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Abstract: A new nonparametric quantile regression method based on the concept of optimal
quantization was developed recently and was showed to provide estimators that often dominate
their classical, kernel-type, competitors. The construction, however, remains limited to single-
output quantile regression. In the present work, we therefore extend the quantization-based
quantile regression method to the multiple-output context. We show how quantization allows
to approximate population multiple-output regression quantiles based on halfspace depth. We
prove that this approximation becomes arbitrarily accurate as the size of the quantization grid
goes to infinity. We also consider a sample version of the proposed regression quantiles and derive
a weak consistency result. Through simulations, we compare the performances of the proposed
estimators with (local constant and local bilinear) kernel competitors. We also compare the
corresponding sample quantile regions. The results reveal that the proposed quantization-based
estimators, which are local constant in nature, outperform their kernel counterparts and even

often dominate their local bilinear kernel competitors.
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1 Introduction

Since its introduction in the seminal paper Koenker and Bassett (1978), quantile regres-
sion has met a tremendous success. Unlike standard least squares regression that focuses
on the mean of a scalar response Y conditional on a d-dimensional covariate X, quan-
tile regression is after the corresponding conditional quantile of any order a € (0,1),

hence provides a thorough description of the conditional distribution of the response. It
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is well-known that quantile regression, as an L;-type method, dominates least squares
regression methods in terms of robustness, while remaining very light on the compu-
tational side since it relies on linear programming methods. Quantile regression was
first defined for linear regression but was later extended to nonlinear/nonparametric
regression. For a modern account of quantile regression, we refer to the monograph

Koenker (2005).

Quantile regression for long has been restricted to the single-output (that is, uni-
variate response) context. The reason is of course that, due to the lack of a canonical
ordering in R™ (m > 1), there is no universally accepted definition of multivariate
quantile. In the last two decades, the problem of defining a suitable concept of mul-
tivariate quantile has been an active research topic. Chaudhuri (1996) proposed a
concept of geometric quantiles whose corresponding quantile regions coincide with the
spatial depth regions; see, e.g., Serfling (2010). These quantiles are suitable in large
dimensions and even in general Hilbert spaces, which makes them applicable to high-
dimensional or functional data. They have been used in a quantile regression frame-
work, even in the functional case; see, e.g., Chakraborty (2003), Cheng and De Gooijer
(2007), Chaouch and Laib (2013, 2015) and Chowdhury and Chaudhuri (2016). Al-
though they can be made affine-equivariant through a transformation-retransformation
approach (see Chakraborty, 2001, 2003), geometric (regression) quantiles intrinsically
are orthogonal-equivariant only. An alternative definition of multivariate quantile, that
is affine-equivariant and still enjoys all properties usually expected from a quantile, was
proposed in Hallin et al. (2010). The corresponding quantiles, unlike geometric ones,
are related to the (Tukey, 1975) halfspace depth. Very recently, multivariate quantiles
that enjoy even stronger equivariance properties and are still connected with appropri-
ate depth functions, but that are much harder to compute in practice, were proposed
and used for multiple-output quantile regression; see, e.g., Carlier et al. (2016, 2017)

and Chernozhukov et al. (2017).

In this paper, we focus on the affine-equivariant quantiles from Hallin et al. (2010)
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and on their use in a nonparametric regression framework. These quantiles were al-
ready used in this framework in Hallin et al. (2015) — hereafter, HLPS15 — where a
(local constant and local bilinear) kernel approach was adopted. The resulting regres-
sion quantiles thus extend to the multiple-output setup the single-output (local constant
and local linear) kernel regression quantiles from Yu and Jones (1998). Kernel methods,
however, are not the only smoothing techniques that can be used to perform nonpara-
metric quantile regression. In the single-output context, Charlier et al. (2015a) indeed
recently showed that nonparametric quantile regression can alternatively be based on
optimal quantization, which is a method that provides a suitable discretization XN
of size N of the d-dimensional, typically continuous, covariate X. As demonstrated in
Charlier et al. (2015b) through simulations, this quantization approach provides sample
regression quantiles that often dominate their kernel competitors in terms of integrated

square errors.

This dominance of quantization-based regression quantiles over their kernel com-
petitors provides a natural motivation to try and define quantization-based analogs of
the kernel multiple-output regression quantiles from HLPS15. This is the objective
of the present paper. While this objective, conceptually, can be achieved by apply-
ing the quantization-based regression methodology from Charlier et al. (2015a) to the
multiple-ouput regression quantiles from HLPS15, establishing theoretical guarantees
for the resulting regression quantiles is highly non-trivial (as we explain below) and

requires the highly technical proofs to be found in the appendix of the present paper.

The paper is organized as follows. Section 2 describes the multivariate quantiles
(Section 2.1) and multiple-output regression quantiles (Section 2.2) that will be con-
sidered in this work. Section 3 explains how these can be approximated through op-
timal quantization and shows that the approximation becomes arbitrarily accurate as
the number N of grid points used in the quantization goes to infinity. Section 4 de-
fines the corresponding sample quantization-based regression quantiles and establishes

their consistency (for the fixed-N approximation of multiple-output regression quan-
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tiles). Section 5 is devoted to numerical results : first, a data-driven method to select
the smoothing parameter N is described (Section 5.1). Then, a comparison with the
kernel-based competitors from HLPS15 is performed, based on empirical integrated
square errors and on visual inspection of the resulting conditional quantile regions

(Section 5.2). Finally, Section 6 concludes.

2 The multiple-output regression quantiles considered

As mentioned above, the main objective of this paper is to estimate through optimal
quantization the population multiple-output regression quantiles from HLPS15. These
regression quantiles are the conditional version of the multivariate quantiles from Hallin
et al. (2010). To make the paper self-contained, we start by describing these two types

of quantiles.

2.1 The multivariate quantiles considered

The multivariate quantiles from Hallin et al. (2010) are indexed by a vector a ranging
over B™ := {y € R™ : 0 < |y| < 1}, the open unit ball of R™ deprived of the origin
(throughout, | - | denotes the Euclidean norm). This index a factorizes into o = awu,
with o = || € (0,1) and w € ™' := {y € R™ : |y| = 1}. Letting I';, be an arbitrary
m X (m — 1) matrix whose columns form, jointly with w, an orthonormal basis of R,

the multivariate quantiles we consider in this paper are defined as follows.

Definition 1. Let Y be a random m-vector, with probability distribution Py, say, and
fix a = au € B™. Then the a-quantile of Y, or order-a quantile of Y in direction u,

is any element of the collection of hyperplanes

/

o =ma(Py) = {y e R" :u'y = ,T,y + au}
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with

(07%% .
qa = ( ) = arg mln(a’c/)/eRmE[,Oa(Yu - C/Yul - CL)], (1)
Co

where YV, := 'Y, Y, == IY and 2z — p,(2) := z(a — [.g) is the usual check

function (throughout, I4 is the indicator function of A).

The multivariate quantile 7r,, is nothing but the Koenker and Bassett (1978) order-«
regression quantile hyperplane obtained when L vertical deviations are computed in
the direction u. Two direct consequences are the following. First, unlike many com-
peting concepts of multivariate quantiles, such as, e.g., the geometric quantiles from
Chaudhuri (1996), the multivariate quantile considered are hyperplane-valued rather
than point-valued (of course, the difference is relevant for m > 1 only). This potentially
allows to use multivariate quantiles as critical values, in relation with the fact that a
(point-valued) test statistic T would take its value "above" (w/T" > ¢, I, T+ag,) or "be-
low" (0T < €, T T + as) the quantile hyperplane m,. Second, like many competing
quantiles, they are directional quantiles but are related to the direction in a non-trivial
way: the quantile hyperplane in direction u will generally not be orthogonal to w (just
like the point-valued geometric quantiles in direction w will generally not belong to the
halfline with direction w originating from the corresponding median, namely the spatial
median).

