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Abstract

Preliminary test estimation is a methodology that combines goodness-of-fit testing and
estimation. It is a natural procedure when it is suspected a priori that the parameter to be
estimated satisfies some prespecified constraints, is a classical topic in estimation theory. In
the present paper, we establish general results on the asymptotic behavior of preliminary
test estimators. More precisely, we show that, in uniformly locally asymptotically normal
(ULAN) models, a general asymptotic theory can be derived for preliminary test estima-
tors based on estimators admitting generic Bahadur-type representations. This allows for a
detailed comparison between classical estimators and preliminary test estimators in ULAN
models. Our results, that, in standard linear regression models, are shown to reduce to
some classical results, are also illustrated in more modern and involved setups, such as the
multisample one where m covariance matrices X1, ..., %,, are to be estimated when it is sus-
pected that these matrices might be equal, might be proportional, or might share a common
“scale”. Simulation results confirm our theoretical findings and an illustration on a real data

example is provided.
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matrix estimation, Preliminary test estimation.

1 Introduction

Preliminary test estimation is a widely studied topic in Statistics and Econometrics, that can be
traced back to the seminal paper by Bancroft (1944). Preliminary test estimators are typically
useful when one has to perform statistical inference under “uncertain prior information”. More
formally, assume that one is interested in estimating a parameter 6 that belongs to some parameter
space © C RP, under the uncertain prior information that 8 belongs to a given subset Oy of ©

(throughout, we assume that © is an open subset of RP). Then, roughly speaking, the statistician



may hesitate between (i) an unconstrained estimator @y with values in © or (ii) a constrained
estimator 90 with values in ©g only. The idea underpinning preliminary test estimation is
relatively simple: if a suitable test ¢, for Ho : @ € O against Hy : 0 ¢ B¢ does not reject the null
hypothesis, then éc should be used; on the contrary, if ¢,, provided evidence against Hg, then
the unconstrained estimator 9U should be favoured. In other words, a preliminary test estimator

based on the test ¢,, and on the estimators 9U and 90 is
Oprr = 1[6, = 010 + I[¢,, = 1]y, (1.1)

where I[A] stands for the indicator function associated with A and where ¢, = 1 (resp., ¢, = 0)
indicates rejection (resp., non-rejection) of Hgy by ¢y,.

Since Bancroft (1944), preliminary test estimation has been an active research topic. Sen and
Saleh (1979), Sen and Saleh (2006), Wan, Zou and Ohtani (2006) and Kibria and Saleh (2014)
considered preliminary test estimation in regression models. Giles, Lieberman and Giles (1992)
tackled the problem of selecting the size of the test ¢, when conducting preliminary test esti-
mation in a misspecified regression model. Ohtani and Toyoda (1980) considered estimation of
regression coefficients after a preliminary test of homoscedasticity. Preliminary test estimation in
elliptical models has been considered in the contexts of linear regression and of principal compo-
nent analysis; see Arashi et al. (2014) and Paindaveine, Rasoafaraniaina and Verdebout (2017),
respectively. It has also been widely considered in time series analysis; see, e.g., Ahmed and
Basu (2000), Maeyama, Tamaki and Taniguchi (2011), and the references therein. For a general
overview of the topic, we refer to Giles and Giles (1993) and Saleh (2006).

Despite the many works on the topic, it seems that no general theory for the asymptotic behavior
of preliminary test estimators is available in the literature. The main objective of the present
paper is therefore to derive such a general theory and to do so in a broad class of models
(that will include in particular all models mentioned above). Assuming that the underlying
model is regular in the sense that it is uniformly locally asymptotically normal (ULAN), we will
derive the asymptotic behavior of a general preliminary test estimator; more precisely, we will
consider preliminary test estimators based on estimators 9U and 90 that admit Bahadur-type
representations. Our asymptotic results do cover many of the existing results in the literature but
also allow us to consider more modern and involved models, as we will illustrate in a multisample
covariance estimation framework

As expected, the asymptotic behavior of preliminary test estimators will depend on the true
value of the parameter . We first show that when this true value is fixed outside ©g, then,
provided that the test ¢,, is consistent, a preliminary test estimator is asymptotically equivalent
in probability to the unconstrained estimator 9U. Second, we show that when the true value

of @ asymptotically belongs to contiguous regions of Oy (in a sense that involves the asymptotic



concept of contiguity, as we will make precise below), a preliminary test estimator exhibits an
asymptotic behavior that achieves a nice compromise between 9U and 90.

The paper is organized as follows. In Section 2, we describe the assumptions that will be con-
sidered in the sequel. In Section 3, we state our asymptotic results and derive explicit forms for
the asymptotic mean square error of preliminary test estimators based on asymptotically efficient
estimators. In Section 4, we illustrate these general results in two particular setups. First, we
show that, in a simple linear regression context, our results allow us to recover the classical re-
sults from Saleh (2006). Then, we consider preliminary test estimation of m covariance matrices
in a multisample Gaussian setup. Preliminary test estimators associated with the constraints
of covariance homogeneity, shape homogeneity and scale homogeneity are studied. Monte Carlo
simulations confirm our theoretical results. In Section 5, we provide a real data illustration that,
in the aforementioned multisample covariance framework, shows that preliminary test estimators
are practically relevant when performing supervised classification. Finally, an appendix collects

the proofs.

