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Abstract

Multisample covariance estimation—that is, estimation of the covariance matrices
associated with k distinct populations—is a classical problem in multivariate statis-
tics. A common solution is to base estimation on the outcome of a test that these
covariance matrices show some given pattern. Such a preliminary test may, e.g.,
investigate whether or not the various covariance matrices are equal to each other
(test of homogeneity), or whether or not they have common eigenvectors (test of
common principal components), etc. Since it is usually unclear what the possible
pattern might be, it is natural to consider a collection of such patterns, leading to a
collection of preliminary tests, and to base estimation on the outcome of such a mul-
tiple testing rule. In the present work, we therefore study preliminary test estimation
based on multiple tests. Since this is of interest also outside k-sample covariance
estimation, we do so in a very general framework where it is only assumed that the
sequence of models at hand is locally asymptotically normal. In this general setup,
we define the proposed estimators and derive their asymptotic properties. We come
back to k-sample covariance estimation to illustrate the asymptotic and finite-sample
behaviours of our estimators. Finally, we treat a real data example that allows us to
show their practical relevance in a supervised classification framework.

Keywords: Covariance matrix estimation; Local asymptotic normality; Multisample prob-
lems; Preliminary test estimation; Valid post-selection inference.



1 Introduction

The present paper is motivated by the problem of estimating the covariance matrices
¥,..., X, associated with k distinct p-dimensional populations. This is a very classi-
cal point estimation problem in multivariate analysis. It is, e.g., of paramount importance
when building discriminant analysis rules or when performing MANOVA or MANOCOVA.
When X4, ..., %, are unconstrained, this multisample problem of course reduces to a col-
lection of k separate estimation problems. In many applications, however, it is assumed or
suspected that there is some link between the various covariance matrices. In line with this,
Boente and Orellana (2004) and Jensen and Madsen (2004) considered k-sample covari-
ance estimation under the assumption of proportionality, that specifies that ¥4, ...,X, are
equal to a common covariance matrix ¥ up to group-specific scalar factors. Flury (1984)
tackled the same estimation problem in the common principal components (CPC) model,
under which Xq,...,Y; share the same eigenvectors. Many later works focused on this
CPC model: Flury (1986) derived what is now the textbook Gaussian asymptotic theory;
Boente et al. (2002) defined robust estimation procedures for this model, whereas Hallin
et al. (2014) focused on rank-based estimation; Browne and McNicholas (2014) considered
the problem in high dimensions, while functional extensions were proposed in Benko et al.
(2009).

Prior to performing k-sample covariance estimation under some specific assumption
(proportionality, CPC, etc.), it is of course natural to first perform a test to investigate
whether or not the data are compatible with that particular assumption. If one assumes
that the k covariance matrices are equal to each other, then one should accordingly perform
a test of homogeneity, among those from Schott (2001) or Hallin and Paindaveine (2009),

etc. For tests of proportionality, one may refer to Liu et al. (2014), Tsukuda and Matsuura



(2019) and the references therein, while tests for the CPC structure were proposed in Flury
(1986), Schott (1991), Boente et al. (2009), and Hallin et al. (2013), to cite only a few.
Estimation is then based on the decision of such a preliminary test, as we now illustrate

by considering the assumption of homogeneity. If ¢.o is a test of the null hypothesis of

homogeneity HY : £; = ... = Xy, then, writing [[A] for the indicator function of A, the
resulting natural estimator of (Xq,..., %) is

Mdeor = 1](Z1, .+, Zk) + Ipeoy = 0](, ..., 2), (1.1)
where the 21, e ,f]k are ‘“unconstrained” estimators of Xi,...,Y¥; and where Y is an

estimator of the common value of the ¥,’s under the null hypothesis of homogeneity; as
usual, ¢eoy = 1 (resp., ¢deoy = 0) indicates rejection (resp., non-rejection). The estimator
in (1.1) is a preliminary test estimator (PTE) in the sense of Saleh (2006); we refer to
Maeyama et al. (2011) and Paindaveine et al. (2017, 2020) for recent contributions on
such estimators. PTEs typically achieve a good compromise between (21, e ,f]k) and
(f], o ,f]) in the vicinity of H{® and, provided that ¢, is a consistent test, PTEs are
also asymptotically equivalent to the classical estimator (21, e ,f]k) “away from the null
hypothesis H{*"”, that is, for fixed parameter values that do not satisty Hg".

Motivation for the present work lies in the fact that, in many situations, multiple
constraints may be considered. To provide an example in the above k-sample covari-
ance estimation framework, let us factorize the k covariance matrices as ¥, = ang =
(det £,)/P{E,/(det £;)'/P} to emphasize their “scale” oy and their “shape” V,. With this
notation, one may consider the constraints associated with the null hypotheses of scale
homogeneity Hi? : 02 = ... = ¢? and of shape homogeneity )" : Vi = ... = V}, (note
that H5™ coincides with the null hypothesis of proportionality). If @ea. and Bshape are

tests for these null hypotheses, then a natural estimator is the preliminary multiple-test
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estimator (PMTE)

H[¢scale = 17 ¢Shape == 1](6—%\71’ cee 76—13\716) + H[¢scale = 17 ¢shape = OK&%Va cee 7&]%\7)

[ hscate = 0, denape = 1](62V1, ..., 6° Vi) + I[dscate = 0, Pshape = 0](62V, ..., 62V), (1.2)

where the 67’s and Vs are unconstrained estimators (these are the scale and shape of

the unconstrained estimators X,), &2

is an estimator of the common value of the ¢7’s
under H° and where V, similarly, is an estimator of the common value of the V,’s
under H"°. The estimator in (1.2) is a PTE that involves two constraints, whose in-
tersection is associated with the null hypothesis H® of homogeneity of the £ covariance
matrices. Obviously, more than two constraints may be considered. For instance, fac-
torizing further the covariance matrices into ¥, = O’?Vg = U?OgAgOZ based on the usual
spectral decomposition of the shape matrix V, (here, O, is an orthogonal matrix and A,
is a diagonal matrix collecting the eigenvalues of V, on the diagonal), one may consider
the constraints associated with the null hypothesis of scale homogeneity Hi° the null
hypothesis of shape eigenvalue homogeneity ”HSig Ay = ... = Ay, and the CPC null
hypothesis H{FC : O, = ... = Oy. Combining the outcomes of tests for the three null
hypotheses allows one to define a three-constraint PMTE of the same nature as in (1.2).
Such an estimator actually formalizes the estimator practitioners would use in practice
in the present k-sample covariance estimation setup. It remains unclear, however, how
this estimator behaves since, to the best of our knowledge, such PMTEs have not been
considered in the literature.

The main objective of the present work is therefore to introduce and to study PMTEs,
and show their practical relevance. The outline of the paper is as follows. We first intro-

duce PMTESs in a general context (Section 2). Then, we derive the asymptotic behaviour of



such estimators in the common framework of locally asymptotically normal (LAN) models
(Section 3). In particular, we show that away from all constraints, there is no asymptotic
loss to consider PMTEs rather than standard PTEs, since both types of estimators then
turn out to be asymptotically equivalent to the unconstrained estimator. As we show, how-
ever, PMTEs dominate their competitors in the vicinity of the considered constraints. To
demonstrate the practical relevance of PMTEs, we mainly focus on the multisample covari-
ance estimation problem that motivated this work (Section 4). We first derive the various
estimators in this context (Section 4.1), then compare them theoretically and empirically,
respectively through the computation of asymptotic efficiencies and through simulations
(Section 4.2). Last, we illustrate our methodology in a real data example involving different
species of voles (Section 4.3). We conclude with final comments (Section 5). In a supple-
mentary material, we perform finite-sample comparisons with estimators resulting from a

BIC-based model selection (Section A) and provide the technical proofs (Section B).