For fixed a € (O, %), the collection of multivariate quantiles 7, provides the cen-
trality region

R = Nuesni {y €R™ : 0y >\, Tyt + Gou ), (2)

au— u

that, as showed in Hallin et al. (2010), coincides with the order-a halfspace depth region
of Py (that is, with the set of y’s whose halfspace depth D(y, Py ) = inf,cgm-1 Plu/(Y —
y) > 0] is larger than or equal to «); see Tukey (1975). In the univariate case (m = 1),
the quantile hyperplane 7, reduces, for u = 1 (resp., for u = —1), to the usual a-
quantile (resp., (1 — a)-quantile) of Py, and R, then coincides with the interval whose

end points are these two quantiles. Halfspace depth regions provide a very informative
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description of the distribution of Y and allow to perform robust nonparametric infer-
ence for various problems; see, e.g., Liu et al. (1999). It should be noted that other
definitions of multivariate quantiles are linked to different concepts of statistical depth;
for instance, as already mentioned, the regions resulting from the geometric quantiles

from Chaudhuri (1996) coincide with spatial depth regions; see, e.g., Serfling (2010).

2.2 The multiple-output regression quantiles considered

Consider now the regression framework where the random m-vector Y from the pre-
vious section is regarded as a vector of response variables and where a d-vector X of
random covariates is available. Still with @ = au € B™, the regression a-quantile of Y
given X = x we are after, namely the one from HLPS15, is then the cartesian prod-
uct of {x} with the quantile hyperplane 7, (Py|x=,) associated with the conditional

distribution of Y upon X = x. More specifically, we adopt the following definition.

Definition 2. Fix o € B™. The (regression) a-quantile of Y given X = x, or
(regression) order-a quantile of Y given X = x in direction w, is any element of the

collection of hyperplanes
Taw = Taue = {(€,y) ERT X R™ : u'y = ¢, ,T\,y + das}

with

aa x .
dox = ( ’ ) = arg min, oy egm E[pa(Yu — Y, —a)|X =z, (3)

b
Co,x

where we still let Y, ;= v'Y and Y, :=TY.

Parallel to what was done in the location case, (regression) a-quantile regions can
be obtained by considering the envelopes of the regression quantiles 7, , for fixed a.

More precisely, for any « € (0, %), the fixed-x order-a regression quantile region is

Res = ﬂuesmq{y eER":uy>c,, oY+ aau,m}; (4)

au,x
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as in the previous section, this region coincides with the order-a halfspace depth re-
gion of Py x—5. When considering all values of x, these fixed-x regions generate the

nonparametric a-quantile/depth regions

Ro = Usesa ({2} % Ras),

which provide nested regression "tubes" indexed by . Note that the regression quantile
regions I?, , are obtained by considering all directions w in the Y -space R™ and not
all directions in the (X,Y)-space R¥™  which is in line with the fact that conditional
quantiles of Y remain quantiles of the m-variate quantity Y.

In the single-output case m = 1, the hypersurface Uycrama o associated with a@ =
au = a (u = 1) is the standard conditional a-quantile surface Ugepa{(, @n o)} (here,
Qo 1s the usual a-quantile of Y given X = x), so that the multiple-output regression
quantiles from Definition 2 provide an extension of the classical single-output ones.
The corresponding fixed-x regression quantile region R, , is the interval [Gnq, @1—az)
and, for a € (0, %), the resulting nonparametric a-quantile region R,, is then the subset
of R%*! between the quantile conditional hypersurfaces of orders a and 1 — «, that is,
between Ugcra{ (2, ta )} and Ugyere{(T, @1-0.z)}-

We close this section with the following technical points. If Pyx—, is absolutely
continuous with respect to the Lebesgue measure on R, with a density that has a
connected support and admits finite first-order moments, the minimization problem
in (3) admits a unique solution; see Hallin et al. (2010). Moreover, (a,c') — Gqc(x) =

E[pa(Yy — ¢Y;" — a)|X = x] is then convex and continuously differentiable on R™.

/

wz) 18 alternatively characterized

Therefore, under these asumptions, q, ., = (Gax,C

as the unique solution of the system of equations
04Gac(@) = PUY <a+ T, Y| X =x2]—a=0 (5)
cha’C<w> = E[F;Y(Oé — H[u’Y<a+c’I‘;LY]) ‘X = :B] = 07 (6)

see Lemma 4 in Appendix A. As we will see in the sequel, twice differentiability of

(a,c) + G, () actually requires slightly stronger assumptions.
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3 Quantization-based multiple-output regression quan-

tiles

Nonparametric single-output quantile regression is classically performed through kernel
smoothing (Yu and Jones, 1998). An alternative approach, that relies on the concept of
optimal quantization, was recently proposed in Charlier et al. (2015a) and was showed
in Charlier et al. (2015b) to dominate kernel methods in finite samples. As explained
in Charlier et al. (2015b), the dominance of quantization-based quantile regression
methods over kernel smoothing ones can be explained by the fact that the amount
of smoothing is usually fixed globally for kernel methods (that is, the bandwidth is
constant all over the covariate space) whereas the subtle geometry of optimal quanti-
zation grids (see below) de facto leads to smooth more in some part of the covariate
space than in others. The efficiency of quantization-based quantile regression methods
in single-output situations provides a strong motivation to extend these methods to

multiple-output problems, which is the topic of this section.

We start by defining optimal quantization. For any fixed N € No(:= {1,2,...}),
quantization replaces the random d-vector X by a discrete version )Z"YN = Proj~(X)
obtained by projecting X onto the N-quantization grid v~ (€ (R%)Y). The quantization
grid is optimal if it minimizes the quantization error ||5(7N — X||,, where ||Z]|, :=
(E[|Z|*])¥/? denotes the L,-norm of Z. Existence (but not unicity) of such an optimal
grid is guaranteed if the distribution of X does not charge any hyperplane; see, e.g.,
Pages (1998). In the sequel, )NCN will denote the projection of X onto an arbitrary
optimal N-grid. This approximation becomes more and more precise as N increases
since H)~(N — X|l, = O(N~Y4) as N — o0; see, e.g., Graf and Luschgy (2000). More
details on optimal quantization can be found in Pagés (1998), Pagés and Printems

(2003) or Graf and Luschgy (2000).

Now, let p > 1 such that || X ||, < co and let 4"V be an optimal quantization grid.

8



MULTIPLE-OUTPUT QR THROUGH QUANTIZATION

Replacing X in (3) by its prOJectlonX onto vV leads to considering

aN ~N
o= (157 ) ~agming ey BV - ¥~ 0l =3l (0
Ca,w

where & denotes the projection of & onto vV. A quantization-based approximation of
the multiple-output regression quantile from Definition 2 above is thus any hyperplane

of the form
7l = {(@,y) eER' xR :u'y = (5 ) TLy +an, }-

This quantization-based quantile being entirely characterized by 6£@, we will investi-
~ . >N .

gate the quality of this approximation through qg@. Since X — X goes to zero in

L,-norm as N goes to infinity, we may expect that Gg x — Qo x also converges to zero

in an appropriate sense. To formalize this, the following assumptions are needed.

AsSUMPTION (A) (i) The random vector (X, Y") is generated through Y = M (X, e),
where the d-dimensional covariate vector X and the m-dimensional error vector € are
mutually independent; (ii) the support Sx of the distribution Px of X is compact;
(iii) denoting by GL,,(R) the set of m x m invertible real matrices, the link function
M : Sx x R™ — R™ is of the form (z,2z) — M(x,z) = M, + M.z, where the
functions M, . : Sx — R™ and M,,. : Sx — GL,,(R) are Lipschitz with respect to the
Euclidean norm and operator norm, respectively (see below); (iv) the distribution Px
of X does not charge any hyperplane; (v) the distribution P. of € admits finite pth

order moments, that is, [e[[l = E[|e]?] < oc.