2 ULAN models and Preliminary Test Estimators

As mentioned in the introduction, our objective is to derive the asymptotic behavior of prelim-
inary test estimators (PTEs) in a very general context. We will throughout assume that the
underlying parametric model {Pén) : @ € © C RP} under investigation is uniformly locally and

asymptotically normal (ULAN) in the following sense (throughout, convergences are as n — 00).

Assumption (A). There exist a sequence (v,,) of full-rank non-random pxp matrices that is o(1),
a sequence of random p-vectors Aén) (the central sequence) and a symmetric positive semidefinite

p X p matrix Iy (the information matrix), such that, for any 8 € ©, any sequence (8,,) in © with

v, 10, —0) = O(1), and any bounded sequence (7,,) in R such that 6,, +v,,7,, € © for any n,

n

we have

dpgn)Jru T (n) 1
(1) A .— log # = T;Aen — *T%l—‘g’rn +op(1) (2.2)
dPen
and

ASY B N(0,Ty)
under Pé,").

An extensive list of models do satisfy Assumption (A). This list includes hidden Markov models

(Bickel and Ritov, 1996), quantum mechanics models (Kahn and Guta, 2009, Guta and Kiukas,



2015), time series models (Drost, Klaassen and Werker, 1997, Hallin et al., 1999, Francq and
Zakoian, 2013), elliptical models (Hallin and Paindaveine, 2006, Hallin, Paindaveine and Verde-
bout, 2010), multisample elliptical models (Hallin and Paindaveine, 2008, Hallin, Paindaveine
and Verdebout, 2013, 2014), models for directional data (Ley et al., 2013, Garcia-Portugues,
Paindaveine and Verdebout, 2020), to mention only a few.

As explained in the introduction, the construction of a PTE involves an unconstrained esti-
mator 9U taking values in ©, a constrained estimator 90 taking values in Gg, and a test ¢,
for Hg : 0 € Op against Hq : 8 ¢ ©y. Throughout, we will assume that 6y is a linear subspace
of RP of the form

6o = (6o + M(T)) N6,

where 0y € © is fixed and M(T) denotes the vector subspace of RP that is spanned by the
columns of the p x r full-rank matrix T (r < p). We will restrict to the case 9 = 0, which is
without loss of generality (a reparametrization of the model always allows us to reduce to this

case). We will consider PTEs of the form

Opre = (¢, = 110y +1[¢, = 0)dc,
based on estimators 9U, 90 and on a test ¢,, that satisfy the following assumption (throughout,
XZ 5 denotes the upper S-quantile of the X7 distribution).

Assumption (B). With v, Aé") and Iy as in Assumption (A), there exists, for any 8 € ©, a

random p-vector Sén) for which

S(”)
© )2 n[o [ Zo S
A‘(q") Qg Ty

under Pé") and for which the following holds:
(i) u;l(éu —0) = AgSén) + op(1) under Pé") for some p X p matrix Ag;
ii) if @ € O, then v (6 — 0) = TBpSL™ + op(1) under P{™ for some r x p matrix By;
ii) if @ € Oy, then v, (¢ — ) = TB,S," 1) under Py f B
iii) ¢, rejects Ho : 6 € O at asymptotic level & when Q™ := D2 > x2_ | . where, for
p—r,l—a
any @ € Oy, the random p-vector D™ satisfies D™ = Cos,(,") + op(1) under Pé"), with a

p X p matrix Cg for which (i) 29CéCgEgCéC‘929 = 29090920 and (ii) tr[CéCQEQ] =p—r.

Moreover, ¢ is consistent under any Pén), 0 ¢ 0.

As complex as it may look, Assumption (B) is actually extremely mild. Indeed, provided that the
underlying model is ULAN as in Assumption (A), it merely only imposes that an unconstrained

estimator 9U admitting a Bahadur-type representation is available. To show this, let us restrict to



the usual contiguity rate v,, = n~"/ 21p where I, is the p-dimensional identity matrix (extension

to a general v,, is direct) and let us assume that, under Pén)7 0 coO,
) LS~
Vn(@y —0) = ﬁ;Ti +op(1), (2.3)

where the random p-vectors TZ(.") = TE”) ), i = 1,...,n, are mutually independent and share
a common distribution that has mean zero and has finite second-order moments. Obviously,
Assumption (B)(i) then holds with Ag := I, and Sén) =23 Tgn). Under very mild
assumptions (only needed to check the Levy-Lindeberg condition), a CLT for triangular arrays
will then ensure that (Sén)/, A((,")')’ is asymptotically normal under Pé"), as required in Assump-
tion (B). Now, letting Py := Y(Y'YT)~ 'Y’ be the matrix of the orthogonal projection onto
the constraint @9 = M(T) N O, the constrained estimator 90 = PréU readily satisfies, for
any 0 € 6,

V(e —0) = Pyyn(fy —0) = % Z PyT" + op(1)

under Pg"), so that Assumption (B)(ii) is fulfilled, too (with By := (X'Y)~*Y’). Finally, Assump-
tion (B)(iii) will be satisfied by Wald tests for Hg : 6 € ©¢ against H; : 8 ¢ ¢ constructed in the
usual way from (2.3). Wrapping up, the only key point in Assumption (B) is its part (i), which
itself holds as soon as an unconstrained estimator 9U admitting a Bahadur-type representation is
available. In regular models, M-, R-, and S-estimation, as usual, will provide such unconstrained
estimators, so that Assumption (B) is not at all restrictive.