2 Preliminary multiple-test estimators (PMTEs)

Consider a model that is indexed by a parameter 8 = (6, ...,60;) € © C R? of dimension d
and assume that, in line with the situation considered in the introduction, m possible
constraints on @ are suspected to hold. For the sake of clarity, we first introduce PMTEs
in the case involving m = 2 constraints only. Since we will actually restrict throughout to
linear constraints on 6, these two constraints take the form 8 € M(Y;), j = 1,2, for some
d x r; matrices T; (r; < d), where M(A) denotes the vector subspace of R? that is spanned
by the columns of A (without any loss of generality, we will assume in the sequel that
the T;’s have full rank). To make the notation lighter, we will throughout tacitly restrict to
values of 8 that belong to ©, which allows us to write § € M(Y ;) instead of @ € ©NM(T),



orf € R\ M(T,) instead of @ € O\ M(Y;), etc. For d = 2, the two constraints are vectorial
lines that are respectively spanned by the d-vectors Y;, j = 1,2. In this framework, we
assume, for each j = 1,2, that a test ¢; for the null hypothesis H;o : € M(T;) is available.
The outcome of these tests is coded as ¢ := (¢1,¢2) € {0,1}% as in the introduction,
¢; = 1 (resp., ¢; = 0) indicates that ¢, leads to rejection (resp., non-rejection) of H,o.
If ¢ = (1,1), then it is natural to adopt an unconstrained estimator 6y (taking values in
R?), whereas other values of ¢ would lead to considering various constrained estimators of 6,
namely a constrained estimator 9(0,1) taking values in M(Y;) if @ = (0, 1), a constrained
estimator «9(170) taking values in M(Y5) if ¢ = (1,0), and a constrained estimator 9(0,0)

taking values in M(YT;) N M(Y3) if ¢ = (0,0). Summing up, this leads to the PMTE
Berire = 1 = (1, 1))y +1[¢ = (0, 1)160,) +1[¢ = (1,0)6(10) +1[¢ = (0,0)600), (23)

which is obtained by taking into account the 2 = 4 possible (joint) outcomes of the tests ¢;
and ¢s.
We now discuss the general case involving an arbitrary number m of linear constraints.
To do so, let T;, j = 1,...,m, be full-rank d x r; (r; < d) matrices such that the jth
constraint takes the form #;o : @ € M(Y;) and let ¢; be a test for the corresponding null
hypothesis. Any element ¢ = (¢1,...,¢,) € C™ :={0,1}™ may be used to indicate which
constraints are satisfied by a given parameter value 8: letting J. = {j =1,...,m : ¢; = 0},
0 € Njcs. M(T;) means that 6 meets the constraints indexed by J. but not the other ones.
Any ¢ € C™ also corresponds to a possible decision for the m-tuple of tests ¢ = (¢1, ..., Om)-
With this notation, the resulting PMTE is then
Opnre == > Li¢p = )b, (2.4)
ceCcm

where @, is a constrained estimator taking values in Nje7.M(T;). In the sequel, it will be
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convenient to fix, for any ¢ € C™, a full-rank matrix Y. such that M(Y.) = N;e. M(T;).
Note that for ¢ = 1,, —e;, where 1,, is the m-vector of ones and e; is the jth vector of the
canonical basis of R™, we may simply take Y. =T, (so that 6. is a constrained estimator
based on the jth constraint only), whereas for ¢ = 1,,, then we may take T, = I; (so
that 9C = Oy is an unconstrained estimator), where I, stands for the ¢-dimensional identity

matrix. Clearly, for m = 2, the PMTE in (2.4) reduces to the one in (2.3).

3 Asymptotic results

The objective of this section is to derive the asymptotic behaviour of the PMTE in (2.4)

under mild assumptions. We first describe the assumptions we will adopt.

3.1 Assumptions

Our first assumption imposes regularity of the parametric model {P((,n) 10 € © C RY} at
hand. More precisely, it requires that this model is locally asymptotically normal (LAN)

D
(throughout, all convergences are as n — oo and — denotes weak convergence).

Assumption (A). There exist a deterministic sequence (v,) of full-rank d x d matrices
converging to zero (in Frobenius norm, say), a sequence of random d-vectors Aé") (the
central sequence) and a symmetric positive semidefinite d x d matrix Ty (the information

matrir), such that, for any # € © and any bounded sequence (1,,) in R,
dp 1
(i) A™ :=log % =7 A — 5TnLeTn + op(1) (3.5)

and (ii) Aén) 2 N(0,Tg) under Pé").



This assumption is very mild as it is satisfied by numerous parametric models, including
hidden Markov models (Bickel and Ritov, 1996), many time series models such as, e.g.,
ARMA and GARCH ones (Francq and Zakoian, 2013), location-scatter elliptical models
(Hallin and Paindaveine, 2006), multisample elliptical models (Hallin et al., 2013, Hallin
et al., 2014), models for directional data (Ley et al., 2013, Garcia-Portugués et al., 2020),
and many more. Actually, any parametric model with smooth densities and continuous
Fisher information satisfies Assumption (A); see, e.g., Theorems 12.2.2-12.2.3 in Lehmann
and Romano (2005).

Our second assumption, that relates to the constrained/unconstrained estimators and
preliminary tests to be used in the proposed PMTE, is as follows (throughout, tr[A] will
denote the trace of A and X?,lfa will stand for the upper a-quantile of the chi-square

distribution with ¢ degrees of freedom).

Assumption (B). The estimators 9C, c € C™, and preliminary tests ¢;, 7 = 1,...,m, satisfy

the following properties:

(i) for any @ € M(Y,), we have v; (0 — 8) = TcBepSy” + op(1) under Py for some

d x d matrix B and some sequence of random d-vectors Sé") such that

D) e
Ay 0 Qg Ty

under Pén) (here, v, ! and Aén) are as in Assumption (A));

(ii) the test ¢, rejects the null hypothesis ;o : 8 € M(T;) at asymptotic level o when
Qg.n) = ]\Dgn)\|2 = (Dgn))’Dg-n) > Xi_r,1—a Where, for any § € M(Y;), the ran-
dom d-vector Dgn) is such that Dgn) = ijgsén) + op(1) under Pén), with Sén) as
in (i) and with C;g a d x d matrix satisfying EgC;-’eCjﬂEoC;’onjoﬁg = ZgC;’GCjﬂEG
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and tr[C},C;eXg] = d — r; for any 6 € M(Y;). Furthermore, ¢; is consistent un-
der P{" for any 6 ¢ M(T;).

Assumption (B) might look restrictive but it is actually extremely mild: provided that As-
sumption (A) holds, it indeed only requires the existence of an unconstrained estimator 9U
admitting a Bahadur-type representation. To see this, assume for the sake of simplicity
that v, is as usual given by v, = n~'/2I; (extension to a general v, is trivial), and that,

for any 0 € ©, the estimator 9U satisfies the Bahadur representation
) LS~
Vilby -0) = —= Z T}y +op(1) (3.7)

under Pén), where the random d-vectors T%), ¢t =1,...,n, are mutually independent and

share a common distribution that has mean zero and has finite second-order moments. Since
the CLT for triangular arrays entails that Sé") =n 23" T%) satisfies (3.6) under the
usual mild Lévy-Lindeberg condition, this already ensures that Assumption (B)(i) holds
for ¢ = 1,,, with By,, ¢ = I (recall that T,,, = I;). Now, for any other ¢ € C™,

the constrained estimator 8 := P8y, where Pe := To(Y,Ye) 'Y, is the matrix of the
orthogonal projection onto the constraint M(Y,), is such that, for any § € M(Y.),