For the sake of clarity, we make precise that the Lipschitz properties of M, . and M, .

in Assumption (A)(iii) mean that there exist constants C},Cy > 0 such that

vV, Ty € Rd, ‘Ma,ml - Ma,a:2| < 01’531 - $2|, (8)
VI, s € Rda ||Mb,m1 - Mb,mQH < Cyley — @9, 9)
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where ||A| = sup,egm-1 |Au| denotes the operator norm of A. The smallest con-
stant C (resp., Cs) that satisfies (8) (resp., (9)) will be denoted as [M, |, (resp.,

[M}]Lip). We will also need the following assumption, that ensures in particular that

the mapping (a, ')’ — G,.c(x) is twice continuously differentiable (see Lemma 4).

AssuMPTION (B) The distribution of € is absolutely continuous with respect to the
Lebesgue measure on R™, with a density f¢ : R™ — R{ that is bounded, has a con-
nected support, admits finite second-order moments, and satisfies, for some constants
C>0,r>m-—1and s >0,

)—(3+r+s)/2

|f€(z1) _fE(ZQ)’ S C‘Zl —Z2’S(1+%’21+Z2’2 , (10)

for all z1,z, € R™.

This assumption is an extremely slight reinforcement of Assumption (A!)) in Hallin
et al. (2010); more precisely, Assumption (B) above is obtained by replacing the condi-
tion 7 > m—2 from Hallin et al. (2010) into r > m —1, which we had to do for technical
reasons. The resulting Lipschitz-type condition (10) remains very mild, though, and in
particular it is satisfied (with s = 1) as soon as f€ is continuously differentiable and

that there exists a positive constant C' and an invertible m x m matrix A such that

sup |[Vfe(z)| < C(1+ RQ)*("H)/2
Az>R

for any R > 0. This implies that Condition (10) is satisfied with s = 1 at the multi-
normal distributions and at ¢ distributions with v > 2 degrees of freedom. We insist,
however, that Condition (10) actually does not require that f€ is everywhere continu-
ously differentiable.

We can now state one of the main results of the paper (the proof is deferred to

Appendix A).

Theorem 1. Let Assumptions (A) and (B) hold. Then, for any o € B™,

sup ‘ag,w - qa,m’ — 07
reESx

10
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as N — oo.

This result confirms that, as the size N of the optimal quantization grid goes to
infinity, the quantization-based approximation agm of q,, , becomes arbitrarily precise.
Clearly, the approximation is actually uniform in 2. This makes it natural to try and
define, whenever observations are available, a sample version of ng that will then be
an estimator of q,, , from which one will be able to obtain in particular sample versions

of the regression quantile regions R, . in (4).

4 Sample quantization-based multiple-output regres-

sion quantiles

We now consider the problem of defining, from independent copies (X3, Y7),. .., (X,, Y,)
of (X,Y), a sample version ngz of the quantization-based regression quantile coeffi-

cients ’(jgw in (7).

4.1 Definition of the estimator

No closed form is available for an optimal quantization grid, except in some very par-
ticular cases. The definition of ag: thus first requires constructing an (approximate)
optimal grid. This may be done through a stochastic gradient algorithm, which pro-
ceeds as follows to quantize a d-dimensional random vector X.

Let (£"),en, be a sequence of independent copies of X, and let (0;)ien, be a de-

o0

terministic sequence in (0,1) satisfying Y 2, & = +oo and > .~ 67 < +o00. Starting
from an initial N-grid 4™ with pairwise distinct components, the algorithm recursively

defines the grid ﬁN’t, t € Ny, as

0.
’AYN7t — PA)IN,t—l . évmdzl)v(;yN,t—l?Et)’

11
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where V,d% (x, €) is the gradient with respect to the x-component of the so-called local
quantization error di(x,€) = mini—, _y |x; — &P, with € = (x4,...,zy) € (RD)Y and
€ e RY. Since (Vodiy(x,€)); = pla; — EP2(2; — €)jpi—proj ¢)), ¢ = 1, .., N, two con-

Nt=1and 4™ differ by one point only, namely the point corresponding

secutive grids 4
to the non-zero component of this gradient. The reader can refer to Pages (1998), Pages
and Printems (2003) or Graf and Luschgy (2000) for more details on this algorithm,
which, for p = 2, is known as the Competitive Learning Vector Quantization (CLVQ)

algorithm.

The construction of ?jg;‘ then proceeds in two steps.

n “optimal” quantization grid is obtained from the algorithm above. First, an
S1) An “optimal” tizati id is obtained f the algorithm ab First
initial grid 4™ is selected by sampling randomly without replacement among the
X,’s, under the constraint that the same value cannot be picked more than once (a
constraint that is relevant only if there are ties in the X;’s). Second, n iterations
of the algorithm are performed, based on &' = X, for t = 1,...,n. The resulting
~N.n - N,n)

optimal grid is denoted as 4" = (&", ..., &)

(S2) The approximation ?jgw = argming ¢y E[po ('Y — ¢T,Y —a)|X = & in (7)
is then estimated by

SO . .
qg’x = ( AN’m‘ ) = arg n’lln(a’c/)/eRm Z pa(u/Yi — C,]‘_‘qui — a)]I[XiN::i]’ (11)
a,x =1

N ’\N7TL . ~ ~N.n .
where X; =X, = Projsn.(X;) and £ = 27" = Projsna(x).

An estimator of the multiple-output regression quantiles from Definition 2 is then

any hyperplane of the form

Taw = {(@,y) ERT X R" 1 u'y = (€5) Ty +aln}.

o,

. . . . . . ~N,n ~N,n
Since this estimator is entirely characterized by ¢, we may focus on g, when

investigating the properties of these sample quantiles. We will show that, for fixed N (€

12
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Np) and z(e Sx), ag; is a weakly consistent estimator for ?jgw The result requires

restricting to p = 2 and reinforcing Assumption (A) into the following assumption.

ASSUMPTION (A)’ Same as Assumption (A), but with Assumption (A)(iv) replaced

by the following : Px is absolutely continuous with respect to the Lebesgue measure

on R
We then have the following result (see Appendix B for the proof).

Theorem 2. Let Assumption (A)" hold. Then, for any o € B™, € Sx and N € Ny,

~N ~N
‘qa”; - qa@‘ —0 asn— o

in probability, provided that quantization is based on p = 2.

At first glance, Theorems 1-2 may appear as simple extensions, to the multiple-
output case, of the corresponding single-output results in Charlier et al. (2015a). We
would like to stress, however, that this extension is by no means trivial and requires
different proof techniques. The main reason for this is that the concept of multiple-
output regression quantiles considered is actually associated with a single-output quan-
tile regression not only on the covariate vector X but (as soon as m > 1) also on
the response-based quantity YuL; this makes the problem of a different nature for the
single-output case (m = 1) and for the multiple-output one (m > 1). Another reason
is that, in the multiple-output case, g, is not a scalar but a vector, which makes
the proof more complex as it requires, e.g., to use Hessian matrices and eigenvalues
theory where, in single-output problems, classical optimization theory could be based

on second derivatives.

4.2 A bootstrap modification

For small sample sizes, the stochastic gradient algorithm above is likely to provide a

grid that is far from being optimal, which may have a negative impact on the proposed

13
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sample quantiles. To improve on this, we propose the same bootstrap approach as the

one adopted in the single-output context by Charlier et al. (2015a,b) :

(S1) For some integer B, we first generate B samples of size n with replacement from
the initial sample X, ..., X, that we denote as {&}, t =1,...,n},b=1,...,B.
We also generate initial grids '?,])V Y as above, by sampling randomly among the
corresponding {£5, ¢t = 1,...,n} under the constraints that the N values are
pairwise distinct. We then perform B times the CLVQ algorithm with iterations
based on {&},t = 1,...,n} and with initial grid 'Ayév’o. This provides B optimal
grids 47", b=1,..., B (each of size N).