Now, in the ULAN framework of Assumption (A), an asymptotically efficient (unconstrained)

estimator 9U—that is, an estimator satisfying
Vi(By —8) =Ty ' AJY + op(1) (2.4)

under Pé") (see, e.g., Chapter 3 of Tanigushi and Kakizawa, 2000)—also satisfies Assump-
tion (B)(i), with Ag =T, " and Sé") = Aé") (which provides g = Q¢ =T'g). An asymptotically

efficient constrained estimator 9(;, that is such that
Vi(@c —8) = T(TTX) "T'AYY + op(1) (2.5)

under any Pé”), 6 € Oy, satisfies Assumption (B)(ii), with By = (Y'TY)" 'Y’ and Sén) = Aé").
For testing Ho : @ € ©¢ against Hy : 6 ¢ O, the locally asymptotically most stringent test
rejects Hg at asymptotic level a when

Q) = |Ca A > v 20

with
Cp := (I, — T3> (Y'ToY) ' Y'T,/ )T, /% = (1, - T,/ *YB,T, )T, /% (2.7)



see, e.g., Chapter 5 of Ley and Verdebout (2017). Under Assumption (A), it is easy to check that,
provided that éc is locally and asymptotically discrete (a technical requirement with no practical
impact), céCAg;) = CpAJ" + op(1) under any P{" with 8 € 6y, so that Assumption (B)(iii)
then holds, still with Sén) = Aén), Y9 = Iy, and with the Cq in (2.7) (one can indeed check
that CpCeIl'eCpCy = C,Cpg and that tr[C,Celg] = tr[I,] — tr[(TTeY) (YTeY)] = p — 7).
To summarize, Assumptions (A)—(B) cover many existing models and estimators. In the next
section, our objective is to derive asymptotic results for PTEs in the general framework covered

by these assumptions.

3 Asymptotic results

In this section, we derive, in a parametric model {Pén) : 6 € © C RP} satisfying Assumption (A),

the asymptotic behavior of a PTE of the form
Oprr == 1p, = 10y + ¢, = 0]fc, (3.8)

based on estimators 8y, @¢ and on a test ¢, that satisfy Assumption (B). Letting A(v) := I[v <

Xp—r1—al)» the estimator in (3.8) rewrites

Oprr = (1- )\(Q(n)))éU + )\(Q(n))éc- (3.9)

), we will discriminate between three

When deriving the asymptotic behavior of 9pTE under Pg"
cases: (i) 0 is fixed in the constraint Oy, (ii) 8 = 8,, belongs to the v,-vicinity of the constraint
(that is, 8,, = 0+v,T,, with€ € ©¢ and (1,,) = O(1)), and (iii) € is fixed outside the constraint Q;

see Figure 1.

Our first result shows that, in case (iii), Oprg is asymptotically equivalent in probability to the

unconstrained estimator 8y (see the appendix for a proof).

Theorem 1. Let Assumptions (A)~(B) hold. Fiz 6 ¢ Oy and assume that 8¢ = Op(1) un-
der Pé"), Then, v (Opre — 0) = v By — 0) + op(1) under Pé”).

We now move to cases (i)—(ii), where we will actually consider parameter sequences of the form
0, =60+v,7, €6, with 0 € O and (1,,) — 7 (note that case (i) is obtained for 7, = 0). We

have the following result (see the appendix for a proof).

Theorem 2. Let Assumptions (A)—(B) hold and consider sequences of the form 6,, = 0 +v, 1, €

O, with @ € Oy and (1,,) — 7. Let (Z},Z4,D’) be a Gaussian random vector with mean vector
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Figure 1: Illustration of the various situations where asymptotics are derived, for a bivariate

parameter § = (g;) and a constraint of the form @y = M(T), with T = (1)

(T'(Aee — L,), 7' (YBeQy — L,)',7'(CoQg)’)’ and covariance matriz

ApToA)  AgSeBiT  Ag%eCh
TByZeA, TBeZeB,Y TByL,C,
CoZoAj CoTB,Y  Cy%eC)

Then, l/;l(épTE —0,,) converges weakly to
Z := (1 - \(||D[[*))Z1 + A(I|D|*)Z. (3.10)
under Pé:) as n — 0o.

Theorem 2 provides the asymptotic behavior of épTE in the vicinity of ©¢. Note that, using the

identities A%(v) = A(v), (1 — A(v))?2 = 1 — A(v), and A(v)(1 — A(v)) = 0, it is easy to see that,

conditional on D, the weak limit Z of I/;l(éPTE —#6,) in (3.10) is Gaussian with mean vector
pte = (1= A(D[*)) {(AsQ — T,)7 + AgZpCy(CoZCy) ™ (D — Cop) }

+A(ID]1?) {(TBsp — I,,)7 + TBECp(CyTCp) ~ (D — CoQ7) } (3.11)
and covariance matrix

Tiie = (1 - A(|D[?)As(Se — Lo)Aj + A(|D[|*)TBg(Ee — Lo)B, Y, (3.12)



where we denoted as A~ the Moore-Penrose inverse of A and where we let
Ly := X9 Cy(CpXyCy) CoXg. Since D in Theorem 2 is Gaussian with mean vector pp := CoQT
and covariance matrix Xp = CyXgCy, the probability density function (pdf) of the weak limit
Z of V:Ll(épTE —6,,) under Pé:) is given by

ZI—>/ d)l"g:chvF}’/TE )¢MD,ED(X)dX7 (313)

where ¢, 5 stands for the pdf of the p-variate normal distribution with mean vector p and
covariance matrix X. Since the pdf (3.13) does not allow for a simple comparison between 9PTE,
9U and 90, we will base such a comparison on the asymptotic mean square errors (MSEs) of
these estimators.