Vi(0e — 6) = Pov/n(0y — gD ZP TV + op(1) = PcSy"” + op(1)

under P((,n), which shows that Assumption (B)(i) is fulfilled. As for Assumption (B)(ii), it
will be satisfied by Wald tests for H,o : § € M(Y;) constructed in the usual way from (3.7).
This confirms that the only key point in Assumption (B) is the existence of an unconstrained
estimator Oy satisfying (3.7). In virtually all models, M-, L-, and R-estimation will provide

an unconstrained estimator of this type, so that Assumption (B) is indeed extremely mild.
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In the LAN framework of Assumption (A), one may alternatively want to rely on (con-
strained) asymptotically efficient estimation. The resulting estimators of 6 will satisfy
Assumption (B)(i) with SY" = A" (hence with £5 = Q9 = Ty), since, for the constraint
associated with ¢ € C™ and any corresponding § € M(Y.), the constrained asymptotically
efficient estimator éc is such that

~

Vn@e —0) =T (YT.TyY.)" IT/A +op(1)

under P (for unconstrained estimation, this provides the usual result /n ( v—20) =
I‘o_len) + op(1) under P ) for any @ € ©). For testing Ho : 8 € M(T.) against H, :
60 ¢ M(T.), the locally asymptotically most stringent test rejects Hy : 8 € M(Y,) at

asymptotic level o when
Q" =€ AP > X imar With Cjp = (I = Ty * Yo (Y TeYe) 1Ty *)T,

see, e.g., Chapter 5 of Ley and Verdebout (2017). Remarkably, Assumption B(ii) then
holds with D =C,;, A" b ). provided that, under any P((, ), with 8 € M(T,.),

C,5. A = CjoBAy" + 0p(1) (3.8)

(direct computations indeed provide C’,C;gl'eC’,C;jp = C},Cjp and tr[C),C;el'g] =
d — ;). Note that for locally and asymptotically discrete estimators 6., (3.8) holds in
particular when the LAN property in Assumption (A) is reinforced into a ULAN (uniform
local asymptotic normality) one; see, e.g., Chapter 5 of Ley and Verdebout, 2017 for details.

These considerations explain that Assumptions (A)—(B) will hold for a wide variety of
models and corresponding estimators, including efficient estimators for the large class of
Gaussian processes considered in Dahlhaus (1989), efficient estimators of regression models

with long memory disturbances (Hallin et al., 1999), adaptive estimators in semiparametric
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ARMA, ARCH or TAR time series models (Drost et al., 1997), M-estimators (Lopuhaa,
1992; Paindaveine and Van Bever, 2014) and R-estimators (Hallin et al., 2006, 2014) of
scatter in elliptical models, efficient estimators and R-estimators of location in rotationally

symmetric models for directional data (Ley et al., 2013), to cite only a few.

3.2 Asymptotic results

We now study the asymptotic behaviour of the PMTE estimator in (2.4). Fix ¢y € C™
and consider a parameter value @ that is such that ¢ M(Y;) for any j such that ¢y; = 1.
Using the notation introduced in Section 2, this rewrites @ € R\ Uj¢z, M(T;). Consider
then the oracle PMTE, 9PMTE7CO say, that would be the natural one to consider if it would
be known that 6§ € R\ Uj¢ 7, M(Y;), that is, the PMTE that does not involve tests of the
constraints that are known not to be met. Letting C" := {c € C™ : ¢; = 1 for any j & T, },
this oracle PMTE is given by

OpntEco = 1[¢ =c,clfe, (3.9)

cECg’é

where ¢; =¢, ¢ means that ¢; = ¢; for any j € J., (so that, as intended, this oracle PMTE
does not involve the tests for the constraints that are known not to be met). We then have

the following result.

Theorem 3.1. Let Assumptions (A) and (B) hold. Fix ¢y € C™. Then, for any 0 €
R\ Ujg 7., M(T5),

Vy_Ll(éPMTE —0) = Vy_Ll(éPMTE,co —0) + op(1)

as n — oo under P((,n).
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This result, that interestingly only requires consistency of the tests ¢;, 7 = 1,...,m,
shows that the proposed PMTE is asymptotically equivalent in probability to the oracle
PMTE constructed on the basis of the constraints associated with ¢y as soon as the true
value of the parameter @ is fixed outside these constraints. Note that taking ¢y = 1,,

readily yields the following corollary.

Corollary 3.1. Let Assumptions (A) and (B) hold. Then, for any § € R*\ U7, M(T;),

I/;l(éPMTE — 0) = l/;l(éU — 0) + Op(l)

as n — oo under Pgn).

It directly follows from this result that, away from the constraints, there is no cost,
asymptotically, to use the proposed PMTE rather than its unconstrained antecedent éU.
Finally we stress that it is only in the very particular case #J., = 1 that the oracle PMTE
of Theorem 3.1 is a standard single-constraint PTE, with a known asymptotic behaviour;
consequently, in cases where #J., > 1, Theorem 3.1 on its own does not allow one to
deduce the asymptotic behaviour of 9PMTE from the single-constraint theory.

We thus turn to the study of this asymptotic behaviour in the general case. We will
actually derive the asymptotic distribution of 9PMTE in two types of asymptotic scenarios,
namely under fixed parameter values meeting (at least) one constraint or under sequences
of local perturbations of such fixed parameter values. To be more precise, fix again ¢y €
C™\ {1,,} and consider now a parameter value 8 that meets the corresponding constraints;
in other words, 8 € M(Y.,). The aforementioned local perturbations are then of the
form 0,, = 0 + v, T, where 7,, is a bounded sequence in R?. Since we do not exclude
the case 7, = 0, this actually also covers the case for which 8 € M(Y,,) is fixed. To

describe the asymptotic distribution of 9PMTE in these asymptotic scenarios, we need to
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introduce the following notation. Recalling that J., = {j = 1,...,m : ¢;; = 0}, we
will denote the (ordered) elements of J., as ji,...,Jjs, and the corresponding 2° elements
of Ct ={ceC™:c;=1forany j ¢ Je,} as ci1,...,Cos (the ordering is here arbitrary but
fixed). Based on this notation, let further

Tcl BCl,o leﬂ H[¢(D) —co Cl]
F = : , G = : , and W(D) := : ® Iz, (3.10)
Tczs BCQS 0 stﬂ ]I[¢(D) ~co CQS]

where D := (DY, ..., D) takes values in R® and where, for any £ = 1,.. ., s, the test ¢;,(D)
(in the test vector (D)) is defined as ¢;,(D) := I[||Dy||* > X?Z—rje,l—a] (note that only the
tests ¢;,(D), £ =1,...,s, are involved in W(D)). We then have the following result.

Theorem 3.2. Let Assumptions (A) and (B) hold. Fiz co € C™\ {1,,} and 8 € M(Y.,).
Consider the sequence of local perturbations 0,, = 0 +v,T,,, where (T,,) is a sequence in R?

converging to T. Let R and D, be random vectors whose joint distribution is described as