(S2) Each of these grids is then used to estimate multiple-output regression quantiles.
Working again with the original sample (X;,Y5;), i = 1,...,n, we project the
X-part onto the grids 'Sfévn, b=1,...,B. Therefore, (11) provides B estimates
of q, 4, denoted as (}g’)’N’", b=1,...,B. This leads to the bootstrap estimator

T
1B
~Nn _ — ~(b),N,n
qa,m - B Z qa,m ’ (12>
b=1
obtained by averaging these B estimates.

Denoting by Ra@ the resulting sample quantile regions (see Section 5.2.3 for more
details), the parameter B should be chosen large enough to smooth the mappings x
Ra’m, but not too large to keep the computational burden under control. We use
B =50 or B =100 in the sequel. The choice of N, that plays the role of the smoothing
parameter in the nonparametric regression method considered, has an important impact

on the proposed estimators and is discussed in the next section.

5 Numerical results

In this section, we explore the numerical performances of the proposed estimators. We

first introduce in Section 5.1 a data-driven method for selecting the size IV of the quan-

14
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tization grid. In Section 5.2, we then compare the proposed (bootstrap) quantization-

based estimators with their kernel-type competitors from HLPS15.

5.1 Data-driven selection of N

In this section, we extend the N-selection criterion developed in Charlier et al. (2015b)
to the present multiple-output context. This criterion is based on the minimization
of an empirical integrated square error (ISE) quantity that is essentially convex in IV,
which allows to identify an optimal value N,y of N.

Let @1, ...,x; be values of interest in Sx and wuq,...,ux be directions of interest
in S™~!, with J, K finite. The procedure to select N works as follows. For any combina-
tion of &; and wuy, we first compute g z; =1 Zszl q vaw” from B bootstrap samples
as above. We then generate B further samples of size n with replacement from the ini-
tial sample X, ..., X,,, and we perform B times the CLVQ algorithm with iterations
based on these samples. This provides B optimal quantization grids. Working again
with the original sample (X;,Y;), i =1,...,n and using the bth grid, (11) provides B

new estimations, denoted q&i’:lg N h—=1,..., B. We then consider

— 1
ISE, p 5k (N) = =7 Z ( Z ( Z ’qaukij qoi;ba):]Nn} ))

To make the notation lighter, we simply denote these integrated square errors as I/SI\EQ(N )
(throughout, our numerical results will be based on m = 2, B =30and K equispaced
directions in 8'; the values of B, K and xy,. ..,z ; will be made precise in each case).

These sample ISEs are to be minimized in N. Since not all values of N can be

considered in practice, we rather consider

~

Na;opt = arg ]I\}léjl\l[ I/SI\EQ(N)a (13)

where the cardinality of N'(C Np) is finite and may be chosen as a function of n.
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Figure 1: Plot of the mappings N — ISEq(N) (a = 0.2,0.4) with B = 50, B = 30 and K = 40,
averaged over 100 mutually independent replications of Model (M1) with sample size n = 999.

For illustration purposes, we simulated random samples of size n = 999 according

to the model
(M1) (Y1,Ys) = (X, XZ) + (1+ X2)€,

where X ~ U([-2,2]), € has independent N (0,1/4) marginals, and X and e are in-
dependent. It is easy to check that this model satisfies Assumptions (A)" and (B).
Figure 1 plots, for @« = 0.2 and a = 0.4, the graphs of N — IS/EQ(N), where the ISEs
are based on B =50, K =40 and x; = —1.89, 29 = —1.83, 23 = —1.77,...,2; = 1.89
(more precisely, the figure shows the average of the corresponding graphs, computed
from 100 mutually independent replications). It is seen that ISE curves are indeed

essentially convex in N and allow to select N equal to 10 for both values of a.

5.2 Comparison with competitors

In this section, we investigate the numerical performances of our estimator g\”. In

Section 5.2.1, we first define the competitors that will be considered. Then we compare

16
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the respective ISEs through simulations (Section 5.2.2) and show how the estimated

quantile regions compare on a given sample (Section 5.2.3).

5.2.1 The competitors considered

The main competitors are the local constant and local bilinear estimators from HLPS15,
that extend to the multiple-output setting the local constant and local linear estima-
tors of Yu and Jones (1998), respectively. To describe these estimators, fix a kernel
function K : R — R* and a bandwidth h. Writing ¥, := «'Y; and Yzi :=T"Y;, the

local constant estimator is then the minimizer q, ., = (@5, .., (Cs ..)")" of

- Xl_ ! ve : c 1
qH;K( - a:)pa(}{u—quu), with XZUZ(YTJ;) (14)

%

~0

As for the local (bi)linear estimator Gﬁw = (Ug !

(Eﬁyw)’)’, its transpose vector (&iw)

is given by the first row of the (d + 1) x m matrix Q that minimizes

n Xz_m .y, ) ¢ 1 1

As explained in HLPS15, the local bilinear approach is more informative than the
local constant one and should be more reliable close to the boundary of the covariate
support. However, the price to pay is an increase of the covariate space dimension (X,
is of dimension m, whereas X, is of dimension m(d+1)). We refer to HLPS15 for more
details on these approaches.

In the sequel, we consider d = 1 and m = 2 in order to provide graphical repre-
sentations of the corresponding quantile regions. The kernel K will be the density of
the bivariate standard Gaussian distribution and we choose, as in most applications in

HLPS15,
38y
=~

(16)
where s, stands for the empirical standard deviation of X;,..., X,,.

17
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5.2.2 Comparison of ISEs

We now compare our bootstrap estimators with the competitors above in terms of ISEs.

To do so, we generated 500 independent samples of size n = 999 from

(M1) (11,Y2) = (X, X?) + (14 X?)ey,
(M2) (Y1,Y2) = (X, X?) + ey,
(M3) (V,Y2) = (X, X2) + (1+ 3 (sin (2X)))es,

where X ~ U([—2,2]), &; has independent A(0,1/4) marginals, €5 has independent
N (0, 1) marginals, and X is independent of €; and &5. These models, that were already
considered in HLPS15, are easily checked to satisfy Assumptions (A)’ and (B).

Both the proposed quantization-based quantiles and their competitors are indexed
by a scalar order a € (0,1) and a direction w € S'. In this section, we compare
efficiencies when estimating a given conditional quantile q,,, .. In the sequel, we still
work with a = 0.2,0.4 and we fix u = (0,1)".

For each replication in each model, the various quantile estimators were computed,
based on the bandwidth A in (16) for the HLPSI15 estimators and based on B =
100 and the N-selection procedure described in Section 5.1 (with z; = —1.89, 29 =
—1.83,...,x; = 1.89, N = {10,15,20} and K = 1 direction, namely the direc-
tion w = (0,1)" above) for the quantization-based estimators. For each estimator,
we then evaluated

J J

Z . 2 Z . 2
a C
ISEQ = (aau,xj — aau,xj) and ISEQ = (CO(’I_L’JJJ' - Cau,acj) )
j=1 j=1

. o o _ . -~ ~Nn -c
still for z; = —1.89, 20 = —1.83,...,2; = 1.89; here, Gnu,,; stands for Uitz > O, OF
~0 -~ ~N,n ~c ~0 4
Uz, AN Coug; fOr Coilly ) Coy g, OF Coqy g~ Figure 2 reports, for each model and each

estimator, the boxplots of ISE{, and ISE, obtained from the 500 replications considered.
Results reveal that the proposed estimator cjg”;’ and the local bilinear estimator Zjﬁx

perform significantly better than the local constant estimator Ej;m, particularly for the

18



MULTIPLE-OUTPUT QR THROUGH QUANTIZATION

estimation of the first component aq, of q, . In most cases, the proposed estima-

N,n
a,r

tor q.’" actually also dominates the local bilinear one (/jix (the only cases where the

opposite holds relate to the estimation of ¢, , and the difference of performance is then

—~N,n

o 18 local

really small). It should be noted that the quantization-based estimator
constant in nature, which makes it remarkable that it behaves well in terms of ISE

compared to its local bilinear kernel competitor.