A general expression for the asymptotic MSEs can be obtained by computing E[ppis], Var[pupis]
and E[['prx]. We now derive these limiting MSEs when PTEs are based on the preliminary tests
in (2.6) and on asymptotically efficient estimators satisfying (2.4)—(2.5) (limiting MSEs of PTEs
based on other estimators can be obtained in the same way). For such estimators and preliminary
tests, the random p-vector D in Theorem 2 is Gaussian with mean vector P%I‘;/ 27 and covariance
matrix Py, where Pfeﬁ = I, — Py g is based on Py ¢g = I‘;/QT(TTgT)’lTT;M, and it
follows from (3.11)—(3.12) that, conditional on D, the random vector Z in (3.10) is Gaussian

with mean vector

s o = Ty P g {(1 = A(|D|*))D —T;/*r} (3.14)

and covariance matrix

ic -1/2 ~1/2
F¥TE7eH =T, / Py sl /2, (3.15)
We then have the following result (see the appendix for a proof).

Proposition 1. If p,giTCE)eﬂg in (3.14) is based on a random p-vector D that is Gaussian with

mean vector P%F;/QT and covariance matric P%, then
ic —1/2 /2
E[I"})/TE,CH] *72I‘ / P’I‘ effF /
and
ic - 1/2
Varlup en] = (1= 72)T5 *Py oLy "/
—1/2 1/2__ml/2p L —1/2
H((1=74) = (1 =72))Ty “Px qTy 77Ty "Px sTy /7,

where we let v :=P[V; < X2, ], withVy ~ X2 (T ’F1/2P% fJfl"l/ T) (throughout, x%(n) will
stand for the non-central chi-square distribution with ¢ degrees of freedom and with non-centrality

parameter 1).



We define the asymptotic MSE of épTE under P((;:L) as
AMSEy , (@prr) := E[ZZ'] = Var[Z] + E[Z](E[Z]),

where Z is the weak limit of v (@prg — 6,,) under Pg:); see Theorem 2. Now, since E[Z] =

E[E[Z|D]] = E[upy o] and Var[Z] = E[Var[Z|D]] + Var[E[Z|D]] = L1y o + Varluy oq] (note
that Var[Z|D] = Tpis off is non-random), Proposition 1 yields

AMSEg » (éPTE) = I‘}D/"ifE off T Var[pgifE o]l T (Elprs eff])(E[/-"g’llgE ot])’

_ I‘; —72I‘_1/2 —1/2

PT effF
—1/2 1/2 2 —-1/2

+(292 — )T PPy o Ty *17'Ty " P oTp (3.16)

To enable proper comparison with the unconstrained and constrained antecedents of @pTE (namely,

the estimators 6y and ¢ satisfying (2.4) and (2.5), respectively), the following result provides

explicit expressions for the asymptotic MSEs of these estimators (see the appendix for a proof).
Proposition 2. Let Assumptions (A)—(B) hold. Then, under P‘(,:),
AMSEg ,(8y) =T,*
and
AMSEy - (0c) =T, *Py oqly /2 + Ty /2Py Ty *17'Ty " P oT, /2,
where @y and B¢ are estimators satisfying (2.4) and (2.5), respectively.

It is worthwhile to consider some boundary cases. For a = 1, we have 75 = 74 = 0, so
that AMSEo,T(épTE) = AMSEgyr(éU), which is compatible with the fact that épTE = 0y al-
most surely when the preliminary test ¢, is performed at asymptotic level « = 1. At the other
extreme, for a = 0, we rather have 5 = 74 = 1, which provides

AMSEO,T(éPTE) = Fo 1-‘_1/2P'r effr_l/2 P_l/QPT eﬁ»‘Fl/2 Il-‘é/QP'feffl-‘e_1/2
Ty Pyl /* + Ty Py Ty 17Ty Py Ty

AMSEy - (8c),

in agreement with the fact that 9pTE = 90 almost surely when ¢,, is performed at asymptotic
level a = 0.

To conclude this section, we provide a comparison between AMSEgyr(épTE), AMSEgﬁ(éU),
and AMSEg , (90) These asymptotic MSEs being matrix-valued, it is needed to base this com-
parison on a scalar summary, such as, e.g., their trace. In the present case, where the uncon-
strained estimator satisfies AMSEg (9U) =T, ! (see Proposition 2), it is natural to measure the

asymptotic performance of an estimator 6 through the scalar quantity

AMSE; . (8) := tr[T;/*AMSE, - (0)T,/?], (3.17)



which, for 8y, will provide the “normalized” perfomance AMSEg . (9U) = p, that does not depend
on the value of # at which the contiguous alternatives 8,, = 0 +v,,7,, are localized. Proposition 2

also entails that
s D\ _ s 1/2__pl/2p L _ 2
AMSEg ,(0c) = tr[Py o] + tr[Py qTy/ 77T Py 5] = 7 + [|6]%,

with 8 := P%,CHF;N'I‘. Note that, at 7 = 0, this shows that AMSEz’T(éc) =7r < p=
AMSEg , (By), which confirms the intuition that ¢ dominates @y when the true parameter value

belongs to ©g. Now, it easily follows from (3.16) that
AMSE} , (@pr) =p = 72(p — 7) + (272 — 1) [8]1%,

where v; = P[V; < x2_, 1), with V; ~ x2_, . ;([6]|*). Figure 2 plots, for p = 10, r = 1 and
a = .05, the quantities AMSEZ,T(éU), AMSEZJ(éC) and AMSEZJ(QPTE) as functions of ||8]|2.
The figure reveals that, under Pé") with @ € ©¢ (which corresponds to § = 0), the constrained
estimator 90 has the best performance, as expected. The PTE performs better than 9U in the

vicinity of the constraint ([|6] small to moderate) and it is asymptotically equivalent to @y far

from the constraint (||6] large).

