eo[BY"Y) —>N(o,(204) (BlK ©))7) ) (6.15)
as n — oo. From (6.14) and (6.15), it follows that Dgn;e) = Eo[Bgn;Z)] is o(1) as n — oc. O
Proof of Lemma 6.6 (a) We have that
o[ (R}’
_1 n T-1 T (Z) o 9
T LE[(X 3 [Kn(GiZh)Kn(Gu(Z) - K(G 2K G (2)]) ]
i=1 t=1 I=t+1

-1 n T—-1 T

= TS S Bo[(Kn(GaZ) K (Gr(Z) - K@ Z)K (G (Z) ]
i=1 t=1 [=t+1
-1 T—

n 1

n

> > Eo|(Kn(Gi(Z))K(Gi(Z9)) — K (Gu(ZR) K} (Gi(Z)))
i=1 t=1 t+1<I#k<T

X (K7, (G1(Z0) K 1, (G1(2) = K (G (Z) K (G1(2))]

n_l n T-1t-1 T T
TNY Y Y Y Bo[(Kn Gz K (Gi(Z) - K(G(Z) K (Ga(2))
i=1 t=2 k=1Il=t+1s=k+1

X (K7, (G120 K7, (G1(20)) — K (Gr(Zg) K} (Gr(Z2))) |
=: A1+ As + A3, say.
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Using the fact that EO[K}f)(Gl(ZZ%))] = o(1) as ¢ — oo, uniformly in n and for all ¢ and 4, it
follows that As and As are o(1) as ¢ — oo, uniformly in n and it only remains to show that A
is 0(1) as £ — oo, uniformly in n. Now, we have that

— n T-1 T
Ar = U:Z > Eo| (Kn (Gr(Z0) K1 (Gi(20) - K (G (Z5) K (G (2)]
i=1 t=1 [=t+1
pl o T-1 T 1
iy ;t:”tzﬂ /0 ; (Kfl(U)Kfl(v)—K}f)(u)K}f)(v))zdudv
_ 1 rl1
= T(;z;l) /0 /0 (K g (w) K, (v) - }f)(u)K}f)(u))gdudv. (6.16)

Since K](cf) (u)KJ(cf) (v) converges to Ky, (u) Ky, (v) for all (u,v) € (0,1) % (0, 1), and since |Kj(ff) (u)]
is bounded by Ky, (u)| for all £ > L, the integrand in (6.16) is bounded (uniformly in ¢)
by 4| K, (u)|*| Ky, (v)|?, which is integrable on (0,1) x (0,1). The Lebesgue dominated conver-
gence theorem implies that A; = o(1) as ¢ — oo, uniformly in n.

(b) The claim here is the same as in (a), except that Z% replaces Z3. Accordingly, (b) holds

under P(nz » .- Thatis also holds under P(n)2 . follows from Lemma 3.5 in Jure¢kova (1969). OJ
6(™),02,0;01 0,02,0;91
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