5.2.3 Comparison of sample quantile regions

As explained in HLPS15, the regression quantile regions R, in (4) are extremely
informative about the conditional distribution of the response, which makes it desirable
to obtain well-behaved estimations of these regions. That is why we now compare the
sample regions obtained from the proposed quantization-based quantile estimators with
the kernel ones from HLPS15. Trrespective of the quantile coefficient estimators q,,,, ,, =

A A~/ . . .
(o, Chy ) used, the corresponding sample regions are obtained as

~

/

Ro g = mueS;‘nfl{y cR™ - U'y > éau’ml'"uy + dau’w},

where Sj2! is a finite subset of S™!; compare with (4).

We considered a random sample of size n = 999 from Model (M1) and computed, for
the various estimation methods, R(m for « = 0.2,0.4 and for x = —1.89, —1.83, —1.77,
..., 1.89; in each case, S~ = S} is made of 360 equispaced directions in S'. For the
kernel-based estimators,, we did not select h following the data-driven procedure men-
tioned in Section 5.2.1, but chose it equal to 0.37, as proposed in HLPS15, Figure 3. For
the quantization-based estimators, N was selected according to the data-driven method
from Section 5.1 (with B = 100, K = 360, N’ = {5, 10, 15,20}, and still z; = —1.89,
re = —1.83, ..., x; = 1.89), which led to the optimal value N = 10. The resulting
sample quantile regions, obtained from the quantization-based method and from the
local constant and local bilinear kernel ones, are plotted in Figure 3. For comparison

purposes, the population quantile regions R, , are also reported there. We observe that
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Figure 2: Boxplots, for a = 0.2,0.4 and u = (0,1)’, of ISE? (left) and of ISES, (right) for various
conditional quantile estimators obtained from 500 independent random samples according to Mod-
els (M1) (top), (M2) (middle) and (M3) (bottom), with size n = 999. The estimators considered are
the quantization-based estimator g% (in blue), the local bilinear estimator lfix (in purple) and the

local constant estimator g, , (in red).
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the quantization-based and local bilinear methods provide quantile regions that are nice
and close to the population ones. They succeed in particular in catching the underlying
heteroscedasticity. Clearly, they perform better than the local constant methods close
to the boundary of the covariate range. While the local (bi)linear methods, as already
mentioned, are known to exhibit good boundary behaviour, it is surprising that the
quantization-based method also behaves well in this respect, since this method is of a
local constant nature. Finally, it should be noted that, unlike the smoothing parame-
ter of the local constant/bilinear methods (namely, k), that of the quantization-based

method (namely, V) was chosen in a fully data-driven way.

6 Summary and perspectives for future research

In this paper, we defined new nonparametric estimators of the multiple-output regres-
sion quantiles proposed in HLPS15. The main idea is to perform localization through
the concept of optimal quantization rather than through standard kernel methods.
We derived consistency results that generalize to the multiple-output context those
obtained in Charlier et al. (2015a). Moreover, the good empirical efficiency proper-
ties of quantization-based quantiles showed in Charlier et al. (2015b) extend to the
multiple-output context. In particular, the proposed quantization-based sample quan-
tiles, that are local constant in nature, outperform their kernel-based counterparts,
both in terms of integrated square errors and in terms of visual inspection of the cor-
responding quantile regions. The proposed quantiles actually perform as well as (and
sometimes even strictly dominate) the local bilinear kernel estimators from HLPSI15.
The data-driven selection procedure we proposed for the smoothing parameter N in-
volved in the quantization-based method allows to make the estimation fully automatic.
Our estimation procedure was actually implemented in R and the code is available from
the authors on simple request.

We conclude by stating a few open problems that are left for future research. In
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Y2
Y2

Y2
Y2

s 0 s : 0 :
Ys v,
() (d)
Figure 3: (a)-(c) The sample quantile regions Ra,, for o = 02,04 and z =

—1.89,—-1.83,—-1.77,...,1.89, computed from a random sample of size n = 999 from Model (M1)
by using (a) the quantization-based method, (b) the local constant kernel method, and (c¢) the local

bilinear kernel one. (d) The corresponding population quantile regions Ry ;.
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principle, Theorem 1 and Theorem 2 could be combined to provide an asymptotic result

stating that aﬁ’; —qq.| — 0 as n — oo in probability, with N = N,, going to infinity

at an appropriate rate. However, obtaining such a result is extremely delicate, since

all convergence results available for the CLVQ algorithm are as n — oo with N fixed.

Obviously, once such a weak consistency is proved, another challenging task would be
~Nn

to derive the asymptotic distribution of g, and to design confidence zones for the

population quantity q,, -
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A Proof of Theorem 1

The proof requires several lemmas. First, recall that G,c(x) = E[pa(Yy — Y- —

a)]|X = x| and consider the corresponding quantized quantity éavc(:i:) = E[pa(Ya —

c’YuL — a)\)?N = z|. Since q,, = (o, cﬁx’m)’ and Gg$ = (55@, (Eg@)/)’ are defined

as the vectors achieving the minimum of G, .(x) and éa,c(ﬁz) respectively, we naturally

start controlling the distance between G (&) and Gqe(e). This is achieved below in
-

Lemma 5, whose proof requires the following preliminary lemmas. Throughout this

appendix, C'is a constant that may vary from line to line.
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Lemma 1. Let Assumption (A) hold and fir o = au € B™, a € R and ¢ € R™1L,
Then for x1,@2 € RY, |Gye(®1) — Gae(®s)| < max(a,1 — a)y/1+ |2 ([M, Jup +

(M, Juipllell)]@: — .

Proof. For x;,x; € R, we have

|Gae(®1) = Gac(2)]
= |E[pa(Yu — €Y;" — a)| X = 1] — E[po (Yo — CY," — a)| X = x|
= |Elpa((u — Tue) M (X, €) — a)|X = x1] — E[pa((u — Tue) M(X, &) — )| X = 2|
= |Elpa((u — Tue) M(x1,€) — a) — pa((u — Tuc) M (x2,€) — a)],

where we used the independence of X and e. Using the fact that p, is a Lipschitz
function with Lipschitz constant [p,]Lip := max(a, 1 — «), then the Cauchy-Schwarz

inequality, this yields

Guel1) = Gae(@s)] < [Pl (1 — Tue) (M(zr, €) — M(as, )]
< [paluip|u — Tuc| E[[M (21, €) — M (25, )]
< [paluipl(w, Tu) (1, =€) | E[[ Moo, — Mo, + (Mba, — Mya,)el]
< [paluip V1 + [e? ([Ma, Juip + [Ms, Juipllel[1)]@1 — 22|,

where we used Assumptions (A)(iii)-(v). O

The following lemma shows that, under the assumptions considered, the regularity

property (10) extends from the error density f¢(-) to the conditional density f¥!X==(.).

Lemma 2. Let Assumptions (A) and (B) hold and fit © € Sx. Then, for some

constants C' >0, r >m — 1 and s > 0, we have

— —x s —(3+r+s)/2
| fYIX=2(y ) — X (y,)| < Clyy — wol* (1 + Ly +907) 72, (n)
forally,,y, € R™.
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Proof. Assumption (A) allows to rewrite the conditional density of Y given X = x as

Y= (y) = .