4 Two specific illustrations

In this section, we illustrate the general results obtained above in two particular cases. First,
we consider preliminary test estimation in the simple linear regression model and show that we
recover for this model and for the considered estimation problem the classical results of Saleh
(2006) (Section 4.1). Then, we consider the joint estimation of m covariance matrices 1, ...,%,,
in a context where it is suspected that these covariance matrices might be equal, might be

proportional, or might share a common “scale” (Section 4.2).

4.1 Simple linear regression

Consider the simple linear regression model

Y =pl1, +08x+e, (4.18)
where Y = (Y1,...,Y,,) is a response vector, x = (21,...,2,)  is a vector of non-random covari-
ates, and where the error vector € = (€1, ..., €,)" is multinormal with mean zero and covariance

matrix oI, for some o2 > 0. This is the classical simple linear model with intercept p, slope 3,

10
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Figure 2: Plots of AMSE;;,.(@U)7 AMSE;T(éc) and AMSEZ,T(épTE) as functions of ||§]|?, for
p=10,r =1 and a = .05.

and Gaussian homoscedastic errors with variance ¢?. Throughout, we consider the parame-
ter @ := (p, ), as we will assume that o2 is known (this is actually no restriction, since the
block-diagonality of the Fisher information matrix in this model entails that replacing o2 with

a root-n consistent estimator will have no asymptotic cost, so that all results we obtain below

extend to the case where o2

would remain an unspecified nuisance). Under mild assumptions on
the limiting behavior of the z;’s (ensuring that the quantities Zg and sg below do exist and are
finite), one can easily show that this model is ULAN, with a central sequence Aén) that, under

Pén), is asymptotically normal with mean zero and covariance matrix

1 1 T
o5 0 a)
o Ty 8o+ I

where Zg = lim, 0o n ' > 1 2; and sp := lim,,e0 s;"), with s;") =n"1x'x —n"2(1/,x)%. We

consider here preliminary test estimation of § when it is suspected that 8 = By for some given ;.

11



In this context, the classical, unconstrained, estimator of @ is the maximum likelihood estimator

P (p) ( n~H(1,Y - f1;,x) )

VBT (x'Y — n~1x'1,1,Y)/ns{"™ )’
whereas the natural constrained estimator is f¢ := (;0), with p := n=}(1,)Y — Bo1.,x). Since
the locally asymptotically optimal test for Hy : 8 = By against Hi : 8 # Bo rejects the null

hypothesis at asymptotic level o when

n (B — Bo)2s”
Q( )::%

2
> X1,1—a>

the resulting PTE is given by

Oprp = (EPTE> =1QM > X%,ka}éU +I[Q™ < Xika]éc'
BpTE

Letting 6y = ( B”O ) be an arbitrary value of the parameter of interest corresponding to the con-

straint, the null hypothesis can be written as Ho : 0 € g + M(T), with T := ((1)) Since

=2 —
—1 1430 -3 —1/2p5 1 21/2 0 -z
T, :02< e 0] and TpYPPRng? = o 1)
S0 S0

it follows from (3.16) that, under Pé:lnflnw with 7 = (2)7 the quantity AMSEg » (9PTE) is here

given by

S0 S0

200 1\z B 2(1—
o (v2—DTFo (272 _ 74)33052 (20 v2) + (2,}/2 _ 74)52

=2 =2 2 _ —

< o2(L+ 2 — 2250) 4 (295 — y0)ag6? TOZNR (295 — y0)706” )
S0

where the «;’s are computed with p = 2 and r = 1. This is in perfect agreement with the result

in Theorem 4, p.p. 94-96 in Saleh (2006).
4.2 Multisample estimation of covariance matrices

Consider m(> 2) mutually independent samples of random k-vectors X;1, ..., Xn,, i = 1,...,m,
with respective sample sizes ni,...,ny, such that, for any ¢, the X;;’s form a random sample
from the multinormal distribution with mean vector 0 and (invertible) covariance matrix 3; (all
results below extend to the case where observations in the ¢th sample would have a common,
unspecified, mean p,, i = 1,...,n, due to the block-diagonality of the Fisher information matrix
for location and scatter in elliptical models; see, e.g., Hallin and Paindaveine, 2006). In the
sequel, we decompose the covariance matrices into £; = 02V, where o; := (det £;)/ () is their
“scale” and V; :=X;/(det Ei)l/k is their “shape”. Under the only assumption that A; := )\gn) =

ni/n:=mn; /(3 )~ ne) converges in (0, 1) for any ¢ (to make the notation lighter, we will not stress

12



the dependence in n in many quantities below), it follows from Hallin and Paindaveine (2009)

that the sequence of Gaussian models indexed by
0:= (0?,...,02, (vech V)',..., (vech V,,,)"), (4.19)

where vech V(€ R%, with dj, := k(k+1)/2—1) stands for the vector obtained by depriving vechV
of its first entry Vi1, is ULAN in the sense of Assumption (A). To describe the corresponding
central sequence and Fisher information matrix, we need the following notation.