R N FQor — (125 X ‘T) FYoF FYXoG’
D, GQyr "\ G F GG ) )
Then, under Pé:), the sequence of random d-vectors I/le(épMTE —0,,) converges weakly to
W'R, with W := W(Dg,).
In this result, W'R, conditional on Dy, is asymptotically normal with mean vector
poyre = W{FQeT — (12: @ 7) + FE4G'(GEgG') ™ (De, — GQo1) } (3.11)
and covariance matrix
Trvre = WFEZ)/* {1, - P(,/°G) ), " F'W, (3.12)
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with P(A) := A(A’A)~ A’ (throughout, A~ denotes the Moore-Penrose inverse of A).
This allows us to obtain the unconditional asymptotic distribution of v, 1(épMTE -0,)
under Pé:): indeed, Theorem 3.2 implies that D¢, is asymptotically normal with mean
vector pip, = GQy7 and covariance matrix ¥p, = GXgG' under P((,Z), so that, under the
same sequence of hypotheses, v, l(éPMTE —0,,) converges weakly to a random d-vector Z

with density
z '_>/R ¢I"PMTE7PPMTE(Z)¢F’DCO EDeq (X)dx’ (313>

where ¢, » stands for the density of the d-variate normal distribution with mean vector p
and covariance matrix Y. Comparing competing estimators will not be done on the basis
of (3.13) but rather on asymptotic mean square errors (AMSEs). We define the AMSE

of Opyrrp under Pé:) as

AMSE - (Bprrre) == E[ZZ] = Var[Z] + E[Z](E[Z]),

where Z is the weak limit of v ! (@pyre — 6,,) under P((,:). Since E[Z] = E[E[Z|D,]] =
Elppyre] and Var[Z] = E[Var[Z|Dg,]| + Var[E[Z|Dy,]] = E[l'prg] + Var[ppyrg), the AMSE
of Bpyire takes the form E[lpre] + Elpyrptoyre), which can be obtained from Theo-

rem 3.2. To do so, define, for ¢ € C*

co’
Aer =Pl =c,c], Acr :=E[l[p =¢,c]De], and A, :=E[l[¢ =, c|Dc,D,]
(to keep the notation light, we do not stress the dependence of these quantities on cy),

where Dg, is multinormal with mean vector pp, = G€Qg7 and covariance matrix Xp, =

GXyG’ as above. We then have the following result.

Theorem 3.3. Let Assumptions (A) and (B) hold. Fiz co € C™\ {1,,} and 8 € M(Y.,).

Consider the sequence of local perturbations 0,, = 0 +v,T,,, where (T,,) is a sequence in R?
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converging to T. Then, the AMSE of Oprirr under sz) s given by
AMSEg; (fpure) = Y (AC,TCBQ,,E;/Z{IP—P(z;/QG')}z;/z('chc,,,)' (3.14)
ceC

+)\C,T(TCBC,0E9,T - T) (TCBC,GEO,T - T)/ + TCBC,GAGAC,T(TCBC,oEo,T - T>/
+(TCBC,0E0,T - T) (TCBC,OAOAC,T)/ + TCBC,QAGAC,TA/OB/C,OT;> ’

where we let Ag :=XgG' (GXgG')™ and Eg, := (I; — AgG)QpT.

Note that for 7 = 0, (3.14) reduces to

AMSEgo(@pute) = Y AcoTBeo (2;/2{1p —P(E*G))sy ¢ A9A070A§,> (TcBes).
CEC(’;%

(3.15)
While the expressions (3.14)—(3.15) are quite complex, they allow one to compare theo-
retically the proposed PMTE with competing estimators, and in particular with single-
constraint PTEs. In the next section, we illustrate this in the k-sample covariance estima-

tion framework described in the introduction.

4 Multisample covariance estimation

4.1 PMTE based on scale and shape constraints

Consider k(> 2) mutually independent samples of random p-vectors Xy, ..., X, { =
1,...,k, with respective sample sizes ni,...,n., such that, for any ¢, the Xy’s form a
random sample from the p-variate normal distribution with mean vector 0 and non-singular
covariance matrix ¥, (due to the block-diagonality of the Fisher information matrix for

location and scatter in elliptical models, all results below can easily be extended to the
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case where observations in the /th sample would have a common, unspecified, mean p,, ¢ =
1,...,k; see, e.g., Hallin and Paindaveine, 2006, 2009). As explained in the introduction,
the covariance matrices can be reparametrized into ¥, = 02V, where o, := (det $,)%/ ()
is their “scale” and V, := ¥,/(detX,)'/P is their “shape’. Under the only assumption
that A\, := )\én) = ng/n = ne/(32F_, n,) converges in (0, 1) for any ¢ (to make the notation
lighter, we will not stress the dependence in n in many quantities below), it follows from

Hallin and Paindaveine (2009) that the sequence of Gaussian models indexed by
0 := (o7,... 00, (vech V1), ..., (VeOCth)/)/, (4.16)

where vech V =: (V}1, vech V)')’ is the vector stacking the upper-triangular elements of V is
ULAN; note that since det V = 1, the upper-left entry V;; of V can be obtained from vech V
(a vector with dimension b, := p(p + 1)/2 — 1), which explains that the upper-left entries
of the various shape matrices do not enter the parametrization in (4.16). The dimension
of 8 is thus d := k(b, + 1).

To provide more details, we need the following notation: denoting as e, the rth vector
of the canonical basis of R” and by ® the Kronecker product, we let K, := 7" _ (e,e) ®
(es€) be the p* X p* commutation matriz, J, := (vecL,)(vecL,)’, and define M, (V) as the
b, x p* matrix such that (M,(V))'(vech v) = vecv for any symmetric p X p matrix v such
that tr[V—'v] = 0. We further put H,(V) := I M,(V) (L2 + K,) (V® V) (M, (V)).
Then, letting S, := ne_l >t XX, be the empirical covariance matrix in the /th sample
(with respect to the fixed location u, = 0), the central sequence is
/

Dgi= (5" AT AN (A7)
where, for £ =1,... k,

Aé’é = \2/—7? tr[o,?V, (S, — 07 V,)] and Ag’e = \2/_71? M, (V,)(Ve® V) H(vecSy),
o; 9y
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whereas the non-singular information matrix takes the form I'p := diag(T'y, T'y), with
T) .= gdiag(af4, oy and TV = diag(H,(Vy), ... H,(V}))

(here, diag(A,...,A,,) is the block-diagonal matrix with diagonal blocks A4,..., A,,).

The corresponding matrices v,, in Assumption (A) are then given by

v, =n" Ve, =0 2diag(\ V2N, 0T,

py

We consider here the estimation of ¥i,...,¥; or, equivalently, the estimation of 6
in (4.16). An advantage of the @-parametrization is that it allows addressing situations
in which one would suspect scale homogeneity Hi®° : 07 = ... = o7, shape homogeneity
HP .V = ... = Vi, or (the intersection between scale and shape homogeneity:)
covariance homogeneity H : 03V = ... = 02V}, that is, H{ : 81 = ... = X;. In the
present Gaussian model, an asymptotically efficient unconstrained estimator of @ is

1p (vech S;)’ (vech Si) \’
" (det Sq)Ve7 T (det Sg)tre )

9U = ((det Sl>1/p, ey (det Sk) (417)

Writing S := n~! lezl Yot XX, for the pooled covariance matrix estimator (with re-

spect to the fixed locations p; = ... = p, = 0), asymptotically efficient constrained

. . h
estimators, for the three constraints Hca®, Hy ™" and HE above, are

~scale (VeOCh Sl)/ (VeOCh Sk), '
0o = | (detS)"71] 4.1
C (( € ) k> (det Sl>1/p’ ) (det Sk)l/p ) ( 8)
~shape (VeOCh S)/ !
00 = ((det Sl)l/p,...,(det Sk)l/p, 12@ W (4.19>
and
~COV (VeoCh S)/ '
HC = ((det S)l/p]_;€7 1;: & —(det S)l/p , (420)
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respectively. Note that the three hypotheses Hi, H5"™*® and HS®¥ impose linear restric-

tions on @: they rewrite
Hzcale : 0 € M(Tscale)a with Tscale = dlag<]—k7 Ikbp>7

thape :0 € M(Tshape)> with Tshape = diag(I’ﬂ Iy ® Ibp)’

and

Hgov 10 ¢ M(Tcov)> with ’rcov = dlag(lk, 1, ® Ibp)-

Now, if the d x r matrix T stands for either Yscae, YTshape O Yeoy (of course, each

constraint matrix has its own r), the locally asymptotically most stringent test ¢y for

Ho : 0 € M(T) rejects the null hypothesis at asymptotic level o when

Qr 1= A (T3 = x, " (X'r, Tyr, 1) 0'r, ) A > 3

(4.21)

where @ = 0y is a constrained estimator (for the three constraints considered, these are

the estimators in (4.18)—(4.20)). On the basis of these various tests, the PTEs involving a

single constraint are

~scale ~ ~scale
0PTE = ]I [¢Tscale = 1]0U + ]I [gb’rscale = 0]00 ?
~shape ~shape

0PTE = H[¢Tshape = ]‘]éU + H[qb'rshape = O]GC

and

~COV ~COV

Oprg = oy, = 1]9U + 1oy, = 0J0c ,

whereas the PMTE proposed in this work is given by

~shape

éPMTE = H[¢Tscalc - 17 gb’rshapc - 1]éU + H[gb‘rscalc = ]‘7 gb'rshapc - 0]00

~scale

+]I|:¢Tscale = 07 ¢Tshape = 1]00 + H[¢Tscale = 07 ¢Tshape = O]ééov
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In the next section, we investigate how this PMTE compares with its single-constraint PTE

competitors in (4.22)—(4.24), both asymptotically and in finite samples.