= mfe (Mb_;i(y - Maﬂ:))?

for all y € R™. Hence, we have

|fY|X:w(yl) - fY|X:w<y2)|

1

= m fE(Ml;wl(yl - Ma,a:)) — fe(MbTalz(y2 — Ma@,)) ‘

Now, Assumption (B) entails

-1 s
‘fY|X:a:( ) _ fY\X:a;( ), < C‘Mb,zc (yl - yQ)‘
Y Yol = ) .
| det(M0) (1 + 5| My, (Y + s — 2Moe

)|2) (34+r+s)/2

s _ 2\ —(3+r+s)/2
< Cl(y, — yo) (1 + %le,ml(yl + Yy — 2Ma,w)| ) )

where the second inequality comes from the compactness of Sx and the continuity of
the mapping « — M, . The result then follows from the fact that
2
L+ 5[y + 9|
- 2
1+ %‘Mb; (Y1 + Y2 — 2Ma,m)‘

— 2
14 5| My { M, (Y + Yy — 2Mag)} + 2M, |
a — 2
L+ 5| M, (y) + ys — 2M, )|

_ 2
< C+ C’|Mb,£(y1 + Yy — 2Ma,w)| <
i _ 2 i

1+ %‘Mb,:cl(yl T Yy — 2Ma,w>‘

)

where we used again the continuity of  — M, , and « — M, ., and the compactness

We will also need the following result belonging to linear algebra.

Lemma 3. Forp>q>1, let V = (vy...v,) be a p x q full-rank matriz and H be a
q-dimensional vector subspace of RP. Then, there exists a p x ¢ matriz U = (u; ... u,)

whose columns form an orthonormal basis of H and such that I, + U’V is invertible.
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Proof. We fix p > 2 and we prove the result by induction on ¢ between ¢ = 1 and
g =p— 1. We start with the case ¢ = 1 and take U = (uy), where u; is an arbitrary
unit p-vector in H. If det(l1 + U'V) = 1+ wjv; = 0, then we may alternatively
take U, = (—wuy), which provides det(1 + U.LV) = 1 — ujv; = 2 # 0. Assume
then that the result holds for ¢ (with ¢ < p — 1) and let us prove it for ¢ + 1. Pick an
arbitrary px (¢+1) matrix U = (u; ... u,41) whose columns form an orthonormal basis
of the (¢ + 1)-dimensional vector subspace H of RP. Assume that det(I,.,+U'V) =0,
where V' = (vy...v441) is the given p x (¢ + 1) full-rank matrix. Letting U_, =
(Ug...ugy1) and V_q1 = (vy...v441), an expansion of the determinant along the first

row provides
0=det(Iy, + U'V) = (@yv; + 1) det(I, + U, V_y) + S0 (—1)* v, det (W),
for some ¢ x ¢ matrices Wy, ..., W,,. With U, = (—uy,us ... u,41), we then have
det(I, 1 + UV) = (—ujv, + 1) det(I, + U, V_)) = S50 (1)) v; det(W;)
=2det(I, + U, V_1) —det(I,4; + U'V)
=2det(I,+ U, V_,).

The induction hypothesis guarantees that U_; can be chosen such that det(I,+U’,V_,)

is non-zero, which establishes the result. O

We can now calculate explicitly the gradient and the Hessian matrix of the func-
tion (a,c) — Ggc(x) for any @ in the support Sx of X, and derive some important

properties of this Hessian matrix.

Lemma 4. Let Assumptions (A) and (B) hold. Then (i) (a,c) — Gqc(x) is twice

differentiable at any x € Sx, with gradient vector

VG, . (x) = ( VaGac(x) ) _ ( PuY <a+dT,Y|X =z|—« > a8)

V. Goe(x) E[T,Y Ly <ater,y) — @)| X = ]
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and Hessian matrix

1 ¥
H,.(z)= / FYX=2((a+ dt)u + Tyt) dt;
rRm-1 \ ¢ttt

(ii) for any (a,e,x) € R x R™™! x Sx, H, (@) is positive definite; (i11) (a,c,x) —

H, .(x) is continuous over R x R™ ! x Sx.

Proof. (i) Let

1
Na(a,€) = (lwy —er), vy —a<o) — O‘)( Iy )

For any (a,c’)’, (ag, c;)’ € R™, we then have

pa(U'Y — €TY —a) — po(v'Y — T Y — ag) — (a — ag, € — ¢)naag, o)

= (UIY - CT;Y - a){ﬂ[u'Y—cgr;Y—ao<0} - H[u/Y—cT;Y—a<0]} >0, (19)
so that 74(a, €) is a subgradient for (a,c) — po(w'Y — T Y — a). Hence,
VGc(@) = Vo Elpa(v'Y — T,Y —a)| X = z] = E[na(a, ¢)| X =z, (20)
which readily provides (18). Let us now show that
IVGataserac(@) = VGae(@) — Hoel@)(Ao, AL)'| = 0(|(Ad, AL)'])

as (Ag, AL) — 0. From (20) and the identity

(a+Aa) e+t [ 1 1t A,
/ dz = 5
atc't t t tt/ Ac
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we obtain
VGainnernd®) = VGoc(@) — Hoeo(x)(Ao, AL

= Elfaa + Mg, e+ Ag) — a(a, )| X = 2

—/ < b >( B )fYX:“”((a+c’t)u+I‘ut) dt
kot \ ¢ttt )\ A

1 _
/ / [z—(c+Ac)t—(a+Aq)<0] — ]I[z c't— a<0]) ( . >fY|X_w(Z’U; + I‘ut) dzdt
Rm—1

(a+Ag)+(ct+Ac)'t 1
/ / FYX=2((a+ dt)u + Tyt) dzdt
Rm—1

+c't t
(a+Aq)+(ct+Ac) 1
/ / {fYX=" (2w + Tyt) — fY*="((a+ t)u + Tyut) } dzdt.
Rm—1 Ja+c't t
Now, by Lemma 2, one has, for any z between a + ¢t and (a + A,) + (¢ + A,)'t,
| fYIX=2 (4 Tut) — fY‘X:m((a + dt)u + Tyt)|

< C|Z—CL—C/'[Z|S C’|Aa+A’ct|s
T (143 +at et am )T T LY

This entails
|A, + ALt

IVGatnpera(®) — VGae(x) — Hyco(T)(Ao, AL)| < C/le (1,8 [2+r+s dt
< ClA A [ dt = ol (80, ALY
gm-1 [(L, )]+

as (A4, AL) — 0. Therefore, (a,c) — Guc(x) is twice continuously differentiable at
any ¢ € Sx, with Hessian matrix H (Gy.c(z)). Eventually, Assumption (A)(iii) implies
that

1 ¢
H (@) = — FE(MH((a+ dtyu+ Tt — M) dt. (21)
det(Myz)| Jem—1 \ ¢ ’
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(ii) Positive definiteness then readily follows from (21) and Assumption (B).

(iii) Every entry of H,, .(x) is an integral involving an integrand of the form (see (21))

101"
(e e t) = ol (f5 (M) )+ Tt — M) = [((1,¢)))
ol t) = b (M o) = FE(.E)
8495
+ Lfs((l t)) =gl (a,c,z,t) + g (a,c x,t)
| det(Mb7m>| Y 1,7 Y Y Y (2] ) Y ) Y

where §;,0;, € {0,1}. Clearly, for any ¢, (a,c,x) — gi{j(a,c,w,t) and (a,c,x) —
g9/%(a, ¢, x,t) are continuous. Therefore, in view of Theorem 8.5 in Briane and Pages
(2012), it is sufficient to prove that there exist integrable functions h! ., 2. : Rm=1 — R

4,90 'Yi,g
such that
|gi{j(a,c,:c,t)\ < hl{j(t) and |gi{lj(a, c,x,t)| < hZHj(t) for any (a,c,x,t).