Denoting as e, the rth vector of the canonical basis of R¥, let Kj, := ijszl (er€.)®(es€el) be the
k% x k? commutation matriz, put Jj, := (vecI})(vecI)’, and define M (V) as the (dj x k?) matrix
such that (My(V))/(vechv) = vecv for any symmetric k x k matrix v such that tr[V~'v] = 0.
We further put 1 »
H;.(V) = 7 Mu(V) (L2 + Ky.) (VO V) (Mg (V)"

Then, letting S; := ni_l Z?Zl X;X}; be the empirical covariance matrix in sample i (with respect

to the fixed location p; = 0), the central sequence is
Ao = (A, A (AFYY . (AF™)),

where, for i =1,...,m, we wrote

Ay = Vi tr[o; >V (S; — 07 V;)] and A= i M (V)(V @ V) (vecS;),

=523 2
207 20;

whereas the (full-rank) information matrix takes the block-diagonal form 'y := diag(Ty,Ty),
with

k
.= §diag(a;4,...,a;f) and T :=diag(Hg(V1),...,He(Vy)).

The corresponding contiguity rate v,, in Assumption (A) is given by v,, = n~12r,, with
. -1/2 _ —1/2 _
v, o= diag(A; 2 A2 AT P A PT,).

We consider here estimation of X1, ..., %, or, equivalently, estimation of 8 in (4.19). An advan-

tage of the #-parametrization is that it allows the construction of various PTEs: one may suspect,

e.g., scale homogeneity Hi™e : 02 = ... = 02, shape homogeneity H"™ : Vi = ... = V,,, or
full covariance homogeneity HE : 03V = ... = 02V, that is, HEV : ) = ... = %,,. An

asymptotically efficient unconstrained estimator in this Gaussian model is given by

o o /
- hS;) (vech S,,)’
by — ((det SV . (det S,k LYeRSD” 4.20
U <( € 1) 9 7( € ) ) (detsl)l/kv ) (detSm)l/k 9 ( )

whereas, writing S :=n"'Y", >oity XX, for the pooled covariance matrix estimator (with

respect to the fixed locations p; = ... = p,, = 0), asymptotically efficient constrained estimators,
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for the three constraints Hic™e, 5P and HEY above, are given by

/
Ascale (VeOChS )/ (VeOCh Sm)/
0 det S)V/*1/ 4.21
(@] (( € ) m> (d tsl)l/kv 9 (det Sm)l/k ) ( )
/
Ashape ve%hS !
0- ((det SHYE, .. (detS,) YR 1, @ ((detS)1)/’f> (4.22)
and ,
~COV OhS)/
6 = ((dets)/1, 1, g LOBS) 4.23
C (( € ) mo m® (dets)l/k ’ ( )

respectively. The three hypotheses Hi@e, H5"P¢ and HS°¥ impose linear restrictions on 6, hence

can be written as
chale :0 e M(TsCale)7 thape 6 c M(Tshape) and HSOV UES M(TCOV)

(more specifically, Tscatle := diag(1m, Imd, ), Tshape := diag(In,, 1,,®Ig, ) and Yooy = diag(ly,, 1,,®
I;.)). Now, if the p x r matrix T stands for either of Yscale, Tshape Or Yoy (of course,
each constraint matrix has its own ), the locally asymptotically most stringent test ¢¥l ) for

Ho : 6 € M(T) rejects the null hypothesis at asymptotic level o when
Qyy = Ay [r;l — (™)L (L (™) I (r ™M) 1) 1L (2 )~ | Ag
> Xon(det1)—ri1—a- (4.24)

This allows us to consider the PTEs

~scale ~scale
BPTE - H[¢Tbcdlc = ] + HM)TMdk O]BC s
~shape ~ n ~shape
Oprp = [¢Tmpe =1]0u + H[(bgrs)hape =00

and

~COV ~COV

Oprg =1 £rnc)(,v = 1]9U + HWSI?‘?OV =00c .

To compare these PTEs with their unconstrained and constrained antecedents, we performed
the following Monte Carlo exercise, that focuses on the case m = 2 and k = 2. For each ¢ =
0,...,9 and for each value of ny = nao(= n/2) € {200,2000,20000}, we generated indepen-
dently M = 10000 collections of mutually independent observations Xy, ..., Xp,, Y1,0,..., Yo, r,
where the X;’s are N'(0,X;) and the Y, ¢’s are N'(0, X3 ), with ¥; = I}, and with ¥, = ag,ng’g

based on
1 20 1 20
Ug,z = e"/Cv)and Vo= ( V" )/ det( 2w V" )
BV BV
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For ¢ = 0, both populations share the same covariance matrix, hence also the same scales and
shapes, whereas £ = 1,...,9 provide increasingly distinct scales and shapes. In other words, the
constraints above are met for £ = 0 and they are more and more severely violated for £ =1,...,9.
For any estimator 6 of the corresponding true parameter value €, we measure the performance
of through

MSEj(8) := tr[T;/ *MSE,(8)T;/ ], (4.25)

with

MSE, (8 Z{ "o @ -0y,

where é(m) is the value the estimator takes in the mth of the M replications. Figure 3 then

~scale ~shape

plots the values of MSE}(8) for Oppy, Oprp and 0PTE (with all preliminary tests performed

~scal
at asymptotic level & = 5%) and for their constrained and unconstrained antecedents oZC“,

~sh A
0; e 0CCOV and @y. To match what was done in Figure 2, in Figure 3, these quantities are not
plotted as functions of ¢, but rather as functions of the induced quantity ||8]|?. Irrespective of
the sample size and of the constraint, the PTEs achieve a nice trade-off between the constrained

and unconstrained estimators. For large sample sizes, the finite-sample MSEs are clearly in an

excellent agreement with their asymptotic versions in (3.17), that are also plotted in Figure 3.