4.2 Comparing PMTE vs single-constraint PTEs

In the vicinity of the scale homogeneity constraint and away from the shape homogene-
ity constraint, OpriTr s asymptotically equivalent to 9??1}; (Theorem 3.1). Similarly, in
the vicinity of the shape homogeneity constraint and away from the scale homogeneity
constraint, 9PMTE is asymptotically equivalent to é;hige. In both cases, thus, the asymp-
totic properties of éPMTE can be deduced from those of a single-constraint PTE, so that
the AMSEs of this estimator can then be obtained from Theorem 2 in Paindaveine et al.
(2020). Recall from Section 3.2, however, that it is only when #J., = 1 that the asymp-
totic behaviour of the proposed PMTE can be obtained from the single-constraint theory.
In the general case #J., > 1, the asymptotic results from Section 3.2 are the only ones
that allow us to grasp the asymptotic behaviour of our PMTE.

In the present situation involving m = 2 constraints, a point that is not covered by
the single-constraint theory is the comparison between 9PMTE and 9;OTvE in the vicinity of
covariance homogeneity, that is, close to the null hypothesis Hi". There, using 9PMTE
rather than é;O;E should intuitively have a cost, as the test for H : 0 € M(YTeoy) is
not used when defining Opyite. We now evaluate this cost by comparing the asymptotic
performances of both estimators, measured by the corresponding AMSEs. Since these
AMSEs are matrix-valued, one needs to base this comparison on a scalar summary, such
as, e.g., the trace of the AMSEs. In the present setup where asymptotically efficient

estimators are used, the benchmark unconstrained estimator satisfies AMSEg , (9U) =TI, '
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which makes it natural to consider the scalar summary
AMSE;2 (8) = tr[Ty/* AMSEy . (0)Ty"], (4.26)

which, irrespective of 6, yields AMSESC&IM(GU) = d for the benchmark estimator. Under

the considered covariance homogeneity constraint, we then have the following result.
Proposition 4.1. For any 8 € M(Yov)(= M(Yscate) D M (Ysnape)),

AMSE 3™ (@prrre) = d — (k= D {0, Y1y, +2(061pp1-a) T Tre1(XG11a) ) (4.27)
where W, stands for the cumulative distribution function of the x? distribution.

It follows from Paindaveine et al. (2020) that, for any 8 € M(Y o),

AMSESC&]M(GPTE) d—(k—1)(b, + 1)\D(k*1)(bp+1)+2(X%k—l)(bp—i-l),l—a)? (4.28)

which allows for a direct comparison with the AMSE in (4.27). More precisely, Figure 1
plots the asymptotic relative efficiency

AMSEscalar (0;0;]5)
AMSEscalar (0PMTE)

AREo,o (éPMTE/é;OTVE) =

as a function of the dimension p and of the number k of populations (here, the nominal level
of all preliminary tests is fixed at a = 5%). Clearly, irrespective of p and k, the loss that
results from using Opyirr rather than 9;OTvE under covariance homogeneity is extremely small
(the minimal ARE, which is obtained for p = 2 and k& = 13, is about .928). Remarkably,
this loss actually converges to zero as p or k diverges to infinity.

We turn to Monte Carlo exercises that aim at comparing the finite-sample performances
of the proposed PMTE with those of its single-constraint PTE competitors. Through-

out, these exercises focus on two populations (k = 2) that are two-dimensional (p = 2)

20



1.00
1.00

\3\

0.96
|
0.96
1

ARE

0.94
|
0.94
1

.928

XX XXX
o noun
O, WN
o onoun
=0~ WN
o

T T T T T

o
0.92
1

T T T 1 T T T T T 1
5 10 15 20 0 100 200 300 400 500

P k
Figure 1: Plots of AREB’()(épMTE /9;OTvE) under covariance homogeneity, as a function of the
dimension p for various values of the number k of populations (left), or as a function of
the number & of populations for various values of the dimension p (right). All preliminary

tests are conducted at nominal level oo = 5%.

and balanced (ny = ny). We considered two scenarios. In the first one, we gener-
ated, for each ¢ in {0,1,...,10} and for each value of the common sample size n; = ns
in {100,400, 1000}, a collection of M = 10000 samples of mutually independent obser-
vations Xii, ..., Xin,, Xo1g, - - -, Xon, ¢, where the X;;’s are N(0,X;) and the Xy;¢’s are
N(0,8,¢), with ) =T, and X, ¢ = 03V, based on

N 1 £
2 _ 3 _ 3 _ 3vn
0y = exp(577), Vae= , and Ng= ( ) (4.29)
Vi ot N; Lo

The value £ = 0 provides covariance homogeneity, hence also scale and shape homogeneity,
whereas £ = 1,...,10 provide both increasingly distinct scales and increasingly distinct

~

shapes. For any estimator € of the corresponding parameter value @, the finite-sample
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performance of 6 can be measured through the scalar quantity
MSE;2 () :=tr[Ty *MSEg (8)T ], (4.30)

with

MSEq(d Z{ 10" _ o) w1 @™ - o)y, (4.31)

where 9(m) denotes the value of 6 in the mth replication. The left panels of Figure 2 then
plot MSER™ (6) as a function of £, for the PTE 9;11;26 in (4.23) based on the single shape
homogeneity constraint, for the PTE 9;OTVE in (4.24) based on the single covariance homo-
geneity constraint, for the proposed PMTE [ (4.25) based on the shape and scale
homogeneity constraints, and for their unconstrained antecedent 0y (all preliminary tests
were performed at asymptotic level &« = 5%). In the present setup involving deviations from
covariance homogeneity, the estimator 9;01\:E is an oracle one, that is expected to outperform
its competitors. Remarkably, the results show that the multiple-constraint estimator 9PMTE
show virtually the same performances as 9;0TVE Under covariance homogeneity (£ = 0), this
is in line with our theoretical results above, as Figure 2 indeed confirms the very close
values AMSESCE"IM(GPMTE) = 3.679 and AMSES“]M(GPOTE) = 3.500 that result from (4.27)
and (4.28), respectively.

We repeated the exercise above in a second scenario, that is obtained from the first
one by replacing 03, in (4.29) with 03, = 2 for any &. Irrespective of ¢, thus, this new
scenario stays away from scale homogeneity (hence also from covariance homogeneity),
whereas £ = 1,...,10 provide increasingly severe departures from the shape homogene-
ity situation obtained for & = 0. The right panels of Figure 2 show the resulting values
of MSESC&IM(G) for the same four estimators as above. The results clearly support The-

hap
orem 3.1, that states that OPMTE and 0;;; are asymptotically equivalent, as one cannot
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discriminate between the MSE curves of these estimators (further simulations revealed that
one needs to consider sample sizes as small as n; = no, = 100 to see a tiny difference in these
MSE curves). Overall, thus, fprire dominates 9;}?}2‘3 since the former was performing better
than the latter in the first scenario. Incidentally, note that, in this second scenario, 9;0;]3

and 9U behave very similarly, which is reasonable since all values of £ considered provide a

setup that is far from covariance homogeneity (Corollary 3.1).