Since Assumptions (A)(ii)-(iii) ensure that det(M, ;) stays away from 0 for any « € Sx,
105 . . .
we can take t — h/L(t) == tf’tjj fe((1,t)")/(infresy | det(M,)|), whose integrability
follows from the fact that f°(-) is bounded and e has finite second-order moments.
Now, Lemma 2 and Assumptions (A)(ii)-(iii) readily entail that there exist r > m — 1

and s > 0 such that

91 ;(a, ¢, @, t)| = tfitj.j| X | Y= ((a+ dt)yu + Tut) — fYX=" (M, (1, ) + M, )|
5, Ol(a + €t)u + Tut — My o(1,¥) — M, 4|*
J (1 N %‘(a—I—c’t)u+Fut+Mb,m(l,t')’+Ma7m|2)(3+r+s)/z

< [t%t

<t

B0 (14 [8]°) (1 4 3]t + T My o (1,8) + T, M, )7

< CIPH (14 ) (14 3| Ty + T, A )t + T, B, [F) 7 (22)

9

where the matrices A, = (M )2 and B, == (M) 1 — M, are based on the
partition My ; = (Mp )1 (Mpz).2) into an m x 1 matrix (M} ;)1 and an m x (m—1)
matrix (Mpz)2. Lemma 3 implies that it is always possible to choose T',, in such a

way that I, ; + I',, A, is invertible. Consequently, one may proceed as in the proof of
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Lemma 2 and write

1+ |t
1+ L(L,y + T, ALt + T, B, |

— 1+ ‘<Im—1 + F;Aw)il[(lm—l + F;Asc)t + F/uBoc] — (Im—l + F;Aw)ilrluBﬂc ]
1+ (Lt + T, AL)t + T0B,)|

_ CH 0| + T, At + T, By
Tl Y@ A T A TLBL)[ T

Y

where we used the fact that € — A, and x — B, are continuous functions defined over
the compact set Sx. Therefore, (22) provides |g/;(a, ¢, 2, t)| < C[t|* % (1 + [¢]*) (1 +

|t|2)_(?’+r+s)/2 =: h;(t), where h] ;(-) is integrable over R™~" (since 7 > m — 1). O

The proof of Theorem 1 still requires the following lemma.

Lemma 5. Let Assumptions (A) and (B) hold, fix ¢ € B™, and write & = & =

Proj,~(x) for any x. Then,

(i) for any compact set K(C R™1), SUD ey SUDyeR ce K \éac(i’) — Gae(x)] = 0 as
N — o0;

(1) SUPges, | Mg cryerm Gool) — min(g cryerm Gae(x)] = 0 as N — oo.

Proof. (i) Fix a € R and ¢ € K. First note that [.;(N = x| is equivalent to [X € Cj],
where we let C, = CY = {z € Sx : Proj,~(z) = }. Hence, one has
ElpaYu — €Y — )| X" = ] — Elpa(V — ¥, — )| X = 3

< sup |E[pa<Yu - c,YuJ_ - a)|X = z] - E[poc(yu - C/YUJ_ - a’)|X = 57”7

zeCyp
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which provides

’Ga,c(fc) - Ga,c(w) ‘

~N

< |E[pa(yu - C,Yul - CL)\X - i] - E[pa(yu - Y - a>|X - 53”
+ |E[poc(Yu - C,Yul - a)|X = i:] - E[poc(yu - CIYL - a)|X = ZE”

<2 sup [Elpa(Yy — Y5 — a)|X = 2] — Elpa(Y, — Y5 — )| X = 2]

ZECm

<2 sup |Ga,c(z) o Gazc(ié)’

ZECCD

< 2max(a, 1 - a)y/T+ e (Mo Jup + My Jupllell) sup |z — &),

zeCy

where we used Lemma 1. It directly follows that, for some C' that does not depend

on N,

sup  SUp  |Gue(@) — Gac(®)] < C sup sup |z — 2| = C sup R(Cy);
xESx acR,ce K xESx z€C, xrESx

the quantity R(C}) is the “radius” of the cell C,. The result then follows from the fact
that sup,eg, R(Cz) — 0 as N — oo; see Lemma A.2(ii) in Charlier et al. (2015a).

N

(ii) For simplicity of notations, we write @ = a, , and € = Eg@. From Lemma 4(ii),

!/
v Haa,z Ca,x

(x)v >0

for any « € Sx and any v € S™! = {& € R™ : |x| = 1}. The compactness assumption
on Sx and the continuity of @ — H, .(x) (Lemma 4(iii)) yield that

inf inf o' H,

Qa, C,
TESx vesm—1 a,z;Ca,x

(x)v > 0.

This, jointly with Part (i) of the result, implies that there exists a positive integer Ny and
a compact set, K,(C R™) say, such that, for all N > Ny and for all € Sx, ?jgw and

Qo Delong to K. In particular, for all N > Ng and for all © € Sx, Egm and ¢, belong
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to a compact set K(C R™™1)). Then, with [, =T

we have

IN

(Gaa,myca,m (CE) - Gaa,myca,m (w))]l+ S Sup ‘éayc(i) - Gayc(w)“l‘i"

acR,ceKg

Similarly, with I_ :=1 — I, we have

min  Guol®) — min Gavc(m)‘]l_:(Gaa’m’ca}m(m)—Gavg(:ié))]l_

(a,c’)'eR™ ’ (a,c’) eR™

< (Gag(®) — Gaa(@) < sup  [Goe(®) — Guela)|L.

a€R,ceKS

From (23)-(24), we readily obtain

min  Gae(®) — min GM(a;)‘g sup | Goe(®) — Guolz)|.
(a,c’) €R™ (a,c’)’ €R™ a€R,ceKS

The result then directly follows from Part (i) of the result.

We can now prove Theorem 1.

[min<a7c/)/€Rm éa,C(‘i’)Zmin(mc/)/eRm Ga,c(z)]?

(24)

Proof of Theorem 1. Write again & = & = Proj,yN(a:) and fix the same integer Ng

and the same compact sets K, and K¢ as in the proof of Lemma 5. Then, for x € Sx

and N > Ny, one has
|G&76(m> - Gaa,wyca,:ﬂ (w)‘
< |Gac(@) — Gao(@)| + Gae(®) — Gug sca ()]

< sup  [Goe(®) — Goo(®)| + | min Gy o(2) — min G, o(z)|
a€R,ceKE a,c a,c

< sup  sup  |Gae(@) — Guo(@)| + sup | min Goe(&) — min Goe(®)).

xreSx aeR,ceKS zeSx b a.c

Therefore, Lemma 5 implies that, as N — oo,

Sup ’Ga}g(a)) - Gaa,myca,w (w)‘ — 0

reSx
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Performing a second-order expansion about = (Aq.z, C. ) provides
o, T o,

Gdﬁ(m) -G (qaa: d. :(:) HN( )(qam qa,w)’

l\DI»—t

aa,wyca,m

with HY, := H,x .x (z), where g%, = (a,, (cl},))' = 0gq 4 + (1 — 0)qh 4, for some
0 € (0,1). Write HY = O0,AYO/,

where ALY = diag(\V

We then have

where O, is an m x m orthogonal matrix and

Vs> AN ) collects the eigenvalues of H N in decreasing order.

1
Gé,é(m) - Ga,c(m) §(qa x qa,m) HN (qa T qa,m)
1 = 2 Aanm & ~N 2
5 Z ( qa T qa,w))j> Z z; ((Ow (qa,m - qa@))j)
_ A 2 A =
m‘o qa,a: qam)’ - 25’3 N qam‘
Hence,
-1
sup ngm — qaw’2 <2 < inf inf >\ ) sup |Gaa(x) — Goelx)l. (26)
xrESx ’ ’ N>NO zeSx e xrESx
The result then follows from (25) and from the fact
. N o )
ol o A = b IV Hae®@)] oo eV
> inf inf inf o' H,.(x)v >0,
rcSx veSm1 (a,c/) €Ky
which results from Lemma 4(ii)-(iii) and the compactness of Sx, S™ ! and K,. O

B Proof of Theorem 2

Let (X1,Y1),...,(X,,Y,) be independent copies of (X,Y). Recall that vV denotes
an optimal quantization grid of size N for the random d-vector X and that 4™ stands
for the grid provided by the CLV(Q algorithm on the basis of X3, ..., X,,. Below, we will

write (&Y,...,&N) and (&), ... &\") for the grid points of 4 and 4™, respectively.
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Throughout this section, we assume that the empirical quantization of X, based
on Xy, ..., X, converges almost surely towards the population one, i.e.,)A(N’n = Proj.nn (X) —
XN = Proj.~(X) almost surely as n — oo. This is justified by classical results in quan-
tization about the convergence in n of the CLVQ algorithm when N is fixed; see Pages
(1998).