5 Real data example

To demonstrate the practical relevance of the PTEs we introduced for multisample covariance
estimation in Section 4.2, we now provide a real data example. The dataset involves ny = 49 pairs
of monozygotic male twins and ne = 36 pairs of monozygotic female twins (group 1 and group 2,
respectively, say). For each pair of twins, six variables are available, namely the stature, hip width,
and chest circumference for each twin. The resulting dataset, that thus collects ny +ns = n = 85
vectors Xi1,...,XinysX21,. .., X2p, I0 RS, has been analyzed in Flury (2013) and is available in
the R package Flury (see the data frames m.twins and f.twins, for male and female twins,
respectively).

We consider estimation of the underlying covariance matrices X1 and Xo of the two groups. Of
couse, the natural unconstrained estimator is the one associated with the group-specific sample
covariance matrices £y := n, ! S (Xey — ) (x5 — i)' £ = 1,2, where fi, :=ng 'Y x5,
£ =1,2, estimate the corresponding mean vectors. In the same spirit as in Section 4.2, we consider
the PTEs associated with each of the following three constraints: homogeneity of scales (H§),
homogeneity of shape matrices (H3), and homogeneity of covariance matrices (Hg). These PTEs

are based on the unconstrained estimator above and on constrained estimators obtained from
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Figure 3: For three different constraints, namely scale homogeneity (left), shape homogeneity
(middle), and covariance homogeneity (right), plots, as functions of ||§]|?> (which measures dis-
tance to the constraint), of the finite-sample MSEs in (4.25) (dotted lines) and of their theoretical
asymptotic versions in (3.17) (solid lines) for the corresponding PTE estimator @pry (with pre-
liminary tests performed at asymptotic level @« = 5%) and for their constrained and unconstrained

antecedents, 90 and QU; see Section 4.2.

the following pooled quantities: letting 213001 = (nlflLU + 7’L2227U) /m be the pooled covariance
matrix used as the estimator of the common covariance matrix under #{, the common value
of the scale parameter under H¢ is estimated by (det £p001)/? (recall that p = 6), whereas the
common shape matrix under H} is estimated by (det 2p001)_1/p2p001.

Practical relevance of these three PTEs will be shown through the following supervised classifi-
cation exercise. All considered classifiers perform quadratic discriminant analysis (QDA) based

on the sample means fi, /f1, above, hence only differ through the estimates ) /22 of the group-
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specific covariance matrices: this leads to four QDA classifiers, namely the one using uncon-
strained estimators (which is the usual QDA classifier) and those using each of the three PTEs
above. To compare the performances of these classifiers, we randomly sampled 30 observations
in group 1 and 25 observations in group 2, and we trained the various classifiers on the resulting
training set of size 55 (the PTE-based classifiers were applied with asymptotic level a« = 1% and
asymptotic level « = 0.1% for the preliminary tests). The misclassification rate of each classi-
fier was then evaluated on the basis of the test set made of the remaining n; + no — 55 = 30
observations. To ensure that the results are not specific to a particular partition of the dataset
into a training set and a test set, this was repeated M = 1000 times. Figure 4 provides, for
each classifier, a boxplot of the resulting M misclassification rates (the average misclassification
rate of each classifier is also given). Clearly, the results indicate that the PTE-based classifiers
dominate the classical QDA procedure. For o = 0.1%, the PTE associated with the constraint
of covariance homogeneity (H§) provides a classifier that reduces by more than 12% the average

misclassification rate of the classical QDA classifier.

o U PTE (H3) PTE (H)) PTE (HS)

e 38.6% 37.5% 37.5% 37.8% 36% 36.1% 33.8%
£ g 5 5 3 ° o °
g @ o o) o o o) X o
c © - T - T T T (¢] ] o
5 . e e —— : |
— 1 ]
° | | | | i | i
S N 1 1 1 1 I 1 l

o fo) lo) o [o) —_ : —_

o o o e} o °

o

S

T T T T T T I
- a=1% a=0.1% a=1% a=0.1% a=1% a=0.1%

Figure 4: Boxplots of the misclassification rates obtained by applying different QDA classifiers in
M = 1000 random partitions of the twin dataset into training and test sets. The QDA classifiers
use different estimators of the group-specific covariance matrices, namely the usual unconstrained
estimators (which provides the classical QDA classifier), and the PTEs associated with the con-
straints of scale homogeneity (H2), shape homogeneity (H§) and covariance homogeneity (Hg).
For PTEs, two versions were considered, that differ in the nominal level o at which preliminary
tests were performed. Percentages above the boxplots indicate average misclassification rates;

see Section 5 for details.
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Appendix: Proofs

In this appendix, we collect the proofs of the various results.