4.3 CPC and homogeneity of eigenvalues: a real data example

Studies of microtus population biology have attracted a lot of attention in the past decades;
see, e.g., Wallace (2006) and Conroy and Gupta (2011), and the references therein. In this
real data illustration, we discuss the estimation of covariance matrices for two samples
(k = 2) of different species of voles: a sample of n; = 43 Microtus multiplex and a sample
of ng = 46 Microtus subterraneus. Eight measurements (p = 8) are made on each animal:
(1)—(iii) the width of upper left molar 1-3, (iv) the length of incisive foramen, (v) the length
of palatal bone, (vi) the Condylo incisive length or skull length, (vii) the skull height above
bullae, and (viii) the skull width across rostrum; see Airoldi et al. (1996). The dataset is
available in the R package Flury (data microtus).

We consider estimation of the underlying covariance matrices ¥; and ¥, using pre-
liminary tests of the following three constraints (m = 3): homogeneity of scales (HY),
homogeneity of the shape matrices’ eigenvectors (), described in the introduction as the
CPC hypothesis), and homogeneity of the shape matrices’ eigenvalues (H§). We performed
the optimal Gaussian test for H3 from Hallin and Paindaveine (2009), the optimal Gaus-
sian test for H§ from Hallin et al. (2013), and the optimal Gaussian test for Hg we derived

from the local asymptotic normality result in Hallin et al. (2013). The respective p-values
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Figure 2: Plots, as functions of £ = 0,1,...,10, of MSEZ??\IM(@) for the single-constraint
PTEs 9;}1;;6 and 9;O;E, the PMTE @pyrg based on the shape and scale homogeneity con-
straints, and their unconstrained antecedent 9U (all preliminary tests are performed at
asymptotic level @ = 5%). In Scenario 1, larger values of ¢ provide increasingly severe
deviations—both in terms of scale and shap%él—from the covariance homogeneity obtained
at & = 0, whereas, in Scenario 2, scale heterogeneity holds for any ¢ and larger values of &
provide increasingly severe deviations from the shape homogeneity obtained at & = 0; see
Section 4.2 for details. The green and orange points in the left panels indicate the values

of AMSES3™ (Bpyire) and AMSESS™ (B ), respectively.



are .0121, .0010, and .2004, indicating that, for « = 5%, the PMTE based on the three
constraints above would be an estimator of (2£;,3,) assuming common shape eigenvalues
only, whereas for a = 1%, it would be an estimator assuming both common scales and
common shape eigenvalues—that is, assuming that ¥; and ¥, share the same eigenvalues.

As explained in Airoldi et al. (1996), Microtus multiplex and Microtus subterraneus
are difficult to distinguish morphologically. Actually, it is only since Krapp (1982) and Ni-
ethammer (1982) that they are considered two distinct species—as a reaction to the vision
in Ellerman and Morrison-Scott (1951). One possible way to explore the practical relevance
of the PMTE above is thus to perform supervised classification. To do so, we randomly
sampled 30 observations in each group and trained various classifiers on the resulting train-
ing set of size 60. The misclassification rate of each classifier was then evaluated on the
basis of the test set made of the remaining 29 observations. To ensure that the results are
not specific to a particular partition of the dataset into a training set and a test set, this
was repeated M = 2000 times; Figure 3 provides, for each classifier, a boxplot of the result-
ing M misclassification rates. The considered classifiers all perform quadratic discriminant
analysis (QDA) using plain sample averages as estimates fi,, ¢ = 1,2, of the group-specific
mean vectors, hence only differ through the estimates f]g, ¢ = 1,2, of the corresponding
covariance matrices. The classical QDA procedure, that will be the benchmark, is based
on the unconstrained sample covariance matrices 257U, ¢ = 1,2. The other classifiers are
based on various preliminary (single or multiple) test estimators f]g, ¢ = 1,2, using the
same unconstrained estimators as in the benchmark and the constrained estimators ob-
tained from the following estimators: letting f)pool = (nlfh,U + nzﬁlng)/(nl + ny) be the
pooled covariance matrix, the common value of the scale parameter under H{ is estimated

by (det ﬁ)pool)l/ P (recall that p = 8), the common eigenvectors matrix under H2 is estimated
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using the eigenvectors matrix g, of X0, whereas the common value of the eigenvalues

poo
matrix under H§ is estimated using Apool /(det f)pool)l/ P with Apool = B;oolf]poolﬁpool.
Figure 3 provides the boxplots of the misclassification rates (and reports the average
misclassification rates) for the resulting five QDA classifiers, namely the ones based (i) on
unconstrained estimators (that is, the classical QDA classifier), (ii)—(iv) on PTE estima-
tors associated with the single constraint of homogeneity of scales (H§), homogeneity of
the shape matrices’ eigenvectors (H$), and homogeneity of the shape matrices’ eigenval-
ues (H§), and (v) on the PMTE involving these three constraints. Each of the classifiers (ii)—
(v) was considered in four versions, according to the nominal level « used for preliminary
tests: a = 0.1%, 1%, 5%, and a value of « obtained from 6-fold cross-validation. Clearly,
the results indicate that the best classifiers are the ones based on the PMTEs and that
those based on PTESs only marginally improve over the benchmark unconstrained classifier.
Moreover, it is seen that cross-validation provides an effective way to choose the tuning
parameter . Figure 4 also provides the boxplots of the p-values of the tests for Hg, H,
and H{, obtained in the collection of M = 2000 training samples above. These boxplots
reveal that it is not uncommon that the null hypotheses H{ and H§ both fail to be rejected,

which explains that our PMTE has an edge in the present classification exercise.

5 Final comments

When demonstrating the practical relevance of our PMTE in Section 4, we focused (i) on
multisample covariance estimation and (ii) on constrained and unconstrained estimators
that are of a Gaussian nature (more precisely, the estimators there were all Gaussian max-
imum likelihood estimators). As explained in Section 3, however, our methodology is very

widely applicable as it merely only requires that the considered model is locally asymptoti-
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Figure 3: (Top:) Boxplots of the misclassification rates obtained by applying different QDA
classifiers in M = 2000 random partitions of the microtus dataset into training and test
sets. The QDA classifiers use different estimators of the group-specific covariance matrices,
namely the usual unconstrained estimators, the PMTE involving the constraints Hg, H
and H§ from Section 4.3, and the three classical PTEs involving one of these constraints
only. Each PMTE/PTE comes in four versions, according to the nominal level v used in
preliminary tests, the last version being based on 6-fold cross-validation. Percentages above
the boxplots report the average misclassification rate of the corresponding classifiers; see
Section 4.3. (Bottom:) Boxplots of the p-values of the tests for the constraints Hg, H,

and H§, obtained in the same collection of 2000 training samples.
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cally normal and that unconstrained estimators of the corresponding parameters admitting
Bahadur representation results are available. To showcase practical use of PMTEs in an-
other situation and based on estimators of another nature, we consider robust one-sample
covariance matrix estimation.