The proof of Theorem 2 requires Lemmas 6-7 below.

Lemma 6. Let Assumption (A) hold. Fix N € Ny and x € Sx. Write & = " =

Proj ~(x) and & = o

. oY SNn .
= Projona(z). Then, with X; = X; = Projina(X;),
1=1,...,n, we have

=N

(Z) %Z?:l H[Xiv:iN] % P[X = 53];
(ii) after possibly reordering the &7 s, ﬁ:fvn 22 &N i=1,... N (hence, 4" 22
n—00 n—00
).

A proof is given in Charlier et al. (2015a).

Lemma 7. Let Assumptions (A) and (B) hold. Fiz o = au € B™, x € Sx and
N € Ny. Let K (CR™) be compact and define

% Yo pa(WY; —TY; —a)l o~

[Xi :5'3} .
% Zi:l ]I[Xf\’:@]

Guo(®) =GN (&) =

Then
(i) SUp(eryex |Gae(@) — Gool@)] = 0p(1) asn — oo;
(ii) | ming ey erm Gae(T) — ming ey erm Gae(®)| = 0p(1) asn — oo;

(iii) |G v (@) — Gy av (&) = 0p(1) as n — oo.

o,z Ca,x
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Proof. (i) Since

- _ Elpo(w'Y — cT,Y —a)l o~ __]
Goe(®) = Blpa(wY — cT,Y —a)| X =] = - XN=a)
PIX" =2
it is sufficient, in view of Lemma 6(i), to show that
1 n
Sup ‘_ Z pa(u/Yi _C/Fqui_a’> ]I[XN_A] -k [Pa(uIY—CIF;Y—a)H[XN_ﬂ = OP(l),
(Q,CI)/EK n i=1 i =& =2

as n — oo. It is natural to decompose it as

1 n
( s%pK ‘ﬁ Z pa(UY; — T.Y,; —a) TN g — E[po(v'Y — T,Y — G)H[XN::%]]
a,c’) e i=1 ‘

< sup |Ther| + sup  |Theal,

(a,¢') €K (a,¢') €K
with .
Ther = % 2 pa(WY; — €T, —a)(Lgn_y —Lgv_p),
and
Toer = 1 i pa(wY; —T,Y; —a)lgn . — E[po(v'Y — T, Y — a)H[XN:jJ,
n =1 '

oY . .
with X; = Proj~(X;),i=1,...,n.

We start by considering 7},c2. Since ® — M,, and © — M, are continuous

functions defined over the compact set Sx, one has that, for all (a,c’) € K,

N

pa(U'Y — cTY — a)]I[X _a

<max(a,1 — )Y — TY —a| < max(a,1 — a)|(u —Tyue)'Y —a|

< max(a,1 — «)

[u—Tuel(sup (Mol + el sup [Mial) +
rESx

rESx

< Cyle| + Cs, (27)
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/

for some constants Cy,Cy that do not depend on (a,c’). Since Assumption (A)(v)

ensures that E[|e|] < 400 (recall that p = 2 here), the uniform law of large numbers

(see, e.g., Theorem 16(a) in Ferguson, 1996) then implies that

sup  |Tue2| = op(1), as n — 00. (28)
(a,¢’) €K

It remains to treat Ty, Let £, .= {i=1,....,.n: [~ . =+ H[XN:@]} be the set

[)A(l =
collecting the indices of observations that are projected on the same point as x for vV

~ N,n

but not for V", or on the same point as @ for V" but not for 4~. Proceeding as

in (27) then shows that, for any (a,c’) € K,

1 , . Ly, 1
| Tyer| < EZ|pa(uYi—cI‘uYi—a)| < #n X I D (C1+ Colei]) =: 81 x S,

1€ln i€ln

say. Lemma 6(ii) implies that S; = op(1) as n — co. Regarding Ss, the independence
between #/¢, and the &;’s (which follows from the fact that #¢, is measurable with
respect to the X;’s) entails that E[S;] = O(1) as n — oo, hence that Sy = Op(1) as

n — o0o. Therefore,
sup |Tac1| < SIS2 = OP<]~) as n — o9,
(a,c)eK
which, jointly with (28), establishes the result.
(i) For simplicity, we write ¢ = (a, ¢')’ and q¢ = (a, ¢')’ instead of ?jgw = (A o &N )Y

o,

@Nn (@¥my) respectively. First fix § > 0 and 17 > 0, and choose ny and

and Gy = (37, (Cas
R large enough to have |g| < R and Pllg| > R] < n/2 for any n > ny. This is
possible since g is nothing but the sample Hallin et al. (2010) quantile of a number
of Y;’s that increases to infinity (so that, with arbitrary large probability for n large,

|g| cannot exceed 2Sup,cg, |@q|). Define Kz := {y € R™ : [y| < R}. Then, with

]I+ = [min(a,c/)’GRm éayc(i:)zmin(a,c/)leRm éawc(i)]’ we have
min = Goe(®) — min éa,,:(ﬁg)]h = (Gao(®) — Gapo(@))L,
(CL,C/)IER"L ((l,C/)/GR’m
< (G&,é<i7) - Ga,a(i))]h < sup |[Gue(@) — Goe(@)|Ly, (29)
(avcl)/eKR
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for n > ny. Similarly, with I_ := 1 — I, we have that, under [g| < R,

min  Goo(®) — min é%c(i:)‘]l_:(éa@(ic)—@&ﬁ(ﬁz))]l_

(a,c) eR™ ' (a,c’) eR™

< (Gae®) = Gao(@)- < sup  |Goe(@) — Gae@)|L, (30)

(a,c’)’EKR
still for n > n;. By combining (29) and (30), we obtain that, under |q| < R,

min  Guo(®) — min Ga,c(:i)‘< sup |@a,c(5c)—Ga,c(:i‘)\,

(a.c/)yerRm (a,c') €R™ " (ac)eKp

for n > ny. Therefore, for any such n, we get

P{

(a,c’) eR™ we (a,c’) eR™

min = Goe(#) — min éa,c(i)‘>(5}

oel@) ~winGoc(@)] > 0,13 < ] + Pl > ]

< p[ S0 [Goe(®) — Goe@)] > 8] + -

From Part (i) of the lemma, we conclude that, for n large enough,

7|

as was to be shown.

min @ac(:i)— min Gac( )‘>5 <,

(a,c’) eR™ ’ (a,c’)'eR™

(iii) This proof proceeds in the same way as for (ii). We start with picking NV, and
R large enough so that P||q| > R] < n/2 for any N > Ny, with n fixed. This yields

P[’éac(fc) — Gae(®)] > 5] < P|:|éac<a~3) — Gas(®) > 6, lg| < M] + g (31)

Note then that

P||Gio(®) — Gael@)] > 6, 1] < M|
< P|1Gie(@) ~ Cuc(@)| > /2, al < M] + P[|Gasld) ~ Gasl@)] > 5/2.[a] < M]
[sg@ o(®) = Guel@)] > /2] + P[|min Goo() — min G o(@)] > 0/2)
= pi” + ",
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(n

say. Parts (i) and (i) of the lemma imply that p{" and p(2") can be made arbitrarily
small for n large enough. Combining this with (31) yields the result. O

We can now prove Theorem 2.

Proof of Theorem 2. Under the assumptions considered, the function (a, c’)’ — émc(ﬁ:)
has a unique minimizer (that is the Hallin et al. (2010) a-quantile of the distribution
of Y conditional on X' = &). Therefore, the convergence in probability of éag;;,agv; (@)
towards éagng@ () (Lemma 7(iii)) implies the convergence in probability of the Cvorre—

sponding arguments (note indeed that the function (a,c’)’ — émc(:ﬁ) does not depend

on n). O
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