Proof of Theorem 1. First note that
v, (Bpre —0) = AQ")w, (B —8) + (1 - AQM)w, ' (Bu —6)
= v, By —0) + A Q™). (B — bu). (A.26)
For any £ > 0, Assumption (A)(iii) ensures that
P AQM) i > €] < PEUIAQ™) = 1] 0,

so that A(Q)v;;! = op(1) under Pén). Since by assumption, 8¢ —0y = 0c —0+op(1) = Op(1)
under P((,n), the result follows from (A.26). O

Proof of Theorem 2. Writing v, (0y —6,,) = v;*(0uy —0) —v;, ' (6, —0) and v} (8c —0,,) =
v;Y(0c —6) —v;1(, — 6), Assumption (B) entails that

v 0y —0,) AgS((,n) —Th
—-1/p .. (n) -
v, (0o —0n) | _ | TBeSg  —7u | L, (1) (A.27)
D™ D™
An) An)
under Pén), 0 € ©¢. Using Assumption (B) again, we have
Aesén) —Tn -T
(n) _
TByS, ' —Tn +op(1) D T F
D™ 0
A —37 Tt

under Pé,"), 0 € 6y, with

AoToAl,  AgSeBLY  AgSeClh  Agfr
po | TBoZoA) TByE,B)Y TBsE,C) TBeQer
CoSoAl,  CoSoB)Y  CoSC)  Cofpr
T'Q A, T'QeB, Y’ 7'QC, T'Tot
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Thus, the third Le Cam Lemma (jointly with the fact that (A.27) also holds under P§Z)7 from

contiguity) directly yields that, under P‘(,:),

v, 10y —0,) (AgQp — L,)7
N D nt
vl -0, | N | B —1,)r |F |
D(”) CgQgT

where F is obtained from F by deleting its last column and last row. Since
v, (@pre —6,) = (1= M(|DI*)v, ' By —0.) + M(ID|*),. ' (8¢ —6,),
the result then directly follows from the continuous mapping theorem. O

The proof of Proposition 1 requires the following preliminary result.

Lemma 1 (Saleh (2006), pp. 32). Let Z be a Gaussian random p-vector with mean vector p and

covariance matriz I,. Then, for any real measurable function ¢,
() Ele(|Z]*)Z] = E[p(V)]p

and

(ii) Elp(|Z]]*)ZZ] = E[p(V))]T, + Elp(W)]uy',
where V ~ x2 o ([ll]?) and W~ 2, (ls]]?).

Proof of Proposition 1. Since E[D] = P# effl"émr and since Py g is idempotent, we have

Ep¥is al = E,°Pf (1 — A(|D|?)D —T;/°7)]

T, '*Pt +E\(|D|*)D]. (A.28)

Since P% off 1S & projection matrix with rank p—r, it decomposes into P% of = OAO’, where O is
a p x p orthogonal matrix and A := diag(1,...,1,0,...,0) is a diagonal matrix with tr[A] = p—r.
The random vector E := O'D is then Gaussian with mean vector AO’ Fé/ ’r and covariance

matrix A. Lemma 1(i) thus entails that
E[A(|D|*)D] = OE\(||E|]*)E] = 72Px 4Ty 7, (A.29)

where 5 is based on a non-central chi-square distribution with p — r 4+ 2 degrees of freedom and
non-centrality parameter (AO/F;/2T)/AO/P;/2T = T’I‘;/ZP# eHFé/QT. Plugging this into (A.28)
provides the result for E[uyiy -

We thus turn to Var[upy ). Since (1 — A(v))? =1 — A(v), we have
Varlu o) = TP Varl(1 = A(IDI*))DIPy T,
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= T,'’Px 4 {E[(1 - A(|D|?))DD/] (A.30)

—(1- 72)2P%,cﬁ'F;/QTTT;/ZP%,cH}P%,cffre_lﬂv

where we used (A.29). Now, by assumption, E[DD’| = Var[D] + E[D|(E[D]) = P-Jl:,eff +
P%yCHI‘;/QTT'I‘;/QP%VCH, and, applying Lemma 1(ii) along the same lines as above, we have that
E[\(|D[*)DD'] = OE[A(|E|?)EE'|O’ = %P5 ¢ + 74P5 qFy 77T/ *Px ;. Plugging these

expressions into (A.30) then provides the result. O

Proof of Proposition 2. Contiguity implies that (2.4) also holds under Pé:), so that

v; 0y —6,) =v;' 0y —0) — 7 =T, A — 7+ 0p(1)

under Pé:). Since Le Cam’s third lemma entails that Aén) is asymptotically normal with mean

vector I'gT and covariance matrix I’y under Pé:), it follows that v, 1(9U —6,,) is asymptotically
normal with mean vector 0 and covariance matrix I'g. ! under Pg’t), which yields AMSEg » (9U) =

ry L Working along the same lines, we have that, under Po<9??

vl (0c —0,) = v;'(6c—0) -7

T(YTeY) YA — 7+ 0p(1)

= T, *Py T, PASY — 7 4 0p(1).

It directly follows that v, 1(90 —0,,) is, still under Pg:), asymptotically normal with mean vec-

tor I‘;l/QPT’eHF;/QT -7 = —F;1/2P%}eﬁré/27‘ and covariance matrix I‘;UQPT’EHI‘;UQ. The
expression for AMSEg , (éc) given in Proposition 2 directly follows. O
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