Testing for linear constraints on a covariance matrix ¥ has been much considered in the
literature; see, e.g., Zhang et al. (1991) and the references therein (see also Dryden et al.,
2009 for testing constraints with observed covariance matrices). Commonly considered
constraints on X are associated, e.g., with the assumptions of sphericity (Hf)ph 13 = A, for
some \ > 0) or multivariate independence (HM : ¥ = diag(X;,E,), where ¥; and ¥, are ¢ x
q and (p—q) X (p—q) covariance matrices, respectively). When aiming at robust estimation
based on preliminary testing, it is natural to consider robust tests for these constraints, such
as the Hallin and Paindaveine (2006) sign test for #:™" and the Taskinen et al. (2003) rank
test for Hi'd. Obviously, one then also needs to rely on a robust unconstrained estimator
of ¥, such as the celebrated Minimum Covariance Determinant (MCD) estimator from
Rousseeuw (1985) (which, as required, satisfies a Bahadur representation result of the
form (3.7); see Cator and Lopuhaa, 2010). To explore the performance of a corresponding
robust PMTE, we generated, for each £ in {0,1,...,5} and for each n € {100,400, 1000},

M = 10000 independent random samples X ¢, ..., X,, ¢ of size n from the four-dimensional

(p = 4) multinormal distribution with mean vector zero and covariance matrix

S = %((1 - %)IP + %1,,1;),

with 1, = (1,...,1)" € RP. In each replication, we evaluated the MCD and a robust PMTE
based on the constraints ’ngh and H, with ¢ = 2. For this PMTE, the preliminary tests
(performed at asymptotic level « = 5%) are the robust ones mentioned above, and the MCD

was used to obtain the needed unconstrained and constrained estimators of ¥ (for instance,
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the constrained estimator of ¥ under H' is diag(f)l,flg), where 21 and f)g stand for the
MCD estimators obtained from the first ¢ marginals and last p— ¢ marginals, respectively).
Denoting as f)(m) the value of a given estimator in the mth replication, Figure 4 provides,
both for the MCD and for this robust PMTE, the MSE quantities
N - (m) )

hﬁmﬂ2%=ﬁzg;wHVME -}, (5.32)
with respect to the value of ¥ = ¥, at hand. As Figure 4 clearly shows, this robust
PMTE shows the same dominance over its unconstrained antecedent in the vicinity of the

constraints (note that the constraints are met at £ = 0) as the Gaussian ones considered

in the multisample framework of Section 4.

. n=100 . n=400 . n=1000
B PMTE-MCD
B MCD
m]]‘III J]‘III J]‘III
N o | o J o
3. F _
o €0 §=1 §=2 =3 &=4 ¢=5 o £=0 &=1 §=2 =3 =4 ¢=5 o7 £=0 =1 £=2 £=3 =4 ¢&=5

~

Figure 4: Bar plots, as functions of & = 0,1,...,5, of the MSE quantities MSEg (%)
in (5.32) for (in red:) the MCD estimator of ¥ and (in green:) the MCD-based PMTE
associated with the sphericity and multivariate independence constraints (with preliminary
tests performed at asymptotic level a = 5%). Here, the larger the value of &, the more
severe the departure from the sphericity and multivariate independence constraints (that

are both met at £ = 0); see Section 5 for details.
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We conclude the paper with a brief discussion of possible research perspectives. First,
implementing the PMTE proposed in this work requires selecting the nominal level o at
which to perform the preliminary tests, and it would be natural to develop methods for this
choice. One way to tackle this problem is to try to adapt the “minimax regret” strategy
proposed in Giles et al. (1992) using the general value of the AMSE measure in (3.14). In
some specific contexts, though, a suitable value of a may simply be chosen through cross-
validation, as we showed in the supervised classification exercise conducted in Section 4.3.
Second, while we focused on asymptotic scenarios where the dimension d of the parameter
remains fixed as the sample size n diverges to infinity, it would be interesting to tackle the
high-dimensional case where the dimension d = d,, diverges to infinity with n. This is of
course quite challenging, particularly so for covariance estimation since it is well-known that
covariance matrices cannot always be estimated consistently in high dimensions. Finally,
another interesting venue for future research on PMTEs, that would be especially relevant
in high dimensions, would be to consider asymptotics as the number of constraints m = m,,
increases with n. The need to resort to multiple testing corrections would then maybe be
more imperious than in the fixed-m framework we considered. These research perspectives

all are quite ambitious and are left for future work.
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SUPPLEMENTARY MATERIAL

In Section A of this supplement, we provide a comparison of our method with a BIC
model selection-based estimator. In Section B, we then provide the proofs of the various

results obtained in the paper.

A Comparison with BIC-based model selection

Both in its classical single-constraint version and in the multiple one proposed in this
paper, preliminary test estimation de facto realizes model selection. Another common
model selection procedure is the one based on the Bayesian information criterion (BIC).
Using the generic notation from Section 2 and denoting as L((,n) the likelihood function of the
parametric model at hand, this criterion measures suitability of the submodel associated

with the constraint 8 € N;es, M(T;), with ¢ € C™, through
BIC, := max log Lén) —nlogd,,

where, as in Section 2, the full-rank d x d. matrix T is such that M(Y.) = N;e 7. M(T;)
(so that d. is the number of functionally independent parameters indexing the constrained
model associated with ¢). The estimator resulting from this criterion,
Opic == Z Iargmaxgeem BICq = clé., (A.33)
cecm
then simply is the constrained estimator associated with the submodel showing the largest

BIC value among all possible submodels. It is natural to wonder how such an estimator

compares with the preliminary multiple test estimator (2.4) proposed in this work.



To investigate this, we performed the following simulation, still in the bivariate two-
sample covariance estimation framework considered above. More specifically, for each &
in {0,1,...,5} and for each value of the common sample size n; = ny in {100,400, 1000},
we generated a collection of M = 10000 samples of mutually independent observations
X1y oy Xing, Xotg, - - - Xony ¢, where the X;;’s are N'(0, %) and the Xy; ¢’s are N (0, o),
with 3y = I, and X, ¢ = 05V, based on

N 1 %
035_2’ V2§:—§7 and N§:< ﬁ)
/det N¢ 2
vn
The value & = 0 corresponds to shape homogeneity, whereas & = 1,...,5 provide in-

creasingly distinct shapes. In each replication, we evaluated the PMTE estimator 9PMTE
in (4.25) (still with preliminary tests performed at asymptotic level a = 5%) and the BIC
estimator @pic in (A.33), both based on the shape and scale homogeneity constraints (so
that both estimators need to select the right submodel in a collection of 2™ = 22 = 4
possible models). The parametric likelihood Lén) used in the computation of the BIC is the
multisample Gaussian likelihood; the model used in the BIC is therefore correctly speci-
fied. Here, the finite-sample performance of an estimator 6 was assessed by the scalar MSE
quantity

MSE;" () := tr[MSEq(8)], (A.34)

where MSEg(#) is the matrix-valued MSE in (4.31) based on the values 9(1), . ,9(

" of 8
obtained in the M replications. Figure 5, which provides bar plots of the scalar MSEs
in (A.34) for 9PMTE and 9310, clearly shows that the proposed PMTE estimator compares
favourably with its BIC competitor, especially far from the (shape homogeneity) constraint.

While we do not report the results here, we checked that replacing the scalar MSE in (A.34)

with the model-dependent one in (4.30)—that was adopted in Section 4.2 only to show the

2



agreement of finite-sample performances with our asymptotic results—has no qualitative

impact on the results of Figure 5.

n1=n2=100 n1=n2=400 n1=n2=1000
B PMTE
o || mBiC o
w 8+ 8 1
(%]
§=0 &1 §=2 =3 ¢=4 ¢£=5 §=2 =3 =4 ¢=5 €20 &=1 =2 =3 &=4 ¢&=5

Figure 5: Bar plots, as functions of ¢ = 0,1, ..., 5, of the scalar MSE quantity MSE;™!" (9)
in (A.34) for the PMTE 9PMTE and its BIC competitor 9310, both based on the shape and
scale homogeneity constraints (with preliminary tests performed at asymptotic level o =
5%). Here, scale heterogeneity holds for any £ and larger values of £ provide increasingly

severe deviations from the shape homogeneity obtained at £ = 0; see Section A for details.

B Technical details

In this section, we provide the proofs of all results stated in the paper.

Proof of Theorem 3.1. Fix 6 as in the statement of the theorem. In this proof, all

(n)

stochastic convergences are then as n — oo under P, . First note that since

ceCm CEC%



almost surely, we need to show that

Vﬁl(éPMTE -0)— V;1<éPMTE,c0 —0)

= g =cly; 0. —0) — > I =, clv; (B — 6)

cecm cecy
= Y Tg=cp B0+ > {T¢ Il =, c]}v,' (0 —6)
ceC™\Cg ceCey

is op(1). Fix first c € C™ \ Cr. It is thus possible to pick j ¢ J, such that c¢; = 0. Since,

by assumption, ¢ M(Y;), we then have that, for any ¢ > 0,
Py [1lg = cl[v,"' (6 = 0)| > <] < P9 = ] < PyVl0; = 0] = PV [Q)" < Xirja-al = 0.

This shows that Ij¢ = clv '8, — 0) is op(1) for any ¢ € C™ \ CZ. Fix now c € C}

co?

that ¢; =1 for any j ¢ Je,. Then, for any ¢ > 0,
Py” {1l = ¢ ~1g =c,cl}w;* (B ~ 0)]| > €]
= Pé") [[¢ #c|Np;=c; Vje Tol] < Pé") [¢; # ¢j(=1) for at least one j ¢ T, ]

= PP[e;£1) =D PRI <x3 1 =0,

3¢ Teq 3¢ Teq

since, by assumption, ¢ M(Y;) for any j ¢ Je,. The result follows. O

Proof of Theorem 3.2. Proceeding exactly along the same lines as in the proof of

Theorem 3.1, we obtain that *1(9PMTE -0, = Ifl(épMTE co —0n) +op(l) as n — oo

n)

under Pé , hence (from contiguity) also under P . With the notation introduced above



the statement of the theorem, this rewrites

I/;l(éPMTE - on) - Z H[¢ —co C]I/;1<éc — 0n) + OP(]-)
cng%
= Z]I[qﬁ =co Cr]l/gl(écr —6,) +op(1)

r=1

= W/R,, + op(1) (B.35)
as n — oo under sz), where W,, := W(D{) is based on D™ := (Dg.?)', . ,Dgf)/)’ (see

Assumption (B)) and where we let

n

v, (0c, —6.,)
R, = :

v, '(0.,. —6,)

n

Since v 1(0. —6,) = v;' (8. —6) — T, for any c, it directly follows from Assumption (B)

n
that

R, FS)) — (1 © 7,
(5= U2 BT) ) 4 op1) = Uy 4 op(1) (B.36)
D GSy

)

as n — oo under Pén), hence (still from contiguity) also under P((,Z. Denoting (as in

Assumption (A)) as A, the log-likelihood ratio of p with respect to P,(,Z), it directly

0n+vnTn

follows from (B.36) and Assumptions (A) and (B) that, under P(S"),

U,
< > B Ny, Vor)

n

with
— (]_2.9 X ‘T) FYXoF' FYXoG' FQor
Mo = 0 and V.= | GEgF' GLyG' GQyt
— %'r’ Lot TQeF 170G’ 7'Ter



Thus, the Le Cam third Lemma directly yields that, under sz),

FQor — (10s QT FYoF' FYyG/
U BN oT — (1 ) | 0 0 |
GQgT GE@F/ GZ@G/

which is the desired result. Obviously, (B.36) implies that this is also the asymptotic

distribution of (R, D&”)" under Py”. The result then directly follows from (B.35) and

from the continuous mapping theorem. U

Proof of Theorem 3.3. Since

W'F = ) " I[¢ =, c|TcBey,

ce(lgé

the quantities ppyrp and 'pyrg in (3.11)—(3.12) are respectively given by

ponrs = D 16 =c, ] (TcBeoQor — T + TcBcpTpG'(GEyG) (D — GQypr))

ceCy

= ) I =¢, c)(TeBegQr — T + TcBegAp(D — GQpr))
ceCy

= Z I[¢ =c,c]{(TcBcpEor — T) + TcBcgAgD}
ceCy

and

Toure = 9 1[p =c, c]l[¢p =, | TBeoZy *{L, — P(S5°G") }5* (T Boo)'

/
c,c GC{,’(LJ

= > 1¢ =, ¢ TBeoZy " (I, — P(3g/°G') 5y * (TcBey) .

CECQ’(L)

where we used the fact that I[¢ =, c]l[¢ =, ] =0 for ¢ # c¢’. We therefore have that

E[PPMTE] = Z /\C;,-TCBCVQE;/Q{IP — P(Eé/QG,)}E;/Q(Tchﬂ),

cGCZ}é



and that

Elprretpare] = Z Aer(TeBeoEgr —7)(YcBegoEor — )

cec’gg

"—TCBC,GAO)\C,T (TCBC,GEG,T - T)/ + (Tch,GEB,T - T) (TCBC,BAB/\C,T)I
+TCBC,0A0AC,TAQB:;79T;7

so that the result follows from the identity AMSEg »(@pyre) = E[Lpre] + Elttpymatoyrs)-
0

We now turn to the proof of Proposition 4.1, which requires the following preliminary

result (see page 32 in Saleh, 2006).

Lemma B.1. Let Z be a Gaussian random p-vector with mean vector p and covariance

matriz 1,. Then, for any real-valued measurable function ¢,

(i) Elp(I1Z]*)Z] = Elp(V)]u

and
(i) Elp(I|1Z]*)ZZ] = Elp(V))IL, + Elp(W)]u',

where V ~ 2 o ([16l12) and W~ 2 ().

Proof of Proposition 4.1. Since the constrained and unconstrained estimators in Sec-

tion 4 are asymptotically efficient (in the corresponding constrained and unconstrained

—1/2 11—1/2 ~1/2
r r, Py, T,

scale™ 6 ? shape

F;l/Q, for c = (1,1), ¢ = (0,1), ¢ = (1,0), and ¢ = (0, 0), respectively. Easy

’

Gaussian models, respectively), TB. g is given by I’y ' 0 Y Py
and 'y 1 2PT

cov

computations yield

L, -PT/°G)=1,-P5, —Pf

shape

7



where we let P& := I, — P(Ty/’r;'T). Moreover, the matrices Ac o can be easily computed
from Lemma B.1 (these matrices are block-diagonal with each diagonal block proportional

to the identity matrix). Straightforward computations then show that (3.15) reduces to

AMSEG’O (éPMTE) = I‘;l/Q{aQId + P'rsca]e (@(1 - a)PTshape + PyShape:(Ovl)P#shape)PTscale
+(’75hape7(171) - Oéz)P#shape + PTshape (Oé(l - a)PTscale _'_ /yscale,(l,O)P#scale)PTshape
1 —-1/2

+(1 = a)*Pr.,, + (Yscale1,1) — )Py Ty 7,

with 7scale,(1,1) - Oé(l - qyk—l—&-Q(Xz_Ll_a))a Vshape,(l,l) = Ol(l - \Ij(kfl)bp+2(X%kfl)bp’lfa))7
“shape,(0,1)

= (1—-a)(l- \If(k—1>bp+2(X%k—nbp,l—a)) and Yseate,10) = (1 — @)1 = Ppo142(Xi_11-0))-
It then follows from (4.26) that

AMSEZS @pre) = a2(by + 1) + (1 — a)(by + 1) + ettt (6 — 1) = etapesti (£ — Dy
+’7shape,(0,1)<k - 1)bp + 7scale,(1,0)(k - 1)
=d— (k - 1)bqu(k_1)bp+2(X%k—l)bp,l—a) - (k - 1)\1’k—1+2(Xz—1,1—a)7

which is the desired result. O
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